
 



➬ì✐ñò

➪åäðàòþê ❐åîí✐ä ➘✐ÿ àëãåáðè ❐✐ sl2 íà ñèìåòðè÷í✐ ìíîãî÷ëåíè ✶✵

➪✐ãóí ßðîñëàâ✱ Ïåòðèøèí Ðîìàí✱ Ñêóòàð ■ãîð Óñåðåäíåííÿ â óçàãàëüíåíèõ
ñèñòåìàõ ✐ç ïîâ✐ëüíèìè ✐ øâèäêèìè çì✐íàìè ✶✶

➪✐ãóí ßðîñëàâ✱ Ïåòðèøèí Ðîìàí✱ Óêðà➝íåöü ❰ëåã ✃ðàéîâà çàäà÷à äëÿ
êîëèâíèõ ñèñòåì ç ✐ìïóëüñíîþ ä✐➵þ ✶✸

➪✐ëîçåðîâà ❒àð✐ÿ✱ ×åïîê ❰ëüãà ➚ñèìïòîòè÷í✐ çîáðàæåííÿ ðîçâ✬ÿçê✐â äè✲
ôåðåíö✐àëüíèõ ð✐âíÿíü äðóãîãî ïîðÿäêó ç íåë✐í✐éíîñòÿìè åêñïîíåíö✐àëüíîãî
òèïó ✶✺

➪îáèë➵â ➘ìèòðî Ðåãóëÿðèçîâàí✐ ñë✐äè ñèíãóëÿðíèõ äèôåðåíö✐àëüíèõ îïåðàòî✲
ð✐â ✶✼

➪îíäàðåíêî ✃èðèëî✱ ✃✐÷ìàðåíêî ❰ëüãà ➚ñèìïòîòè÷íå ðîçâ✬ÿçàííÿ çàäà÷✐
îïòèìàëüíîãî êåðóâàííÿ äëÿ ð✐âíÿííÿ ç ïîõ✐äíîþ Õóêóõàðè ç✐ øâèäêîêîëèâ✲
íèìè êîåô✐ö✐➵íòàìè ✶✽

➪îíäàðåíêî ❰ëüãà✱ Ïðàöüîâèòèé ❒èêîëà Òîïîëîãî✲ìåòðè÷í✐ âëàñòèâîñò✐
ìíîæèí✱ âèçíà÷åíèõ ó òåðì✐íàõ çîáðàæåííÿ ÷èñåë ðÿäàìè ✃àíòîðà✱ ùî
ïîâ✬ÿçàí✐ ç ïîñë✐äîâí✐ñòþ Ô✐áîíà÷÷✐ ✷✶

➪óðòíÿê ■âàí✱ ❒àëèöüêà ➹àííà ➬àäà÷à ➘✐ð✐õëå â ï✐âïðîñòîð✐ äëÿ ð✐âíÿííÿ
✃îëìîãîðîâà ✷✸

➶àñèëåíêî ❮àòàë✐ÿ✱ ➶îâê Þë✐ÿ✱ Ïðàöüîâèòèé ❒èêîëà Ñèñòåìè ÷èñëåííÿ
ç îñíîâîþ s ✐ (m+ 1)✲îþ öèôðîþ ✷✹

➶àñèëåíêî ❮àòàë✐ÿ✱ ×åð÷óê ❮àä✐ÿ Ôóíêö✐ÿ òèïó Ñåðï✐íñüêîãî✱ ïîâ✬ÿçàíà ç
ðÿäàìè ✃àíòîðà ✷✺

➶ëàñåíêî ❒àð✐ÿ Ïåð✐îäè àëãåáðà➝÷íèõ ìíîãîâèä✐â ✷✼

➹îëóá➵â Ñåðã✐é ➚ñèìïòîòè÷íà ïîâåä✐íêà øâèäêî çì✐ííèõ ð✐øåíü äèôåðåíö✐✲
àëüíîãî ð✐âíÿííÿ ç íåë✐í✐éí✐ñòþ✱ ùî øâèäêî çì✐íþ➵òüñÿ ✷✽

➹îðîäåöüêèé ➶àñèëü✱ ✃îë✐ñíèê Ðóñëàíà✱ Øåâ÷óê ❮àòàë✐ÿ ❮åëîêàëüíà
áàãàòîòî÷êîâà çà ÷àñîì çàäà÷à äëÿ åâîëþö✐éíîãî ð✐âíÿííÿ ç îïåðàòîðîì äðî✲
áîâîãî äèôåðåíö✐þâàííÿ ✸✵

➹îðîäí✐é ❒èõàéëî Ïðî îáìåæåí✐ ðîçâ✬ÿçêè ð✐çíèöåâîãî ð✐âíÿííÿ ç êóñêîâî✲
ñòàëèìè îïåðàòîðíèìè êîåô✐ö✐➵íòàìè ✸✶

➹ðèùóê Ñåðã✐é ➪✐ãàðìîí✐÷íå ïðîäîâæåííÿ ãðàä✐➵íò✐â ✸✷

➹ðóøêà ßðîñëàâ ➴âîëþö✐éíà âèäèì✐ñòü ó ì✐íëèâèõ ìíîæèíàõ ✸✹

➘ðîíü ➶✐òàë✐é✱ ❒åäèíñüêèé ■ãîð ➬àäà÷à ✃îø✐ äëÿ îäíîãî êëàñó âèðîäæåíèõ
ïàðàáîë✐÷íèõ ð✐âíÿíü òèïó ✃îëìîãîðîâà ç áëî÷íîþ ñòðóêòóðîþ ✸✺

✸



➷óê Òåòÿíà Ïðî íàáëèæåíå îïòèìàëüíå êåðóâàííÿ äëÿ äèôåðåíö✐àëüíîãî âêëþ✲
÷åííÿ ç✐ çáóðåííÿìè â êîåô✐ö✐➵íòàõ òà íåô✐êñîâàíèì ÷àñîì ✸✼

➍ëàã✐í ➶îëîäèìèð✱ Ïðàöüîâèòèé ❒èêîëà ➱ìîâ✐ðí✐ñíà òåîð✐ÿ íåãà✲Qs çî✲
áðàæåííÿ ÷èñåë ✸✾

➍âòóõîâ ➶✬ÿ÷åñëàâ ➚ñèìïòîòè÷íà ïîâåä✐íêà ðîçâ✬ÿçê✐â äèôåðåíö✐àëüíèõ ð✐â✲
íÿíü ç✐ øâèäêî çì✐ííèìè íåë✐í✐éíîñòÿìè ✹✵

■ëüê✐â ➶✳Ñ✳✱ Ñòðàï ❮✳■✳✱ ➶îëÿíñüêà ■✳■✳ ✃ðàéîâà çàäà÷à äëÿ äèôåðåíö✐àëüíî✲
îïåðàòîðíîãî ð✐âíÿííÿ ç✐ ñëàáêîþ íåë✐í✐éí✐ñòþ ✹✷

■ëü÷óê ❰ëåêñ✐é ❒óôàíãîâ✐ ëàéíåðè òà ➝õ çâ✬ÿçîê ç ôàëåñîâèìè ✹✹

✃àïóñòÿí ❰ëåêñ✐é✱ Ñòàíæèöüêèé ❰ëåêñàíäð✱ Ôåäîðåíêî Þë✐ÿ ßê✐ñíà
ïîâåä✐íêà åâîëþö✐éíèõ âêëþ÷åíü ç ìíîãîçíà÷íîþ ïðàâîþ ÷àñòèíîþ á✐ëüø í✐æ
ë✐í✐éíîãî ðîñòó ✹✺

✃îðîáîâ ➶àëåð✐é✱ Ðåâ✐íà Òåòÿíà Ðîçâ✬ÿçîê çàäà÷✐ ñèíòåçó äëÿ çáóðåíî➝ äâî✲
âèì✐ðíî➝ êàíîí✐÷íî➝ ñèñòåìè ✹✼

✃îðîëü ■✳■✳✱ ×åïêàíè÷ ❰✳➶✳✱ Ñêâîðöîâ ■✳➶✳ ➘îñë✐äæåííÿ äèôåðåíö✐àëüíî✲
àëãåáðà➝÷íèõ ñèñòåì ç ç ✐ìïóëüñíîþ ä✐➵þ òà äâîòî÷êîâèìè êðàéîâèìè óìî✲
âàìè ✺✵

✃ðèâîøèÿ Ðîñòèñëàâ Ïðî äåÿê✐ êîíñòðóêö✐➝ ÷èñåë✱ ëàíöþãîâå çîáðàæåííÿ
ÿêèõ çàäîâîëüíÿ➵ óìîâè Õ✐í÷èíà✲❐åâ✐ ✺✶

✃óøí✐ð÷óê ➶àñèëü✱ ✃óøí✐ð÷óê ➶îëîäèìèð ❒åòîä ìîæëèâèõ íàïðÿìê✐â
äëÿ äâîêðèòåð✐àëüíî➝ ìîäåë✐ ❒àðêîâ✐öà ✺✷

✃óøí✐ð÷óê ➶îëîäèìèð ➶èêîðèñòàííÿ äðîáîâîãî áðîóí✐âñüêîãî ðóõó â ðåàëü✲
íèõ çàäà÷àõ ✺✹

❐àõâà Ðîêñîëàíà✱ ❒îãèëüîâà ➶✐êòîð✐ÿ ➬àñòîñóâàííÿ ìåòîäó óñåðåäíåííÿ
äî ✐íòåãðî✲äèôåðåíö✐àëüíî➝ çàäà÷✐ îïòèìàëüíîãî êåðóâàííÿ ✺✻

❐àòèø ➚íäð✐é✱ ✃✐÷ìàðåíêî ❰ëüãà ■ñíóâàííÿ ðîçâ✬ÿçêó â çàäà÷✐ îïòèìàëü✲
íîãî êåðóâàííÿ åâîëþö✐éíèìè ôóíêö✐îíàëüíî✲äèôåðåíö✐àëüíèìè ð✐âíÿííÿìè
íà ï✐âîñ✐ ✺✾

❐åíþê ❰ëåã✱ ❮✐ê✐ò✐íà ❰ëüãà✱ Øèíêàðèê ❒èêîëà Ðîçâ✬ÿçóâàííÿ çàäà÷ ìà✲
òåìàòè÷íî➝ ô✐çèêè ìåòîäîì ã✐áðèäíîãî ✐íòåãðàëüíîãî ïåðåòâîðåííÿ ➴éëåðà✲
➪åññåëÿ íà ñåãìåíò✐ ✻✵

❒àêàð÷óê ❰ëåã Ïðî äåÿê✐ ìåòðè÷í✐ ðåçóëüòàòè çàäàí✐ â òåðì✐íàõ ëàíöþãî✲
âîãî A2✲ïðåäñòàâëåííÿ ç àëôàâ✐òîì {0, 5; 1} ✻✷

❒àêàð÷óê ❰ëåã✱ Ñêàêóí ➘ìèòðî✱ Õàëåöüêèé ➶àäèì ➴ðãîäè÷í✐ âëàñòèâî✲
ñò✐ îäí✐➵➝ äèíàì✐÷íî➝ ñèñòåìè çàäàíî➝ â òåðì✐íàõ ëàíöþãîâîãî A2✲ïðåäñòàâëåííÿ
÷èñåë â✐äð✐çêó [0, 5; 1] ✻✸

✹



❒àêñèìîâ ❰ëåêñàíäð ➚ñèìïòîòè÷íà ïîâåä✐íêà äåÿêèõ òèï✐â ðîçâ✬ÿçê✐â îäíî✲
ãî êëàñó ñèñòåì äèôåðåíö✐àëüíèõ ð✐âíÿíü ✻✹

❒àðòèíþê ❰ëüãà✱ Ñòàíæèöüêèé ❰ëåêñàíäð Ñòîõàñòè÷í✐ åâîëþö✐éí✐ ð✐â✲
íÿííÿ ó íåñê✐í÷åííîâèì✐ðíèõ ïðîñòîðàõ ✻✺

❒àðòèíþê Ñåðã✐é✱ Öóðêàí ➶ÿ÷åñëàâ Ïîáóäîâà ìàòðèö✐ ðåçóëüòàò✐â êî✲
ìàíäè✳ ■ãðîâà ä✐ÿ àòàêóâàëüíèé óäàð ✻✻

❒àöåíêî ➶àñèëü ❒îäåëþâàííÿ ïðîöåñ✐â çáîðó âðîæàþ â äèñêðåòíèõ ñèñòåìàõ ✻✾

❒îðîç ❒èêîëà Ïðåäñòàâëåííÿ ä✐éñíèõ ÷èñåë çíàêîçì✐ííèìè ðÿäàìè Ïåððîíà
òà éîãî ì✐ñöå ñåðåä â✐äîìèõ ïðåäñòàâëåíü ✼✶

❒èõàéëþê ➶îëîäèìèð Òîïîëîã✐÷íà õàðàêòåðèçàö✐ÿ ð✐çíèõ òèï✐â êâàç✐ìåòðè✲
÷íèõ ïðîñòîð✐â ✼✸

❮àçàðåíêî ❰ëåã✱ Ñòåõóí ➚íæåëà✱ ßðîâèé ➚íàòîë✐é ❰äíà ñòàö✐îíàðíà çà✲
äà÷à äèôðàêö✐➝ ïðóæíî➝ õâèë✐ íà ñôåðè÷íîìó äåôåêò✐ ✼✺

❮åñòåðåíêî ➶àñèëü Ïðî ïñåâäîêâàç✐íåïåðåðâí✐ñòü òà ➝➝ àíàëîãè ✼✼

❮åñòåðåíêî ➶àñèëü✱ Ôîò✐é ❰ëåíà Ïðî ñóêóïíó êâàç✐íåïåðåðâí✐ñòü ìíîãîçíà✲
÷íèõ â✐äîáðàæåíü ✼✽

Ïàñ✐÷íèê ➹àëèíà✱ ❒åäèíñüêèé ■ãîð ➬àäà÷à ✃îø✐ äëÿ îäíîãî âèðîäæåíîãî
ð✐âíÿííÿ✱ êîåô✐ö✐➵íòè ÿêîãî íå çàëåæàòü â✐ä çì✐ííèõ âèðîäæåííÿ ✐ ìîæóòü
çðîñòàòè ✼✾

Ïåòðèíà ➹ðèãîð✐é✱ ✃ðàâåöü ➶àñèëü ➚íàë✐ç òà àïðîêñèìàö✐ÿ ñòîõàñòè÷íèõ
äèôåðåíö✐àëüíèõ ð✐âíÿíü ç çàï✐çíåííÿì ✽✵

Ïëàêèäà ➶✐êòîð✱ Ïðàöüîâèòèé ❰ëåêñàíäð Ïðî îäíå óçàãàëüíåííÿ äâîñèì✲
âîëüíèõ ñèñòåì êîäóâàííÿ ÷èñåë ç äâîìà îñíîâàìè ✽✶

Ïðàâäèâèé ❰ëåêñàíäð✱ Ñòàíæèöüêèé ➚íäð✐é Ñëàáê✐ ðîçâ✬ÿçêè ñòîõàñòè✲
÷íèõ ôóíêö✐îíàëüíî✲äèôåðåíö✐àëüíèõ ð✐âíÿíü íåéòðàëüíîãî òèïó ó íåñê✐í✲
÷åííîâèì✐ðíèõ ïðîñòîðàõ ✽✷

Ïðàöüîâèòèé ❒èêîëà✱ ❐èñåíêî ■ðèíà✱ Ðàòóøíÿê Ñîô✐ÿ Ðîçïîä✐ëè éìî✲
â✐ðíîñòåé íà ôðàêòàëüí✐é ñàìîïîä✐áí✐é êðèâ✐é ïàâóòèííîãî òèïó✱ ïîâ✬ÿçàí✐é
ç✐ Ñí✐æèíêîþ ✃îõà ✽✹

Ïðàöüîâèòèé ❒èêîëà✱ ➶àñüêåâè÷ Ñâ✐òëàíà✱ ❮àçàð÷óê ➶àëåíòèíà ❰äèí
êîíòèíóàëüíèé êëàñ ôðàêòàëüíèõ ôóíêö✐é✱ îçíà÷åíèõ â òåðì✐íàõ Q∗

s✲çîáðàæåííÿ
÷èñåë ✽✻

Ïóêàëüñüêèé ■âàí✱ ßøàí ➪îãäàí ✃ðàéîâà çàäà÷à ç ✐ìïóëüñíèì âïëèâîì äëÿ
ïàðàáîë✐÷íîãî ð✐âíÿííÿ ç âèðîäæåííÿì ✽✽

Ðàòóøíÿê Ñîô✐ÿ Ôðàêòàëüíèé àíàë✐ç ôóíêö✐é✱ îçíà÷åíèõ â òåðì✐íàõ ëàíöþ✲
ãîâîãî As✲çîáðàæåííÿ ✾✵

✺



Ðîìàí✐â ➚íäð✐é Ñï✐ëüí✐ êðàòí✐ ìàòðèöü òðåòüîãî ïîðÿäêó íàä êîìóòàòèâ✲
íèìè îáëàñòÿìè áåçó ñòàá✐ëüíîãî ðàíãó ✶✱✺ ✾✷

❮àòàë✐ÿ Ñàìàðóê ✃âàç✐✲ìîíîìè â✐äíîñíî ãðóïè ïàðàëåëüíèõ ïåðåíåñåíü ïðî✲
ñòîðó òà ãðóïè ïîâîðîò✐â ïðîñòîðó SO(3) ✾✸

Ñåðã✐éêî ➘àð✬ÿ Ñèíãóëÿðí✐ ôóíêö✐➝✱ ïîâ✬ÿçàí✐ ç ìàðêîâñüêèì çîáðàæåííÿì ÷è✲
ñåë ✾✺

Ñåðäþê ➚íàòîë✐é✱ Ñîêîëåíêî ■ãîð ❮àáëèæåííÿ ñóìàìè Ôóð✬➵ êëàñ✐â ➶åéëÿ✲
❮àäÿ W

r
β,1

â ð✐âíîì✐ðí✐é ìåòðèö✐ ✾✻

Ñêèãàð ❰êñàíà Ôàíî òà ➪óëåâ✐ ëàéíåðè ✾✼

Ñîá÷óê ➶✳➶✳✱ ➬åëåíñüêà ■✳❰✳ Ñòðóêòóðà ðîçâ✬ÿçêó ñèñòåìè ñèíãóëÿðíî çáó✲
ðåíèõ äèôåðåíö✐àëüíèõ ð✐âíÿíü íà âèïàäîê ìàòðèö✐ ç â✐ä✬➵ìíèìè êîåô✐ö✐➵í✲
òàìè ✾✽

Öàíü ➶✐êòîð✐ÿ✱ Ïåðåñòþê Þð✐é ➘èñèïàòèâí✐ñòü ñèñòåì äèíàì✐÷íèõ ð✐â✲
íÿíü íà ÷àñîâèõ øêàëàõ ✶✵✶

Þð÷åíêî ■ãîð✱ ßñèíñüêèé ➶îëîäèìèð ➘îñë✐äæåííÿ ïîâåä✐íêè ðîçâ✬ÿçê✐â
ñòîõàñòè÷íèõ äèôåðåíö✐àëüíèõ ð✐âíÿíü ó ÷àñòèííèõ ïîõ✐äíèõ ç âèïàäêîâè✲
ìè ïàðàìåòðàìè â ïðàâ✐é ÷àñòèí✐ ✶✵✺

❆❜❞✐♠❛♥❛♣♦✈❛ P❡r✐③❛t ❖♥ t❤❡ s♦❧✈❛❜✐❧✐t② ♦❢ t❤❡ ♥♦♥❧✐♥❡❛r ♥♦♥❧♦❝❛❧ ❜♦✉♥❞❛r② ✈❛❧✉❡
♣r♦❜❧❡♠ ❢♦r ❛ s②st❡♠ ♦❢ ❤②♣❡r❜♦❧✐❝ ❡q✉❛t✐♦♥s ✶✵✼

❆♥t♦♥♦✈❛ ❚❛♠❛r❛✱ ▲✉ts✐✈ ❨❡✈❤❡♥✐✐ ❖♥ t❤❡ ❜r❛♥❝❤❡❞ ❝♦♥t✐♥✉❡❞ ❢r❛❝t✐♦♥ ❡①♣❛♥s✐✲
♦♥s ♦❢ s♦♠❡ r❛t✐♦s ♦❢ t❤❡ ❣❡♥❡r❛❧✐③❡❞ ❤②♣❡r❣❡♦♠❡tr✐❝ ❢✉♥❝t✐♦♥ 4F3 ✶✵✽

❇❛♥❛❦❤ ❚❛r❛s ❆❧❣❡❜r❛ ❛♥❞ ●❡♦♠❡tr② ✐♥ ▲✐♥❡rs ✶✶✵

❇❡❜✐②❛ ▼❛①✐♠ ❖♥ ❧♦❝❛❧ ❛s②♠♣t♦t✐❝ st❛❜✐❧✐③❛t✐♦♥ ♦❢ ❛ ❝❧❛ss ♦❢ t❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧
♥♦♥❧✐♥❡❛r s②st❡♠s ✇✐t❤ ✉♥❦♥♦✇♥ ♣❛r❛♠❡t❡rs ❛♥❞ ❛❞❞✐t✐♦♥❛❧ t❡r♠s ✶✶✶

❇✐❤✉♥ ❱✐t❛❧✐✐✱ ❙t❛❦❤✐✈ ❘♦st②s❧❛✈✱ ❩❛❣♦r♦❞♥②✉❦ ❆♥❞r✐② ❙②♠♠❡tr✐❝ P♦❧②♥♦♠✐✲
❛❧s ♦♥ ■♥✜♥✐t❡✲❉✐♠❡♥s✐♦♥❛❧ ❙tr✉❝t✉r❡s ✶✶✷

❇♦♥❞❛r❡♥❦♦ ◆❛t❛❧✐❛ ❘❡♣r❡s❡♥t❛t✐♦♥ ♦❢ ▲✐❡ ❛❧❣❡❜r❛s ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❙②❧♦✇ p✲s✉❜❣r♦✉♣s
♦❢ s②♠♠❡tr②❝ ❣r♦✉♣s ❜② ③❡r♦✲tr✐❛♥❣✉❧❛r ♠❛tr✐❝❡s ✶✶✸

❈❤❡r❡✈❦♦ ■❤♦r✱ ■❧✐❦❛ ❙✈✐t❧❛♥❛✱ ▼❛t✇✐② ❖❧❡❦s❛♥❞r✱ P✐❞❞✉❜♥❛ ▲❛r②s❛ ❖♥ t❤❡
❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ s②st❡♠s ✇✐t❤ ❞❡❧❛② ❛♥❞ t❤❡✐r st❛❜✐❧✐t② ✶✶✺

❈❤❡r♥❡❣❛ ■r②♥❛ ❘❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ❙♣❡❝tr✉♠ ♦❢ t❤❡ ❆❧❣❡❜r❛ ♦❢ ❙②♠♠❡tr✐❝ ❆♥❛❧②t✐❝
❋✉♥❝t✐♦♥s ♦❢ ❇♦✉♥❞❡❞ ❚②♣❡ ♦♥ ❛ ❇❛♥❛❝❤ s♣❛❝❡ ✶✶✼

❈❤♦♣✐✉❦ ❨✉r✐✐✱ ❩❛❣♦r♦❞♥②✉❦ ❆♥❞r✐② ❘✐♥❣s ♦❢ ▼✉❧t✐♥✉♠❜❡rs ❆ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡
❈♦♠♣❧❡① ❙tr✉❝t✉r❡ ✶✶✽

❉✐♠✐tr♦✈❛ ❙✈✐t❧❛♥❛✱ ●✐r②❛ ◆❛t❛❧✐❛❖♥❡ ✈❡rs✐♦♥ ♦❢ t❤❡ ❛❜str❛❝t t❤❡♦r❡♠ ❲✐❡♥❡r✲
P❛❧❡② ✶✷✵

✻



❉♦❧✐s❤♥✐❛❦ ❉❛r②♥❛✱ ❉♦❧✐s❤♥✐❛❦ P❛✈❧♦✱ ❩❛❣♦r♦❞♥②✉❦ ❆♥❞r✐② ◆♦♥❧✐♥❡❛r ❇❛❝❦✇❛r❞
❙❤✐❢ts ♦♥ t❤❡ ❘✐♥❣ ♦❢ ▼✉❧t✐s❡ts ✶✷✷

❉✉❜❡✐ ◆❛t❛❧✐✐❛✱ ❩❛❣♦r♦❞♥②✉❦ ❆♥❞r✐② ❙②♠♠❡tr✐❝ ❆♥❛❧②t✐❝ ❋✉♥❝t✐♦♥s ❆ss♦❝✐❛t❡❞
❲✐t❤ ❛♥ ■♥✜♥✐t❡ ❚r❡❡ ✶✷✸

❉③❤❛❧✐✉❦ ◆❛t❛❧✐✐❛✱ P❡tr②❝❤❦♦✈②❝❤ ❱❛s②❧✬ ❖♥ ✉♥✐q✉❡♥❡ss ♦❢ ❙②❧✈❡st❡r✲t②♣❡ ♠❛tr✐①
♣♦❧②♥♦♠✐❛❧ ❡q✉❛t✐♦♥✬s s♦❧✉t✐♦♥ ✶✷✺

❋❛r②♠❛ ❉♠②tr♦✱ ❍♦❧✉❜❝❤❛❦ ❖❧❡❤✱ ❩❛❣♦r♦❞♥②✉❦ ❆♥❞r✐② ❖♥ ❛ ❙♣❡❝✐❛❧ ❆♥❛❧②t✐❝
▼❛♣♣✐♥❣ ♦❢ ❯♥❜♦✉♥❞❡❞ ❚②♣❡ ♦♥ ℓ1. ✶✷✼

❋❡❞♦r❝❤✉❦ ❱❛s②❧✱ ❋❡❞♦r❝❤✉❦ ❱♦❧♦❞②♠②r ❖♥ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ❝♦♠♠♦♥
✐♥✈❛r✐❛♥t s♦❧✉t✐♦♥s ❢♦r s♦♠❡ P (1, 4)✲✐♥✈❛r✐❛♥t ♣❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ✶✷✽

●♦② ❚❛r❛s ❙♦♠❡ ❚♦❡♣❧✐t③✕❍❡ss❡♥❜❡r❣ ❉❡t❡r♠✐♥❛♥ts ✇✐t❤ ❙❝❤r☎♦❞❡r ◆✉♠❜❡r ❊♥tr✐❡s ✶✷✾

●❡❢t❡r ❙❡r❤✐✐✱ P✐✈❡♥✬ ❖❧❡❦s✐✐ ◆♦♥❧✐♥❡❛r P❛rt✐❛❧ ❉✐✛❡r❡♥t✐❛❧ ❊q✉❛t✐♦♥s ✐♥ ▼♦❞✉❧❡
♦❢ ❈♦♣♦❧②♥♦♠✐❛❧s ♦✈❡r ❛ ❈♦♠♠✉t❛t✐✈❡ ❘✐♥❣ ✶✸✶

●✉t✐❦ ❖❧❡❣ ❖♥ ❧♦❝❛❧❧② ❝♦♠♣❛❝t s❤✐❢t✲❝♦♥t✐♥✉♦✉s t♦♣♦❧♦❣✐❡s ♦♥ ✉♣♣❡r ❛♥❞ ❞♦✇♥ s✉❜s❡♠✐✲
❣r♦✉♣s ♦❢ t❤❡ ❜✐❝②❝❧✐❝ ♠♦♥♦✐❞ ✇✐t❤ ❛❞❥♦✐♥❡❞ ③❡r♦ ✶✸✸

❍❛♥❞❡r❛✲❑❛❧②♥♦✈s❦❛ ❖❧❤❛✱ ❑r❛✈ts✐✈ ❱✐❦t♦r✐✐❛ ❚❤❡ ❲❛r✐♥❣✲●✐r❛r❞ ❢♦r♠✉❧❛ ❢♦r
s②♠♠❡tr✐❝ ♣♦❧②♥♦♠✐❛❧s ♦♥ t❤❡ s♣❛❝❡ ℓp ✶✸✺

❍❡♥t♦s❤ ❖❦s❛♥❛ ❘❛t✐♦♥❛❧❧② ❢❛❝t♦r✐③❡❞ ▲❛① t②♣❡ ✢♦✇s ✐♥ t❤❡ s♣❛❝❡ ❞✉❛❧ t♦ t❤❡ ❝❡♥tr❛❧❧②
❡①t❡♥❞❡❞ ▲✐❡ ❛❧❣❡❜r❛ ♦❢ ♠❛tr✐① s✉♣❡r✲✐♥t❡❣r♦✲❞✐✛❡r❡♥t✐❛❧ ♦♣❡r❛t♦rs ❛♥❞ t❤❡✐r ❍❛♠✐✲
❧t♦♥✐❛♥ str✉❝t✉r❡ ✶✸✻

❍✉③②❦ ◆❛❞✐✐❛ ■♥✈❡rs❡ ❢r❡❡ ❜♦✉♥❞❛r② ✈❛❧✉❡ ♣r♦❜❧❡♠ ❢♦r ❞❡❣❡♥❡r❛t❡ ♣❛r❛❜♦❧✐❝ ❡q✉❛t✐♦♥✶✸✽

■✈❛♥✐✉❦ ❆♥❞r✐✐ ▼✉❧t✐✈❛r✐❛t❡ ❆❝t✐✈❛t✐♦♥ ❋✉♥❝t✐♦♥s ✶✸✾

❑❛❞✐r❜❛②❡✈❛ ❩❤❛③✐r❛ ❙♦❧✈✐♥❣ ♣r♦❜❧❡♠ ❢♦r ✐♠♣✉❧s✐✈❡ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ✇✐t❤ ❧♦❛❞✐✲
♥❣s ✶✹✶

❑❛r❧♦✈❛ ❖❧❡♥❛ ❖♥ ❛ ♣r♦❜❧❡♠ ♦❢ ❘✉❞✐♥ ❝♦♥❝❡r♥✐♥❣ ❇❛✐r❡ ❝❧❛ss✐✜❝❛t✐♦♥ ♦❢ s❡♣❛r❛t❡❧②
❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥s ✶✹✷

❑✐♠❛❦ ❱♦❧♦❞②♠②r✱ ❩❛❣♦r♦❞♥②✉❦ ❆♥❞r✐② ▼❡t❤♦❞ ♦❢ ❙②♠♠❡tr✐❝ ❋✉♥❝t✐♦♥s ✐♥
▼❛❝❤✐♥❡ ▲❡❛r♥✐♥❣ ❆❧❣♦r✐t❤♠s ✶✹✸

❑❧❡✈❝❤✉❦ ■✈❛♥ ❇✐❢✉r❝❛t✐♦♥ ♦❢ t♦r✐ ❢♦r ♣❛r❛❜♦❧✐❝ s②st❡♠s ♦❢ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ✇✐t❤
s♠❛❧❧ ❞✐✛✉s✐♦♥ ✶✹✺

❑♦♥❛r♦✈s❦②✐ ❱✐t❛❧✐✐ ❉❡❛♥✕❑❛✇❛s❛❦✐ ❡q✉❛t✐♦♥ ✇✐t❤ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ ✐♥ t❤❡ s♣❛❝❡ ♦❢
♣♦s✐t✐✈❡ ❞✐str✐❜✉t✐♦♥s ✶✹✼

❑♦③❧♦✈s❦②✐ ▼②❦♦❧❛ ❖♥❡✲♣♦✐♥t ❞✐s❝♦♥t✐♥✉✐t② ♦❢ s❡♣❛r❛t❡❧② ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥s ♦❢
s❡✈❡r❛❧ ✈❛r✐❛❜❧❡s ✶✹✾

▲✉ts✐✈ ■❧♦♥❛✲❆♥♥❛ ◆✉♠❡r✐❝❛❧ st❛❜✐❧✐t② ♦❢ t❤❡ ❜r❛♥❝❤❡❞ ❝♦♥t✐♥✉❡❞ ❢r❛❝t✐♦♥ ❡①♣❛♥s✐♦♥
♦❢ t❤❡ r❛t✐♦ H4(a, b; c, b; z)/H4(a+ 1, b; c+ 1, b; z) ✶✺✶

✼



●✉t✐❦ ❖❧❡❣✱ ▼❛❦s②♠②❦ ❑❛t❡r②♥❛ ❖♥ s❡♠✐t♦♣♦❧♦❣✐❝❛❧ s✐♠♣❧❡ ✐♥✈❡rs❡ ω✲s❡♠✐❣r♦✉♣s
✇✐t❤ ❝♦♠♣❛❝t ♠❛①✐♠❛❧ s✉❜❣r♦✉♣s ✶✺✸

▼❛s❧②✉❝❤❡♥❦♦ ❖❧❡❦s❛♥❞r✱ ▼②r♦♥②❦ ❱❛❞②♠✱ ■✈❛s✐✉❦ ❘♦♠❛♥ ❚✇♦ t♦♣♦❧♦❣✐❡s
♦♥ t❤❡ s♣❛❝❡ ♦❢ s❡♣❛r❛t❡❧② ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥s ❛♥❞ ✐ts ❝♦♠♣❛❝t s✉❜s♣❛❝❡s ✶✺✺

▼❛③✉r❡♥❦♦ ❖❧❡s✱ ❇❛♥❛❦❤ ❚❛r❛s Pr✐♥❝✐♣❛❧ ❛♥❞ ❢r❡❡ ❉❡❞❡❦✐♥❞ ❝✉ts ❛s ❝♦♥✈❡♥✐❡♥t
♠♦❞❡❧s ♦❢ r❛t✐♦♥❛❧ ❛♥❞ ✐rr❛t✐♦♥❛❧ ♥✉♠❜❡rs ✶✺✼

◆♦✈♦s❛❞ ❩♦r✐❛♥❛ ❆✣♥❡ ❝♦♠♣♦s✐t✐♦♥ ♦♣❡r❛t♦rs ✶✺✽

P✐✈♦✈❛r❝❤✐❦ ❱✐❛❝❤❡s❧❛✈✱ ❙✉♣r❛♥♦✈②❝❤ ❆❧❡s✐❛ ■♥✈❡rs❡ ❙t✉r♠✲▲✐♦✉✈✐❧❧❡ ♣r♦❜❧❡♠ ♦❢
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➘✐ÿ àëãåáðè ❐✐ sl2 íà ñèìåòðè÷í✐ ìíîãî÷ëåíè
❐åîí✐ä ➪åäðàòþê

Õìåëüíèöüêèé óí✐âåðñèòåò✱ Õìåëüíèöüêèé✱ Óêðà➝íà

❮åõàé Pn ✕ ìíîæèíà âñ✐õ ðîçáèòò✐â äîâæèíè íå á✐ëüøå n. Ðîçáèòòÿ λ = (λ1, λ2, . . . , λn)
➵ âïîðÿäêîâàíèé çà ñïàäàííÿì íàá✐ð íåâ✐ä✬➵ìíèõ ö✐ëèõ ÷èñåë✳

❒íîãî÷ëåí Øóðà sλ(x)✱ ùî â✐äïîâ✐äà➵ ðîçáèòòþ λ ∈ Pn ➵ ìíîãî÷ëåíîì â✐ä çì✐í✲
íèõ x = (x1, x2, . . . , xn) ÿêèé âèçíà÷à➵òüñÿ íàñòóïíèì ÷èíîì ✭ äèâ✳ ❬✶❪✱❬✷❪✮✿

sλ(x) =
det(xλi+n−ij )

det(xn−ij )
=

∣∣∣∣∣∣∣∣∣

xλ1+n−1
1 xλ1+n−1

2 . . . xλ1+n−1
n

xλ1+n−2
1 xλ1+n−2

2 . . . xλ1+n−2
n

✳✳✳
✳✳✳ . . .

✳✳✳
xλ11 xλ12 . . . xλ1n

∣∣∣∣∣∣∣∣∣
∣∣∣∣∣∣∣∣∣

xn−1
1 xn−1

2 . . . xn−1
n

xn−2
1 xn−2

2 . . . xn−2
n

✳✳✳
✳✳✳ . . .

✳✳✳
1 1 . . . 1

∣∣∣∣∣∣∣∣∣

.

❒íîãî÷ëåíèØóðà ïîðîäæóþòü ê✐ëüöå ñèìåòðè÷íèõ ìíîãî÷ëåí✐â â✐ä n çì✐ííèõ x1, x2, . . . , xn✳
Ïðÿìà ïåðåâ✐ðêà ïîêàçó➵ ùî äèôåðåíö✐àëüí✐ îïåðàòîðè

D+ = x21∂1 + x22∂2 + · · ·+ x2n∂n,

D = 2(x1∂1 + x2∂2 + · · ·+ xn∂n),

D− = −(∂1 + ∂2 + · · ·+ ∂n),

âèçíà÷àþòü ä✐þ êîìïëåêñíî➝ àëãåáðè sl2 ó ê✐ëüö✐ ìíîãî÷ëåí✐â â✐ä n çì✐ííèõ✳
❮àñòóïíå òâåðäæåííÿ âèçíà÷à➵ çâóæåííÿ ö✐➵➝ ä✐➝ íà ï✐äê✐ëüöå ñèìåòðè÷íèõ ìíî✲

ãî÷ëåí✐â✳
Òåîðåìà✳ Ñïðàâåäëèâ✐ ñï✐ââ✐äíîøåííÿ✿

(i) D−(sλ(x)) = − ∑
µ=λ−�∈Pn

(n+ c(�))sµ(x),

(ii) D(sλ(x)) = 2|λ|sλ(x),
(iii) D+(sλ(x)) =

∑
µ=λ+�∈Pn

c(�)sµ(x).

Ñóìóâàííÿ â✐äáóâà➵òüñÿ çà âñ✐ìà ä✐àãðàìàìè Þíãà✱ ÿê✐ îòðèìóþòüñÿ ç ðîçáèòòÿ λ
øëÿõîì äîäàâàííÿ✱ àáî✱ â✐äïîâ✐äíî✱ âèëó÷åííÿ êë✐òèíêè � = (i, j)✳ Òóò i ✐ j ➵ êî✲
îðäèíàòàìè êë✐òèíêè✱ òîáòî íîìåðàìè ðÿäêà ✐ ñòîâï÷èêà â ÿêîìó çíàõîäèòüñÿ �✱ ❛
c(�) ïîçíà÷à➵ êîíòåíò ö✐➵➝ êë✐òèíêè✿ c(�) = j − i.

✶✳ ❘✳ ❙t❛♥❧❡②✳ ❊♥✉♠❡r❛t✐✈❡ ❈♦♠❜✐♥❛t♦r✐❝s✳ ❱♦❧✉♠❡ ✷✳ ❈❛♠❜r✐❞❣❡ ❯♥✐✈❡rs✐t② Pr❡ss✳ ✷✵✵✶✳
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Óñåðåäíåííÿ â óçàãàëüíåíèõ ñèñòåìàõ ✐ç ïîâ✐ëüíèìè ✐ øâèäêèìè
çì✐íàìè

ßðîñëàâ ➪✐ãóí✱ Ðîìàí Ïåòðèøèí✱ ■ãîð Ñêóòàð

×åðí✐âåöüêèé íàö✐îíàëüíèé óí✐âåðñèòåò ✐ìåí✐ Þð✐ÿ Ôåäüêîâè÷à✱ Óêðà➝íà

❮à â✐äì✐íó â✐ä ñèñòåì ð✐âíÿíü ñòàíäàðòíîãî âèãëÿäó ✐ç ïîâ✐ëüíèìè ✐ øâèäêèìè
çì✐ííèìè ❬✶❪

da

dτ
= X(τ, a, ϕ),

dϕ

dτ
=
ω(τ)

ε
+ Y (τ, a, ϕ),

✭✶✮

ðîçãëÿäà➵òüñÿ ñèñòåìà ð✐âíÿíü ✐ç çàï✐çíåííÿì âèãëÿäó

da

dτ
= εκ1X(τ, aΛ, ϕΘ),

dϕ

dτ
=
ω(τ)

εκ
+ εκ2Y (τ, aΛ, ϕΘ),

✭✷✮

äå κ1 ≥ 0✱ κ2 ≥ 0✱ κ > 0❀ ε ∈ (0, ε0]✱ τ ≥ 0✱ a ∈ D ⊂ Rn✱ D ✕ îáìåæåíà îïóêëà

îáëàñòü✱ ϕ ∈ Rm❀ aΛ(τ) =
(
a(λ1τ), . . . , a(λpτ)

)
✱ 0 < λ1 < · · · < λp ≤ 1✱ ϕΘ(τ) =

(
ϕ(θ1τ), . . . , ϕ(θqτ)

)
✱ 0 < θ1 < · · · < θq ≤ 1✳

➘îñë✐äæåííÿ ñèñòåìè ð✐âíÿíü ✭✷✮ óñêëàäíþ➵òüñÿ âíàñë✐äîê ðåçîíàíñ✐â✱ óìîâà ÿêèõ
ó òî÷ö✐ τ

q∑

ν=1

(
kν , θνω(θντ)

)
= 0,

äå kν ∈ Zm✱ ‖k1‖+ · · ·+ ‖kq‖ 6= 0✳
➶✐äïîâ✐äíà ✭✷✮ óñåðåäíåíà çà øâèäêèìè çì✐ííèìè ϕθν , ν = 1, q✱ ñèñòåìà ð✐âíÿíü

íàáóâà➵ âèãëÿäó

da

dτ
= εκ1X0(τ, aΛ),

dϕ

dτ
=
ω(τ)

εκ
+ εκ2Y0(τ, aΛ),

✭✸✮

äå

F0(τ, aΛ) =
1

(2π)mq

2π∫

0

· · ·
2π∫

0

F (τ, aΛ, ϕΘ)dϕΘ, F = (X, Y ), F0 = (X0, Y0).

Ó ïîâ✐äîìëåíí✐ çíàéäåíî äîñòàòí✐ óìîâè ✐ñíóâàííÿ ➵äèíîãî äèôåðåíö✐éîâíîãî
ðîçâ✬ÿçêó ñèñòåìè ð✐âíÿíü ✭✷✮ ✐ç ïî÷àòêîâèìè óìîâàìè â òî÷ö✐ τ = 0✱ ÿê✐ çá✐ãàþ✲
òüñÿ ç ïî÷àòêîâèìè óìîâàìè ðîçâ✬ÿçêó óñåðåäíåíî➝ ñèñòåìè ð✐âíÿíü✳

⑨ðóíòóþ÷èñü íà âñòàíîâëåí✐é îö✐íö✐ â✐äïîâ✐äíîãî ñèñòåì✐ ✭✷✮ îñöèëÿö✐éíîãî ✐íòå✲
ãðàëà

Ik(τ, s, s, ε) =

t+τ∫

t

f(s, ε) exp
( i
εκ

s∫

s

γk(z)dz
)
ds, ✭✹✮

äëÿ (τ, ε) ∈ [0, L]× (0, ε∗]✱ ε∗ ≤ ε0✱ îäåðæàíî îö✐íêó

εκ2‖a(τ, ε)− a(τ)‖+ εκ1‖ϕ(τ, ε)− ϕ(τ, ε)‖ ≤ c1ε
α+κ1+κ2 , ✭✺✮

✶✶



äå α = κ/(mq)✱ c1 > 0 ✐ íå çàëåæèòü â✐ä ε✳
❰òðèìàíèé ðåçóëüòàò ïðî✐ëþñòðîâàíî íà ìîäåëüíîìó ïðèêëàä✐ îäíî÷àñòîòíî➝ ñè✲

ñòåìè
da

dτ
= 3

√
ε
(
b1 + b2 cos(kϕ+ lϕθ)

)
,

dϕ

dτ
=
d1 + 2d2τ√

ε
,

äå bν , dν ∈ R✱ b2 6= 0✱ d1, d2 6= 0❀ θ ∈ (0, 1)✱ k, l ∈ Z✱ k + lθ = 0❀ a(0, ε) = y✱ ϕ(0, ε) = 0✳
Ðåçîíàíñ ó ñèñòåì✐ äîñÿãà➵òüñÿ ïðè τ = 0✳ ❮à â✐äð✐çêó [0, 1/ 3

√
ε] âèêîíó➵òüñÿ îö✐íêà

|a(τ, ε)− a(τ)| ≤ |b3|eb1ε7/12 +O(ε13/12) = O(ε7/12),

ùî â✐äïîâ✐äà➵ îö✐íö✐ ✭✺✮✳

❐✐òåðàòóðà
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❬✷❪ ➪✐ãóí ß✳➱✳ ■ñíóâàííÿ ðîçâ❵ÿçêó òà óñåðåäíåííÿ áàãàòîòî÷êîâèõ êðàéîâèõ çàäà÷ äëÿ áà✲
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✶✷



✃ðàéîâà çàäà÷à äëÿ êîëèâíèõ ñèñòåì ç ✐ìïóëüñíîþ ä✐➵þ
ßðîñëàâ ➪✐ãóí✱ Ðîìàí Ïåòðèøèí✱ ❰ëåã Óêðà➝íåöü

×åðí✐âåöüêèé íàö✐îíàëüíèé óí✐âåðñèòåò ✐ìåí✐ Þð✐ÿ Ôåäüêîâè÷à✱ Óêðà➝íà

Ðîçãëÿäà➵òüñÿ áàãàòî÷àñòîòíà ñèñòåìà ç ✐ìïóëüñíîþ ä✐➵þ ó ô✐êñîâàí✐ ìîìåíòè
÷àñó ✐ ïàðàìåòðàìè✿

dx

dτ
= a(x, ϕ, τ, µ);

dϕ

dτ
=
ω(τ)

ε
+ b(x, ϕ, τ, µ), ✭✶✮

∆x|τ=τj = εf(x, ϕ, τj, µ), ∆ϕ|τ=τj = εg(x, ϕ, τj, µ), ✭✷✮

â ÿê✐é τ1 ∈ (0, 2πε]✱ τj+1 − τj = 2πε✱ j ≥ 1✱ τ ∈ [0;L]✱ ìàëèé ïàðàìåòð ε ∈ (0; ε0]✱
x ∈ D ⊂ Rn, ϕ ∈ Rm, µ ∈ G ⊂ Rs✱ D ✐ G ✕ îáìåæåí✐ îáëàñò✐✱ µ = (µ1, ..., µs) ✕
íåâ✐äîì✐ ïàðàìåòðè✳

➬àäàìî äëÿ ñèñòåìè ð✐âíÿíü ✭✶✮✱ ✭✷✮ áàãàòîòî÷êîâ✐ é ✐íòåãðàëüí✐ óìîâè

F (x|τ=t1 , ..., x|τ=tr , µ) = 0, ✭✸✮
∫ L

0

[A(τ, ε)ϕ+ c(x, ϕ, τ, µ)]dτ = 0, ✭✹✮

äå 0 ≤ t1 < t2 < ... < tr ≤ L✱ r ≥ 1✱ F ✕ (n + s)✲âèì✐ðíèé âåêòîð✱ A(τ, ε) ✕
✭m× n✮✲ìàòðèöÿ✱ a, b, c, f, g, F íàëåæàòü ïåâíèì êëàñàì ãëàäêèõ ✐ 2π✲ïåð✐îäè÷íèõ ïî
ϕν , ν = 1,m✱ ϕ = (ϕ1, ..., ϕm) ôóíêö✐é✳

➶âàæàòèìåìî✱ ùî ω(τ) = (ω1(τ), ..., ωm(τ)) ∈ C[o,m] ✐

det
( dk
dτ k

ων(τ)
)m
k,ν=1

6= 0, τ ∈ [o, L]. ✭✺✮

Ðîçâ✬ÿçàòè çàäà÷ó ✭✶✮ ✕ ✭✹✮ îçíà÷à➵ çíàéòè òàêèé ðîçâ✬ÿçîê (x(τ, ϕ(τ)) ñèñòåìè ✭✶✮✱ ✭✷✮
✐ çíà÷åííÿ ïàðàìåòðà µ ∈ G✱ ÿê✐ çàäîâîëüíÿþòü óìîâè ✭✸✮✱ ✭✹✮✳ ➘ëÿ öüîãî ïîáóäó➵ìî
óñåðåäíåíó çàäà÷ó

dx

dτ
= a(x, τ, µ) +

1

2π
f(x, τ, µ), ✭✻✮

dϕ

dτ
=
ω(τ)

ε
+ b(x, τ, µ) +

1

2π
g(x, τ, µ), ✭✼✮

F (x|τ=t1 , ..., x|τ=tr , µ) = 0, ✭✽✮
∫ L

0

[A(τ, ε)ϕ+ c(x, τ, µ)]dτ = 0, ✭✾✮

äå a, b, c, f , g ïîçíà÷àþòü ñåðåäí✐ ïî ϕ â êóá✐ ïåð✐îä✐â â✐äïîâ✐äíèõ ôóíêö✐é✳ ➬àçíà÷è✲
ìî✱ ùî çàäà÷à ✭✻✮✕✭✾✮ ïðîñò✐øà â✐ä çàäà÷✐ ✭✶✮✕✭✹✮ â ïåðøó ÷åðãó òèì✱ ùî óñåðåäíåíà
ñèñòåìà ✭✻✮✱✭✼✮ íà â✐äì✐íó â✐ä ✭✶✮✱✭✷✮ íå ï✐äëÿãà➵ ✐ìïóëüñíîìó âïëèâó✳ Òàêîæ✱ ÿêùî
çíàéäåíî ðîçâ✬ÿçîê (x(τ), µ) çàäà÷✐ ✭✻✮✱✭✽✮✱ òî ëåãêî ïåðåêîíàòèñÿ✱ ùî äëÿ çíàõîäæå✲
ííÿ ðîçâ✬ÿçêó ϕ(τ) çàäà÷✐ ✭✼✮✱ ✭✾✮ äîñèòü ïðèïóñòèòè✱ ùî

det

∫ L

0

A(τ, ε)dτ 6= 0, ε ∈ (0, ε0].

➬àçíà÷èìî✱ ùî îáìåæåííÿ ✭✺✮ äà➵ ìîæëèâ✐ñòü âñòàíîâèòè åôåêòèâí✐ îö✐íêè îñöè✲
ëÿö✐éíèõ ✐íòåãðàë✐â ✐ ñóì ❬✶❪✱ ÿê✐ ✐ñòîòíî âèêîðèñòîâóþòüñÿ ïðè îá➔ðóíòóâàíí✐ ìåòîäó
óñåðåäíåííÿ äëÿ ñèñòåìè ð✐âíÿíü ✭✶✮✱✭✷✮✳

✶✸



Ó äàíîìó ïîâ✐äîìëåíí✐ çíàéäåíî äîñòàòí✐ óìîâè ✐ñíóâàííÿ ➵äèíîãî ðîçâ✬ÿçêó
(x(τ, ϕ(τ), µ) çàäà÷✐ ✭✶✮✕✭✹✮ ó ìàëîìó îêîë✐ ðîçâ✬ÿçêó (x(τ), µ) óñåðåäíåíî➝ çàäà÷✐ ✭✻✮✕
✭✾✮ ✐ îäåðæàíî îö✐íêó

||x(τ)− x(τ)||+ ||ϕ(τ)− ϕ(τ)||+ ||µ− µ|| ≤ Kεα, τ ∈ [0, L], ε ∈ (0, ε0],

äå K ✐ α ≤ (m+1)−1 ✕ äåÿê✐ äîäàòí✐ ñòàë✐✱ à ï✐ä íîðìîþ âåêòîðà ðîçóì✐➵ìî åâêë✐äîâó
íîðìó✳

❐✐òåðàòóðà
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✶✹



➚ñèìïòîòè÷í✐ çîáðàæåííÿ ðîçâ✬ÿçê✐â äèôåðåíö✐àëüíèõ ð✐âíÿíü
äðóãîãî ïîðÿäêó ç íåë✐í✐éíîñòÿìè åêñïîíåíö✐àëüíîãî òèïó

❒àð✐ÿ ➪✐ëîçåðîâà✱ ❰ëüãà ×åïîê

❰äåñüêèé íàö✐îíàëüíèé óí✐âåðñèòåò ✐ìåí✐ ■✳■✳ ❒å÷íèêîâà✱ Óêðà➝íà
➘åðæàâíèé çàêëàä ✧Ï✐âäåííîóêðà➝íñüêèé íàö✐îíàëüíèé ïåäàãîã✐÷íèé óí✐âåðñèòåò

✐ìåí✐ ✃✳ ➘✳ Óøèíñüêîãî✑✱ Óêðà➝íà

Ðîçãëÿäà➵òüñÿ äèôåðåíö✐àëüíå ð✐âíÿííÿ

y′′ = α0p(t) exp (R0(y, y
′) + exp (R1(y, y

′))) , ✭✶✮

äå α0 ∈ {−1; 1}, p : [a, ω[→]0,+∞[ (−∞ < a < ω ≤ +∞)✱ Rk : ∆Y0×∆Y1 →]0,+∞[ (k ∈
{0, 1}) ➵ íåïåðåðâíî äèôåðåíö✐éîâíèìè ôóíêö✐ÿìè✱ Yi ∈ {0,±∞}, ∆Yi àáî ïðîì✐æîê
[y0i , Yi[

✶ àáî ]Yi, y
0
i ]✳ Òàêîæ ïðèïóñêà➵òüáñÿ✱ ùî ôóíêö✐➝ Rk çàäîâîëüíÿþòü óìîâè

lim
(y0,y1)→(Y0,Y1)
(y0,y1)∈∆Y0

×∆Y1

Rk(y0, y1) = +∞,

lim
yi→Yi
yi∈∆Yi

yi
∂Rk(y0, y1)

∂yi
Rk(y0, y1)

= γki, ð✐âíîì✐ðíî çà yj 6= yi (k, i, j ∈ {0, 1}).

➬ âèùåçàçíà÷åíèõ óìîâ âèïëèâà➵✱ ùî ôóíêö✐➝ Rk (k ∈ {0, 1}) ➵ ó äåÿêîìó ñåíñ✐
áëèçüêèìè äî ïðàâèëüíî çì✐ííèõ ôóíêö✐é ❬✶❪✳ Ïðèêëàäàìè òàêèõ ôóíêö✐é ìîæóòü
ñëóãóâàòè |y0|γk0 |y1|γk1 exp(lnµ |y0y1|)✱ |y0|γk0 |y1|γk1 lnµ |y0y1| ln ln |y0y1| òà áàãàòî ✐íøèõ✳
❰òæå✱ êëàñ äèôåðåíö✐àëüíèõ ð✐âíÿíü ✭✶✮ îõîïëþ➵ äîñòàòíüî øèðîêèé êëàñ ✐ñòîòíî
íåë✐í✐éíèõ ð✐âíÿíü ç íåë✐íéíîñòÿìè åêñïîíåíö✐àëüíîãî òèïó✳ ×àñòèíí✐ âèïàäêè òàêèõ
ð✐âíÿíü çàñòîñîâóþòüñÿ ✭äèâ✳✱ íàïðèêëàä✱ ❬✷❪✮ ïðè äîñë✐äæåíí✐ åë✐ïòè÷íèõ ð✐âíÿíü✱
ÿê✐✱ â ñâîþ ÷åðãó✱ âèêîðèñòîâóþòüñÿ äëÿ ìîäåëþâàííÿ ïðîöåñ✐â ð✐çíîìàí✐òíî➝ ïðè✲
ðîäè✳ ×àñòèííèé âèïàäîê ð✐âíÿííÿ ✭✶✮ äîñë✐äæóâàâñÿ ó ðîáîò✐ ❬✸❪✳

Ðîçâ✬ÿçîê y ð✐âíÿííÿ ✭✶✮✱ âèçíà÷åíèé íà [t0, ω[⊂ [a, ω[✱ íàçèâàþòü Pω(Y0, Y1, λ0)✲
ðîçâ✬ÿçêîì✱ ÿêùî

y(i) : [t0, ω[−→ ∆Yi , lim
t↑ω

y(i)(t) = Yi (i = 0, 1), lim
t↑ω

(y′(t))2

y′′(t)y(t)
= λ0.

❰òðèìàíî àñèìïòîòè÷í✐ çîáðàæåííÿ ïðè ïðÿìóâàíí✐ àðãóìåíòó äî îñîáëèâî➝ òî✲
÷êè äëÿ Pω(Y0, Y1, λ0)✲ðîçâ✬ÿçê✐â äèôåðåíö✐àëüíîãî ð✐âíÿííÿ ✭✶✮✱ à òàêîæ äëÿ ïîõ✐✲
äíèõ ïåðøîãî ïîðÿäêó öèõ ðîçâ✬ÿçê✐â äëÿ âèïàäê✐â λ0 ∈ R\{0, 1}✳ ✃ð✐ì òîãî✱ îòðè✲
ìàíî íåîáõ✐äí✐ òà äîñòàòí✐ óìîâè ✐ñíóâàííÿ òàêèõ ðîçâ✬ÿçê✐â ó ð✐íÿíü âèäó ✭✶✮✳

➶âåäåìî ïîçíà÷åííÿ✿

πω(t) =





t, ❛s ω = +∞,

t− ω, ❛s ω < +∞,
Φ0(y) =

y∫

Y0

exp(−R0(τ, y
′(t(τ)))−exp(R1(τ, y

′(t(τ)))))dτ,

äå t(y) ➵ îáåðíåíîþ ôóíêö✐➵þ äëÿ y(t)✱

Φ1(y) =

y∫

Y0

Φ0(τ)

τ
dτ, Z1 = lim

y→Y0
y∈∆Y0

Φ1(y),

✶Ïðè Yi = +∞✭Yi = −∞✮ ââàæà➵ìî✱ ùî y0
i
> 0 ✭y0

i
< 0✮✳

✶✺



I(t) = α0(λ0 − 1)

t∫

B0
ω

πω(τ)p(τ)dτ, B0
ω =





a, ❛s
ω∫
a

πω(τ)p(τ)dτ = +∞,

ω, ❛s
ω∫
a

πω(τ)p(τ)dτ < +∞,

I1(t) =

t∫

B1
ω

λ0I(τ)

(λ0 − 1)πω(τ)
dτ, B1

ω =





a, ❛s
ω∫
a

λ0I(τ)
(λ0−1)πω(τ)

dτ = +∞,

ω, ❛s
ω∫
a

λ0|I(τ)|
(λ0−1)πω(τ)

dτ < +∞.

❒à➵ ì✐ñöå íàñòóïíà òåîðåìà✳
Òåîðåìà Óìîâè

πω(t)y
0
1y

0
0λ0(λ0 − 1) > 0; πω(t)y

0
1α0(λ0 − 1) > 0 ❛s t ∈ [a;ω[,

y01 · lim
t↑ω

|πω(t)|
1

λ0−1 = Y1, lim
t↑ω

I1(t) = Z1, lim
t↑ω

I(t)

Φ0(Φ
−1
1 (I1(t)))

= 1

lim
t↑ω

I ′1(t)πω(t)

Φ′
1

(
Φ−1

1 (I1(t))
)
Φ−1

1 (I1(t))
=

λ0
λ0 − 1

, lim
t↑ω

πω(t)I
′
1(t)

I1(t)
= ∞.

lim
t↑ω

I ′(t)πω(t)Φ0

(
Φ−1

1 (I1(t))
)

Φ′
0

(
Φ−1

1 (I1(t))
)
Φ−1

1 (I1(t))I(t)
=

λ0
λ0 − 1

,

➵ íåîáõ✐äíèì òà äîñòàòí✐ìè äëÿ ✐ñíóâàííÿ ó ð✐âíÿííÿ ✭✶✮ Pω(Y0, Y1, λ0)✲ðîçâ✬ÿçê✐â ó
âèïàäêàõ λ0 ∈ R\{0, 1}✳

➪✐ëüøå òîãî✱ êîæåí òàêèé ðîçâ✬ÿçîê çàäîâîëüíÿ➵ ïðè t ↑ ω íàñòóïí✐ àñèìïòîòè÷í✐
çîáðàæåííÿ

y(t) = Φ−1
1 (I1(t))[1 + o(1)], y′(t) =

λ0
(λ0 − 1)

· Φ
−1
1 (I1(t))

πω(t)
[1 + o(1)]. ✭✷✮
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❬✸❪ ❇✐❧♦③❡r♦✈❛ ▼✳❖✳ ❆s②♠♣t♦t✐❝ ❜❡❤❛✈✐♦r ♦❢ s♦❧✉t✐♦♥s t♦ s❡❝♦♥❞ ♦r❞❡r ✇✐t❤ ♥♦♥❧✐♥❡❛r✐t✐❡s✱ t❤❛t
❛r❡ ❝♦♠♣♦s✐t✐♦♥s ♦❢ ❡①♣♦♥❡♥t✐❛❧ ❛♥❞ r❡❣✉❧❛r❧② ✈❛r②✐♥❣ ❢✉♥❝t✐♦♥s✱ ❇✉❦♦✈✐♥✐❛♥ ▼❛t❤✳ ❏♦✉r♥❛❧✳
✷✵✷✸✱ ✶✶✱ ✷✱ ♣♣✳ ✸✸✲✹✵

❡✲♠❛✐❧✿ ▼❛r❜❡❧❅✉❦r✳♥❡t✱ ♦❧❛❝❤❡♣♦❦❅✉❦r✳♥❡t

✶✻



Ðåãóëÿðèçîâàí✐ ñë✐äè ñèíãóëÿðíèõ äèôåðåíö✐àëüíèõ îïåðàòîð✐â
➘ìèòðî ➪îáèë➵â

✃ðèâîð✐çüêèé äåðæàâíèé ïåäàãîã✐÷íèé óí✐âåðñèòåò✱ Óêðà➝íà

Ðîçãëÿíåìî â L2[0,+∞) ñàìîñïðÿæåíèé íàï✐âîáìåæåíèé çíèçó îïåðàòîð ▲ ç äèñ✲
êðåòíèì ñïåêòðîì✱ ÿêèé çàäàíèé âèðàçîì✿

l(y) ≡ (−1)my(2m)(x) + P2m−2(x)y
(2m−2) + . . .+ P0(x)y(x)

òà êðàéîâèìè óìîâàìè

Bl(y) ≡
2m∑

s=1

alsy
(s−1)(0) = 0, l = 1,m.

✃îåô✐ö✐➵íòè P2(m−k)(x), k = 2,m ➵ ä✐éñíèìè✱ ëîêàëüíî îáìåæåíèìè ôóíêö✐ÿìè
íà äîäàòí✐é ï✐âîñ✐✱ à P2m−2(x) ✕ êóñêîâî✲ãëàäêà ôóíêö✐ÿ✳ ✃îåô✐ö✐➵íòè als ∈ C, l =
1,m, s = 1, 2m êðàéîâ✐ óìîâè ÿê✐ çàáåçïå÷óþòü ñàìîñïðÿæåíå ðîçøèðåííÿ ▲ ì✐í✐✲
ìàëüíîãî ñèìåòðè÷íîãî îïåðàòîðà✱ ïîðîäæåíîãî îïåðàö✐➵þ l(y)✳ ❮óìåðó➵ìî â ïîðÿä✲
êó íåñïàäàííÿ âëàñí✐ çíà÷åííÿ λ1 ≤ λ2 ≤ . . . ≤ λk ≤ . . . îïåðàòîðà ▲✳ ❮åõàé P ✕
îïåðàòîð äîáóòêó íà ä✐éñíîçíà÷íó✱ âèì✐ðíó✱ îáìåæåíó ✐ ô✐í✐òíó ôóíêö✐þ q(x)✳ ❰ïå✲
ðàòîð ▲✰P çàëèøà➵òüñÿ ñàìîñïðÿæåíèì íàï✐âîáìåæåíèì ç äèñêðåòíèì ñïåêòðîì
µ1 ≤ µ2 ≤ . . . ≤ µk ≤ . . .

Òåîðåìà✳ ❮åõàé ψ(x) = 1
x

∫ x
0
q(t)dt ∈ Var[0, δ], δ > 0✳ Òîä✐

∞∑

k=1

[
µk − λk −

ck
π

∫ +∞

0

q(t)dt

]
= lim

λ→+∞

∫ +∞

0

q(x)

(
Θm(x, x, µ)−

1

π
µ

1
2m

)
dx,

äå c1 = λ
1

2m
1 , ck = λ

1
2m
k − λ

1
2m
k−1, k = 2, 3, . . . ✐ Θm(x, y, µ) ✕ ñïåêòðàëüíà ôóíêö✐ÿ îïåðà✲

òîðà

Lm :=

{
(−1)m d2m

dx2m

Bl(y) = 0, l = 1,m,

ÿêèé ä✐➵ â ïðîñòîð✐ L2[0,+∞)✳

❡✲♠❛✐❧✿ ❞♠②tr♦❜♦❜②❧✐❡✈❅❣♠❛✐❧✳❝♦♠

✶✼



➚ñèìïòîòè÷íå ðîçâ✬ÿçàííÿ çàäà÷✐ îïòèìàëüíîãî êåðóâàííÿ äëÿ
ð✐âíÿííÿ ç ïîõ✐äíîþ Õóêóõàðè ç✐ øâèäêîêîëèâíèìè êîåô✐ö✐➵íòàìè

✃èðèëî ➪îíäàðåíêî✱ ❰ëüãà ✃✐÷ìàðåíêî

❰äåñüêèé íàö✐îíàëüíèé óí✐âåðñèòåò ✐ì✳ ■✳■✳ ❒å÷íèêîâà✱ ❰äåñà✱ Óêðà➝íà

Ïðîïîíó➵òüñÿ çàñòîñóâàííÿ ìåòîäó óñåðåäíåííÿ äëÿ ðîçâ✬ÿçàííÿ çàäà÷✐ îïòèìàëü✲
íîãî êåðóâàííÿ íåë✐í✐éíîþ êåðîâàíîþ ñèñòåìîþ✱ ÿêà îïèñó➵òüñÿ äèôåðåíö✐àëüíèì
ð✐âíÿííÿì ç ïîõ✐äíîþ Õóêóõàðè ç ìàëèì ïàðàìåòðîì✱ ùî óçàãàëüíþ➵ ðåçóëüòàòè
ðîáîòè ❬✸❪ íà âèïàäîê äèôôåðåíö✐àëüíèõ ð✐âííÿíü ç ìíîæèííîçíà÷íîþ ïðàâîþ ÷à✲
ñòèíîþ✳

Ðîçãëÿíåìî íåë✐í✐éíó çàäà÷ó îïòèìàëüíîãî êåðóâàííÿ ç✐ øâèäêîêîëèâíèìè çì✐í✲
íèìè✿

Dhχ = F

(
t

ε
, χ, u(t)

)
, χ(0, u(0)) = χ0, ✭✶✮

äå ε > 0 ✖ ìàëèé ïàðàìåòð✱ T > 0 ✖ çàäàíà ñòàëà✱ χ0 ∈ conv(Rn) χ : [t0, T ] →
conv(Rn), F : [t0, T ] × conv(Rn) × R

m → conv(Rn), χ0 ∈ conv(Rn), u(t) ✖ âåêòîð
êåðóâàííÿ✱ u : [t0, T ] → R

m✱ u(t) ∈ U ⊂ comp(Rn), ç êðèòåð✐➵ì ÿêîñò✐

Jε [u] =

∫ T

0

L (t, χε (t) , u (t)) dt+ Φ(χε (T )) −→ ∞. ✭✷✮

Ïîçíà÷èìî ÷åðåç χ(t, u) ✖ ðîçâ✬ÿçîê çàäà÷✐ ✭✶✮✱ ÿêèé â✐äïîâ✐äà➵ êåðóâàííþ u(t)✳
Ïîñòàâèìî ó â✐äïîâ✐äí✐ñòü óñåðåäíåííó çàäà÷ó îïòèìàëüíîãî êåðóâàííÿ

Dhη = F0 (η, u (t)) , η (0, u (0)) = χ0 ✭✸✮

ç êðèòåð✐ÿìè ÿêîñò✐

J0 [u] =

∫ T

0

L(t, η (t) , u (t))dt+ Φ(η (T )) → inf, ✭✹✮

äå

lim
s→∞

1

s

∫ s

0

F (t, χ, u)dt = F0(χ, u), ✭✺✮

òóò ✐íòåãðàë â✐ä ìíîæèííîõíà÷íîãî â✐äîáðàæåííÿ ðîçóì✐➵ìî â ñåíñ✐ Õóêóõàðè✲Ð✐ìàíà
❬✶✱ ✷❪✱ à çá✐æí✐ñòü â ñåíñ✐ ìåòðèêè Õàóñäîðôà✿

lim
s→∞

h

(
F0(χ, u),

1

s

∫ s

0

F (t, χ, u)dt

)
= 0. ✭✻✮

Ñôîðëóëþ➵ìî óìîâè✱ ÿê✐ áóäóòü âèêîðèñòîâóâàòèñÿ äëÿ äîâåäåííÿ îñíîâíèõ ðåçóëü✲
òàò✐â✳

Óìîâà ✶✳ ➘îïóñòèìèì êåðóâàííÿì ➵ m✲âèì✐ðí✐ âåêòîð✲ôóíêö✐➝ u(·) òàê✐✱ ùî u(·) ∈
U, äå u ✖ êîìïàêòíà ìíîæèíà â L2([0, T ])✳

Óìîâà ✷✳ Ôóíêö✐ÿ F (t, χ, u) âèçíà÷åíà ✐ íåïåðåðâíà çà ñóêóïí✐ñòþ àðãó✲
ìåíò✐â â îáëàñò✐ Q0 = {t ≥ 0, χ ∈ Rα, u ∈ U}✱ ✐✿

✶✮ F (t, χ, u) çàäîâîëüíÿ➵ â Q óìîâó ë✐í✐éíîãî ðîñòó ç✐ ñòàëîþ M, òîáòî

|F (t, χ, u)| ≤M(1 + |χ|)

äëÿ áóäü✲ÿêèõ (t, χ, u) ∈ Q0❀

✶✽



✷✮ F (t, χ, u) çàäîâîëüíÿ➵ â Q0 óìîâó ❐✐ïøèöÿ çà χ ∈ Rd ✐ u ∈ Rm ç✐ ñòàëîþ λ,
òîáòî

h (F (t, χ, u) , F (t, χ1, u1)) ≤ λ(h (χ, χ1) + |u− u1|)
äëÿ äîâ✐ëüíèõ (t, χ, u) ✐ (t, χ1, u1) â Q0✳

❒îäóëü â✐ä ìíîæèííîçíà÷íîãî â✐äîáðàæåííÿ ðîçóì✐➵ìî â ñåíñ✐ ìåòðèêè Õàóñäîð✲
ôà

Óìîâà ✸✳ Ð✐âíîì✐ðíî â✐äíîñíî χ ∈ Rd ✐ u ∈ Rm ✐ñíó➵ ãðàíèöÿ ✭✻✮✳

Óìîâà ✹✳ Ôóíêö✐ÿ L(t, χ, u) âèçíà÷åíà ✐ íåïåðåðâíà çà ñóêóïí✐ñòþ àðãó✲
ìåíò✐â â îáëàñò✐ Q1 =

{
t ∈ [0, T ] , χ ∈ Rd, u ∈ Rm

}
✱ ïðè÷îìó

✶✮ L(t, χ, u) ð✐âíîì✐ðíî â✐äíîñíî t ∈ [0, T ] ✐ u ∈ Rm íåïåðåðâíà çà χ ∈ Rd❀
✷✮ L(t, χ, u) çàäîâîëüíÿ➵ çà çì✐ííîþ u â îáëàñò✐ Q1 óìîâó ❐✐ïøèöÿ ç êîíñòàí✲

òîþ λ > 0❀
✸✮ ôóíêö✐ÿ Φ : Rd → R íåïåðåðâíà çà χ✳

➹îëîâíèé ðåçóëüòàò ðîáîòè ñôîðìóëüîâàíî ó íàñòóïíèõ òåîðåìàõ

Òåîðåìà ✶✳ ❮åõàé âèêîíóþòüñÿ óìîâè ✸✳✶✕✸✳✹✳ Òîä✐ äëÿ äîâ✐ëüíîãî η > 0 ✐ñíó➵
ε0 = ε0(η, χ0) òàêå✱ ùî ïðè 0 < ε < ε0 äëÿ χ(t, u) ✐ η(t, u) ðîçâ✬ÿçê✐â çàäà÷ ✭✶✮ ✐ ✭✸✮
â✐äïîâ✐äíî ñïðàâåäëèâà îö✐íêà

h(χ (t, u) , η(t, u)) < η ✭✼✮

äëÿ âñ✐õ t ∈ [0, T ] ✐ âñ✐õ äîïóñòèìèõ êåðóâàíü u(t)✳

Òåîðåìà ✷✳ ❮åõàé âèêîíàí✐ óìîâè ✸✳✶✱ ✸✳✹✳Òîä✐ çàäà÷✐ ✭✶✮✱✭✷✮ ✐ ✭✸✮✱✭✹✮ ìàþòü ðîçâ✬ÿçêè
(χ∗

ε (t) , u
∗
ε (t))✱ (η

∗ (t) , u∗(t)) â✐äïîâ✐äíî✳ Ïðè öüîìó
✶✮ J∗

ε → J∗
0 ïðè ε→ 0❀

✷✮ äëÿ äîâ✐ëüíîãî ξ > 0 ✐ñíó➵ ε0 òàêå✱ ùî ïðè ε < ε0

|J∗
ε − Jε(u

∗)| < ξ, ✭✽✮

òîáòî îïòèìàëüíå êåðóâàííÿ óñåðåäíåíî➝ çàäà÷✐ ➵ ìàéæå îïòèìàëüíèì äëÿ òî÷íî➝
✸✮ ✐ñíó➵ ïîñë✐äîâí✐ñòü εn → 0, n→ ∞, òàêà ùî

χ∗
εn(t) → η∗(t) ✭✾✮

ð✐âíîì✐ðíî íà [0, T ], à

u∗εn(t) → u∗(t) ✭✶✵✮

â L2([0, T ]).
ßêùî ïðè öüîìó óñåðåäíåíà çàäà÷à ✭✸✮✱✭✹✮ ìà➵ ➵äèíèé ðîçâ✬ÿçîê✱ òî çá✐æíîñò✐

✭✾✮ ✐ ✭✶✵✮ ìàþòü ì✐ñöå ïðè âñ✐õ ε→ 0✳

❰òæå✱ äîâåäåíî çá✐æíîñò✐ îïòèìàëüíèõ êåðóâàíü ✐ îïòèìàëüíèõ òðà➵êòîð✐é òî✲
÷íèõ çàäà÷ ✭✶✮✕✭✷✮ äî îïòèìàëüíîãî êåðóâàííÿ ✐ òðà➵êòîð✐é óñåðåäíåíî➝ çàäà÷✐ ✭✸✮✕
✭✹✮✳ Ïðè öüîìó îïòèìàëüíå êåðóâàííÿ óñåðåäíåíî➝ çàäà÷✐ ➵ àñèìïòîòè÷íî îïòèìàëüíå
äëÿ òî÷íî➝✱ òîáòî ç òî÷í✐ñòþ äî ìàëîãî ïàðàìåòðà ε ðåàë✐çó➵òüñÿ ì✐í✐ìóì êðèòåð✐ÿ
ÿêîñò✐✳

✶✾



❐✐òåðàòóðà

❬✶❪ ❍✉❦✉❤❛r❛ ▼✳ ■♥t❡❣r❛t✐♦♥ ❞❡s ❛♣♣❧✐❝❛t✐♦♥s ♠❡s✉r❛❜❧❡s ❞♦♥t ❧❛ ✈❛❧❡✉r ❡st ✉♥ ❝♦♠♣❛❝t ❝♦♥✈❡①❡
✴✴ ❋✉♥❦❝✳ ❡❦✈❛❝✐♦❥✳✱ ✶✾✻✼✱ ➑✳ ✶✵✳ ✖ P✳ ✷✵✺✕✷✷✸✳

❬✷❪ ❋✳ ❙✳ ❞❡ ❇❧❛s✐✱ ❋✳ ■❡r✈♦❧✐♥♦✱❊q✉❛③✐♦♥✐ ❞✐✛❡r❡♥t✐❛❧✐ ❝♦♥ s♦❧✉③✐♦♥✐ ❛ ✈❛❧♦r❡ ❝♦♠♣❛tt♦ ❝♦♥✈❡ss♦
✴✴ ❇♦❧❧✳ ❯♥✐♦♥❡ ▼❛t✳ ■t❛❧✳✱ ✶✾✻✾✱ ❱♦❧✳ ✷✱ ➑ ✹✕✺✱ P✳ ✹✾✶✕✺✵✶ ✳

❬✸❪ ✃✐÷ìàðåíêî ❰✳ ➘✳ ➬àñòîñóâàííÿ ìåòîäó óñåðåäíåííÿ äî çàäà÷ îïòèìàëüíîãî êåðóâàííÿ
äëÿ çâè÷àéíèõ äèôåðåíö✐àëüíèõ ð✐âíÿíü íà ï✐âîñ✐ ✴✴ Óêð✳ ìàò✳ æóðí✳✱ ✷✵✶✽✱ ò✳ ✼✵✱ ➑
✺✳ ✖ ❈✳✻✹✷✕✻✺✹✳

✷✵



Òîïîëîãî✲ìåòðè÷í✐ âëàñòèâîñò✐ ìíîæèí✱ âèçíà÷åíèõ ó òåðì✐íàõ
çîáðàæåííÿ ÷èñåë ðÿäàìè ✃àíòîðà✱ ùî ïîâ✬ÿçàí✐ ç ïîñë✐äîâí✐ñòþ

Ô✐áîíà÷÷✐
❰ëüãà ➪îíäàðåíêî✱ ❒èêîëà Ïðàöüîâèòèé

Óêðà➝íñüêèé äåðæàâíèé óí✐âåðñèòåò ✐ìåí✐ ❒èõàéëà ➘ðàãîìàíîâà✱ Óêðà➝íà

Ó äîïîâ✐ä✐ ðîçãëÿäà➵òüñÿ ãåîìåòð✐ÿ êàíòîð✐âñüêî➝ ñèñòåìè ÷èñëåííÿ✱ ïîðîäæåíî➝
ïîñë✐äîâí✐ñòþ îñíîâ (sn)✱ äå sn = 2ϕn ✱ (ϕn) ✖ êëàñè÷íà ïîñë✐äîâí✐ñòü Ô✐áîíà÷÷✐✿
ϕ1 = 1 = ϕ2, ϕn+2 = ϕn + ϕn+1✳ Ðîçãëÿäàþòüñÿ ìíîæèíè êàíòîð✐âñüêîãî òèïó ç
íóëüîâîþ é äîäàòíîþ ì✐ðîþ ❐åáåãà✱ çîêðåìà àíîìàëüíî ôðàêòàëüí✐✳

❮åõàé An = {0, 1, ..., 2ϕn − 1},W = A1 × A2 × ...

❐åìà ✶✳ ➘ëÿ áóäü✲ÿêîãî ÷èñëà x ∈ [0; 1] ∃ (αn) ∈ W òàêà✱ ùî

x =
α1

s1
+

α2

s1s2
+ ...+

αn
s1s2...sn

+ ... ≡ ∆α1α2...αn
.

❰ñòàíí✐é ñèìâîë✐÷íèé çàïèñ ∆α1α2...αn
íàçèâà➵òüñÿ ∆✲çîáðàæåííÿì ÷èñëà x✱ αn ✖

éîãî ♥✲îþ öèôðîþ✳

Òåîðåìà ✸✳ ❒íîæèíà

C ≡ C[△; 1̄] = {x : x = △c1c2...cn..., cn 6= 1}

➵ í✐äå íå ù✐ëüíîþ✱ äîñêîíàëîþ ìíîæèíîþ äîäàòíî➝ ì✐ðè ❐åáåãà✱ ÿêà îá÷èñëþ➵òüñÿ
çà ôîðìîëîþ

λ(C) =
∞∏

n=1

(
1− 1

2ϕn

)
> 0. ✭✶✮

Òåîðåìà ✹✳ ❒✐ðà ❐åáåãà ìíîæèíè

C ≡ C[△;Vn] = {x : x = △c1c2...cn..., cn ∈ Vn ⊂ An} ✭✷✮

îá÷èñëþ➵òüñÿ çà ôîðìóëîþ

λ(C) =
∞∏

n=1

(1− |An \ Vn|
2ϕn

). ✭✸✮

❮àñë✐äîê ✶✳ ❒íîæèíà C✱ îçíà÷åíà ð✐âí✐ñòþ ✭✷✮✱ ➵ íóëü✲ìíîæèíîþ ❐åáåãà òîä✐ ✐
ò✐ëüêè òîä✐✱ êîëè

∞∑

n=1

|An \ Vn|
2ϕn

= ∞.

❮àñë✐äîê ✷✳ ßêùî An \ Vn = {cn}✱ òî C[∆, V ] ➵ ìíîæèíîþ äîäàòíî➝ ì✐ðè ❐åáåãà✳

Òåîðåìà ✺✳ ❒íîæèíà

C1 ≡ C[△;Vn] = {x : x = △c1c2...cn..., cn ∈ Vn = {0, 2ϕn − 1}}.

➵ äîñêîíàëîþ àíîìàëüíî ôðàêòàëüíîþ ìíîæèíîþ ❬✶❪✱ òîáòî ìà➵ íóëüîâó ôðà✲
êòàëüíó ðîçì✐ðí✐ñòü ➹àóñäîðôà✲➪åçèêîâè÷à✳

✷✶



Òåîðåìà ✻✳ ❮åõàé g0n > 0, g[2ϕn−1]n > 0, g0n + g[2ϕn−1]n = 1, β0n = 0, βjn = g0n ïðè
0 < j < 2ϕn ôóíêö✐ÿ f, îçíà÷åíà ð✐âí✐ñòþ

f(x = ∆α1α2...αn...) = βα11 +
∞∑

k=2

βαkk

k−1∏

j=1

gαjj,

➵ ñèíãóëÿðíîþ ôóíêö✐➵þ ðîçïîä✐ëó êàíòîð✐âñüêîãî òèïó ❬✶❪ ç àíîìàëüíî ôðàêòàëü✲
íèì ñïåêòðîì✳

Òåîðåìà ✼✳ ßêùî gcnn = 0, gjn = 1
2ϕn−1

ïðè j 6= cn ✐ βjn = g0n+...+g[j−1]n, òî ôóíêö✐ÿ
f, îçíà÷åíà ð✐âí✐ñòþ

f(x = ∆α1α2...αn...) = βα11 +
∞∑

k=2

βαkk

k−1∏

j=1

gαjj,

➵ ôóíêö✐➵þ ðîçïîä✐ëó êâàç✐êàíòîð✐âñüêîãî òèïó ❬✶❪✳

❐✐òåðàòóðà

❬✶❪ Ïðàöüîâèòèé ❒✳➶✳Ôðàêòàëüíèé ï✐äõ✐ä ó äîñë✐äæåííÿõ ñèíãóëÿðíèõ ðîçïîä✐ë✐â✳ ✖ ✃è➝â✿
➶èä✲âî ❮ÏÓ ✐ìåí✐ ❒✳ Ï✳ ➘ðàãîìàíîâà✱ ✶✾✾✽✳ ✖ ✷✾✻ ñ✳

❬✷❪ ➪îíäàðåíêî ❰✳■✳✱ Ïðàöüîâèòèé ❒✳➶✳ ✃àíòîð✐âñüêà ñèñòåìà ÷èñëåííÿ✱ ïîâ✬ÿçâàíà ç äâ✐é✲
êîâèì ðÿäîì ✐ ïîñë✐äîâí✐ñòü Ô✐áîíà÷÷✐ ✴✴ ➬á✳ ïðàöü ■í✲òó ìàòåìàòèêè ❮➚❮ Óêðà➝íè✳ ✖
✷✵✶✼✳ ✖ Ò✳✶✹✱ ➑ ✹✳ ✖ ✃è➝â✿ ■íñòèòóò ìàòåìàòèêè ❮➚❮ Óêðà➝íè✱ ✷✵✶✼✳ Ñ✳✶✼✽✕✶✽✼✳

❬✸❪ ➪îíäàðåíêî ❰✳■✳✱ ➶àñèëåíêî ❮✳❒✳✱ Ïðàöüîâèòèé ❒✳➶✳ ✃àíòîð✐âñüêà äâ✐éêîâî✲
ô✐áîíà÷÷✐➵âàñèñòåìà ÷èñëåííÿ ó çàäà÷àõ òåîð✐➝ ôóíêö✐é✴✴ ➬á✐ðíèê ïðàöü ■í✲òó ìàòå✲
ìàòèêè ❮➚❮ Óêðà➝íè✳ ✖ ✷✵✶✾✳ ✕ Ò✳ ✶✻✱ ➑ ✸✳ ✕ Ñ✳ ✶✼✸ ✕✶✽✺✳

❡✲♠❛✐❧✿ ♦✳✐✳❜♦♥❞❛r❡♥❦♦❅✉❞✉✳❡❞✉✳✉❛✱ ♣r❛ts✹✹✹❅❣♠❛✐❧✳❝♦♠

✷✷



➬àäà÷à ➘✐ð✐õëå â ï✐âïðîñòîð✐ äëÿ ð✐âíÿííÿ ✃îëìîãîðîâà
■âàí ➪óðòíÿê✱ ➹àííà ❒àëèöüêà

Ïðèêàðïàòñüêèé íàö✐îíàëüíèé óí✐âåðñèòåò ✐ìåí✐ ➶àñèëÿ Ñòåôàíèêà✱ Óêðà➝íà

❒è äîñë✐äæó➵ìî ✐ñíóâàííÿ ✐ ➵äèí✐ñòü êëàñè÷íîãî ðîçâ✬ÿçêó ïåðøî➝ ì✐øàíî➝ êðà✲
éîâî➝ çàäà÷✐ â ï✐âïðîñòîð✐ äëÿ âèðîäæåíîãî ïàðàáîë✐÷íîãî ð✐âíÿííÿ äðóãîãî ïîðÿäêó✱
ÿêå ìà➵ âèðîäæåííÿ ïàðàáîë✐÷íîñò✐ ïî òðüîõ ãðóïàõ çì✐ííèõ✱ ïðè öüîìó ìè âèêîðè✲
ñòîâó➵ìî ìåòîä ïîòåíö✐àë✐â✱ ðîçâ✬ÿçí✐ñòü ïîñòàâëåíî➝ çàäà÷✐ åêâ✐âàëåíòíà ðîçâ✬ÿçíîñò✐
â✐äïîâ✐äíîãî ñèíãóëÿðíîãî ✐íòåãðàëüíîãî ð✐âíÿííÿ✱ ÿêå ➵ ñòèñêóþ÷èì â✐äîáðàæåííÿì
ïðè ìàëèõ t â êëàñàõ åêñïîíåíö✐àëüíèõ ñïàäíèõ ôóíêö✐é✳

❮åõàé n1 ≥ n2 ≥ n3 ≥ n4, n0 =
∑4

j=1 nj✱ nj ∈ N ✱ x = (x1, x2, x3, x4)✱ xj ∈ Rnj , j =

1, 4✱ xj = (xj1, ..., xjnj
)✱ x′ = (x′1, x2, x3, x4)✱ x

′
1 = (0, x12, ..., xjnj

)✱ Π(0,T ] = {(t, x) : x ∈
Rn0 , 0 < t ≤ T < +∞}✳

➬àäà÷à ✃îø✐ ìà➵ âèãëÿä✿

∂tu(t, x)−
3∑

j=1

nj+1∑

µ=1

xjµ∂xj+1 µ
u(t, x)−

n1∑

k=1

∂2x2
k
u (x, t) = f(t, x), (t, x) ∈ Π(0,T ]; ✭✶✮

u(0, x) = u0(x), x ∈ Rn0 ; ✭✷✮

u(t, 0, x′) = ϕ(t, x′), x′ ∈ Rn0−1, t > 0; ✭✸✮

u(0, 0, x′) = ϕ(0, x′), x′ ∈ Rn0−1, ✭✹✮

ßêùî f(t, x), u0(x), ϕ(t, x′) àáñîëþòíî ✐íòåãðîâí✐ ðàçîì ✐ç ïîõ✐äíèìè ïî x21, x31, x41 äî
÷åòâåðòî ïîðÿäêó âêëþ÷íî òî çàäà÷à ✭✶✮✲✭✹✮ ìà➵ ➵äèíèé êëàñè÷íèé ðîçâ✬ÿçîê òà

✶✮ f(t, x) çàäîâîëüíÿ➵ óìîâó ➹åëüäåðà ïî x ð✐âíîì✐ðíî â✐äíîñíî t✱ ç ïîêàçíèêîì
α, 0 < α ≤ 1✳

✷✮ f(t, x), u0(x), ϕ(t, x′) ➵ íåïåðåðâí✐ â Π(0,T ]✳

❐✐òåðàòóðà

❬✶❪ ▼❛❧②ts❦❛ ❆✳ P✳ ❈♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ s♦❧✉t✐♦♥s ♦❢ ❝❡rt❛✐♥ ❤✐❣❤❡r✲♦r❞❡r
✉❧tr❛♣❛r❛❜♦❧✐❝ ❡q✉❛t✐♦♥s✳ ❯❦r✳ ▼❛t✳ ❩❤✳✶✾✽✺✱✸✼✭✻✮✱ ✼✶✸✕✼✶✽✳

✷✸



Ñèñòåìè ÷èñëåííÿ ç îñíîâîþ s ✐ (m+ 1)✲îþ öèôðîþ
❮àòàë✐ÿ ➶àñèëåíêî✱ Þë✐ÿ ➶îâê✱ ❒èêîëà Ïðàöüîâèòèé

×❰■ÏÏ❰ ✐ìåí✐ ✃✳➘✳ Óøèíñüêîãî✱ Óêðà➝íñüêèé äåðæàâíèé óí✐âåðñèòåò ✐ìåí✐
❒èõàéëà ➘ðàãîìàíîâà✱ Óêðà➝íà

❮åõàé 1 < s ✕ ô✐êñîâàíå íàòóðàëüíå ÷èñëî✱ A = {0, 1, ...,m} ✕ àëôàâ✐ò❀ L = A ×
A× ... ✕ ïðîñò✐ð ïîñë✐äîâíîñòåé åëåìåíò✐â àëôàâ✐òó✳ Ðîçãëÿäà➵òüñÿ ÷èñëîâà ìíîæèíà

E = {x : x =
∞∑
k=1

s−kαk ≡ ∆ms
α1α2...αn..., (αn) ∈ L}.

Ñèìâîë✐÷íèé çàïèñ x = ∆ms
α1α2...αn... íàçèâà➵òüñÿ ms✲çîáðàæåííÿì ÷èñëà✳

Ïðèêëàä ✶✳ Ïðè m = s − 1 ìà➵ìî êëàñè÷íó s✲êîâó ñèñòåìó ÷èñëåííÿ✱ ïðè öüîìó
∆ms
α1α2...αn... ➵ s✲êîâèì çîáðàæåííÿ ÷èñåë â✐äð✐çêà [0; 1]✱ òîáòî E = [0; 1]✳

❐åìà ✶✳ ßêùî m < s− 1✱ òî ìíîæèíà E ➵ í✐äå íå ù✐ëüíîþ✱ ñàìîïîä✐áíîþ ìíîæè✲
íîþ ç ôðàêòàëüíîþ ðîçì✐ðí✐ñòþ ➹àóñäîðôà✲➪åçèêîâè÷à logsm✳ ßêùî m > s− 1✱ òî
E = [0; m

s−1
]✳

Öèë✐íäðîì ðàíãó k ç îñíîâîþ c1c2...ck íàçèâà➵òüñÿ ìíîæèíà

∆ms

c1c2...ck
= {x : x = ∆ms

c1c2...ckα1α2...αn..., αn ∈ A}.

Ó äîïîâ✐ä✐ áóäóòü âèñâ✐òëåí✐✿
✶✮ âëàñòèâîñò✐ öèë✐íäðè÷íèõ ìíîæèí ✭â✐äð✐çê✐â✱ ùî ì✐ñòÿòü öèë✐íäð✮✱ âðàõîâóþ÷è

ñïåöèô✐êó ➝õ ïåðåêðèòò✐â❀
✷✮ ê✐ëüê✐ñòü ms✲çîáðàæåíü òî÷îê ìíîæèíè E❀
✸✮ óìîâè✱ ùî íàêëàäàþòüñÿ íà s ✐m✱ ïðè ÿêèõ ïåðåòèí äâîõ öèë✐íäð✐â ➵ öèë✐íäðîì

äåÿêîãî ðàíãó❀
✹✮ òîïîëîãî✲ìåòðè÷í✐ ✐ ôðàêòàëüí✐ âëàñòèâîñò✐ ìíîæèí C[ms, Vn] = {x : x =

∆ms
α1α2...αn..., äå αn ∈ Vn ⊂ A} òà ✐íøèõ ìíîæèí ç îáìåæåííÿìè íà âæèâàííÿ öèôð❀
✺✮ çâ✬ÿçîê ìíîæèí C[ms, Vm] ç ìíîæèíàìè íåïîâíèõ ñóì ÷èñëîâèõ ðÿä✐â òîùî✳

❐✐òåðàòóðà

❬✶❪ Ïðàöüîâèòèé ❒✳➶✳ ➘âîñèìâîëüí✐ ñèñòåìè êîäóâàííÿ ä✐éñíèõ ÷èñåë òà ➝õ çàñòîñóâàííÿ✳
✖ ✃è➝â✿ ❮àóêîâà äóìêà✱ ✷✵✷✷✳ ✕ ✸✶✻ ñ✳

❬✷❪ Ïðàöüîâèòèé ❒✳ ➶✳ Ôðàêòàëüíèé ï✐äõ✐ä ó äîñë✐äæåííÿõ ñèíãóëÿðíèõ ðîçïîä✐ë✐â✳ ✃è➝â✿
➶èä✲âî ❮ÏÓ ✐ìåí✐ ❒✳Ï✳➘ðàãîìàíîâà✱ ✶✾✾✽✳ ✕ ✷✾✻ ñ✳

❡✲♠❛✐❧✿ ✈❛s②❧❡♥❦♦♥♠❅❣♠❛✐❧✳❝♦♠✱ ❢r❡❡❡✐❞❡❛❅✉❦r✳♥❡t✱ ♣r❛ts✹✹✹✹❅❣♠❛✐❧✳❝♦♠

✷✹



Ôóíêö✐ÿ òèïó Ñåðï✐íñüêîãî✱ ïîâ✬ÿçàíà ç ðÿäàìè ✃àíòîðà
❮àòàë✐ÿ ➶àñèëåíêî✱ ❮àä✐ÿ ×åð÷óê

■íñòèòóò ìàòåìàòèêè ❮➚❮ Óêðà➝íè✱ ✃è➝â✱ Óêðà➝íà
Ó➘Ó ✐ìåí✐ ❒èõàéëà ➘ðàãîìàíîâà✱ ✃è➝â✱ Óêðà➝íà

➪✐ëüø✐ñòü ó òîïîëîã✐÷íîìó ñåíñ✐ ôóíêö✐é ç ìåòðè÷íîãî ïðîñòîðó C[0;1] ➵ í✐äå íå
ìîíîòîííèìè òà íå äèôåðåíö✐éîâíèìè✳ ßñêðàâèì ïðèêëàäîì ➵ ôóíêö✐ÿ Ñåðï✐íñüêîãî
❬✶❪✱ äëÿ çàäàííÿ ÿêî➝ âèêîðèñòîâó➵òüñÿ òð✐éêîâå òà ï✬ÿò✐ðêîâå çîáðàæåííÿ ä✐éñíèõ
÷èñåë✳ Ð✐çí✐ ñèñòåìè çîáðàæåííÿ ÷èñåë òà ïåðåòâîðþâà÷✐ ñèìâîë✐â îäíîãî çîáðàæåííÿ
ó ✐íøå ❬✸❪ äîçâîëÿþòü ðîçøèðèòè êëàñè òàêèõ ôóíêö✐é òà âèâ÷àòè ➝õ âëàñòèâîñò✐ ❬✷✱✹❪✳

❰ñíîâíèì îá✬➵êòîì ðîçãëÿäó ➵ ôóíêö✐ÿ òèïó Ñåðï✐íñüêîãî àðãóìåíò ÿêî➝ ïðåä✲
ñòàâëåíèé ó êàíòîð✐âñüê✐é ñèñòåì✐ ÷èñëåííÿ ç ïîñë✐äîâí✐ñòþ îñíîâ (sk)✱ ✭sk = 2k+ 1✱
k ∈ N✮✱ à çíà÷åííÿ ôóíêö✐➝ âèçíà÷à➵òüñÿ çàëåæí✐ñòþ öèôð Q3✖çîáðàæåííÿ ÷èñëà
â✐ä öèôð çîáðàæåíííÿ àðãóìåíòó✳

❮åõàé Ask ≡ {0, 1, ..., sk−1} ✖ ïîñë✐äîâí✐ñòü àëôàâ✐ò✐â✳ ➶èçíà÷èìî íà Ask äèñêðå✲
òíó ôóíêö✐þ

γ(α) =





0, ÿêùî α = 0,

1, ÿêùî α ∈ Ak \ {0, sk − 1},
2, ÿêùî α = sk − 1.

➘ëÿ êîæíî➝ ïîñë✐äîâíîñò✐ (αk) ∈ L ≡ A∞
sk

= A1× ...×Ak× ... âèçíà÷èìî ïîñë✐äîâí✐ñòü
(ck)✿

c1 = c2 = 0, ck =





ck−1, ÿêùî αk−1 6=
sk−1 − 1

2
,

1− ck−1, ÿêùî αk−1 =
sk−1 − 1

2
.

Ðîçãëÿäà➵òüñÿ ñ✐ì✬ÿ íåïåðåðâíèõ í✐äå íå äèôåðåíö✐éîâíèõ íà â✐äð✐çêó [0; 1] ôóí✲
êö✐é✱ àðãóìåíò ÿêî➝ ïîäà➵òüñÿ êàíòîð✐âñüêèì çîáðàæåííÿ ä✐éñíèõ ÷èñåë ç ïîñë✐äîâ✲
í✐ñòþ îñíîâ (sk)✿

x =
α1

s1
+

α2

s1 · s2
+ ...+

αk
s1 · s2 · ... · sk

+ ... ≡ ∆(sk)
α1α2...αk...

, Ask ≡ {0, 1, ..., sk − 1},

à çíà÷åííÿ ôóíêö✐➝ ìà➵ íàñòóïíèé Q3✲ðîçêëàä

g(x) = g(∆
(sk)
α1(x)α2(x)...αk(x)...

) = ∆Q3

β1β2...βk...
, βk ∈ A3 ≡ {0, 1, 2},

β1 = γ(α1), βk =

{
γ(αk), ÿêùî ck = 0,

2− γ(αk), ÿêùî ck 6= 0.

Òåîðåìà ✶✳ Ôóíêö✐ÿ g ➵ íåïåðåðâíîþ í✐äå íå ìîíîòîííîþ íà â✐äð✐çêó [0; 1] ôóíêö✐➵þ✱
ïðèð✐ñò ÿêî➝ íà öèë✐íäð✐ ∆(sk)

d1d2...dm
ðàíãóm âèçíà÷à➵òüñÿ çà ôîðìóëîþ µg(∆

(sk)
d1d2...dm

) =

(−1)cm
m∏
i=1

gdi òà íåäèôåðåíö✐éîâíîþ â êîæí✐é òî÷ö✐ â✐äð✐çêó [0; 1]✳

Òåîðåìà ✷✳ ✶✮ ßêùî y0 = ∆Q3

d1d2...dk...
✱ äå dk ∈ A3\{1}, k ∈ N✱ òî ìíîæèíà g−1(y0) =

{x : g(x) = y0} ð✐âíÿ y0 ì✐ñòèòü ➵äèíó òî÷êó x = ∆
(sk)
m1m2...mk...✱ (sk) ✖ öèôðè çîáðà✲

æåííÿ ÿêî➝ âèçíà÷àþòüñÿ çà ôîðìóëîþ✿

mk =

{
0, ÿêùî dk = 0,

sk − 1, ÿêùî dk = sk − 1.

✷✺



✷✮ ßêùî Q3✖çîáðàæåííÿ òî÷êè y0 ì✐ñòèòü ñê✐í÷åííó ê✐ëüê✐ñòü öèôð ”1”✱ ÿê✐
ðîçòàøîâàí✐ íà ì✐ñöÿõ kn1 , kn2 , . . . , knm

✱ òî ìíîæèíà g−1(y0) ➵ ñê✐í÷åííîþ ✐ ì✐✲
ñòèòü N = (2kn1 −1) · . . . ·(2knm

−1) òî÷îê✳ ➬îêðåìà✱ ÿêùî y0 = ∆Q3

1 . . . 1︸ ︷︷ ︸
m

dm+1dm+2 . . .✱

äå dm+j ∈ A3\{1}, j ∈ N✱ òî ìíîæèíà g−1(y0) ➵ ñê✐í÷åííîþ ✐ ì✐ñòèòü N = (2m−1)!!
òî÷îê✳

✸✮ ßêùî y0 = ∆Q3

d1d2...dk...
✱ äå

{
dkn(y0) = 1, n ∈ N

dj(y0) 6= 1, j /∈ {kn},

òî ìíîæèíà g−1(y0) ➵ êîíòèíóàëüíîþ✳

❐✐òåðàòóðà

❬✶❪ ❙✐❡r♣✐♥s❦✐ ❲✳ ❆r②t♠❡t②❝③♥② ♣r③②❦❧❛❞ ❢✉♥❦❝❥✐ ❝✐❛❣❧❡❥✱ ♥✐❡r♦③♥✐❝③❦♦✇❛❧♥❡❥ ✴✴ ❲❡❦t♦r✳ ✕ ✶✾✶✹✳
✕ ➑ ✽✳ ✕ P✳ ✸✸✼✲✸✹✸✳

❬✷❪ Pr❛ts✐♦✈②t②✐ ▼✳✱ ❱❛s②❧❡♥❦♦ ◆✳ ❋r❛❝t❛❧ ♣r♦♣❡rt✐❡s ♦❢ ❢✉♥❝t✐♦♥s ❞❡✜♥❡❞ ✐♥ t❡r♠s ♦❢
◗✲r❡♣r❡s❡♥t❛t✐♦♥ ✴✴ ■♥t✳ ❏✳ ♦❢ ▼❛t❤✳ ❆♥❛❧✳ ✕ ✷✵✶✸✳ ✕ ✼✭✻✹✮✳ ✕ P✳ ✸✶✺✺✕✸✶✻✾✳
❞♦✐✿✶✵✳✶✷✾✽✽✴✐❥♠❛✳✷✵✶✸✳✸✶✶✷✼✽

❬✸❪ Ïðàöüîâèòèé ❒✳ ➶✳Ôðàêòàëüíèé ï✐äõ✐ä ó äîñë✐äæåííÿõ ñèíãóëÿðíèõ ðîçïîä✐ë✐â✳ ✕ ✃è➝â✿
➶èä✲âî ❮ÏÓ ✐ìåí✐ ❒✳ Ï✳ ➘ðàãîìàíîâà✳ ✕ ✶✾✾✽✳ ✕ ✷✾✻ ❝✳

❬✹❪ Ïðàöüîâèòèé ❒✳ ➶✳✱ ×åð÷óê ❮✳ ➶✳✱ ➶îâê Þ✳ Þ✳✱ Øåâ÷åíêî ➚✳ ➶✳ ❮✐äå íå ìîíîòîíí✐ ôóí✲
êö✐➝✱ ïîâ✬ÿçàí✐ ç çîáðàæåííÿìè ÷èñåë ðÿäàìè ✃àíòîðà✳ ➬á✐ðíèê ïðàöü ■í✕òó ìàòåìàòèêè
❮➚❮ Óêðà➝íè✱ ✷✵✶✾✱ Òîì ✶✻✱ ➑ ✸✳ ✖ Ñ✳ ✷✸✷✕✷✹✸✳

❡✲♠❛✐❧✿ ✈❛s②❧❡♥❦♦♥♥♥❅❣♠❛✐❧✳❝♦♠✱ ♥❛❞✐❛❝❡r❝✉❦❅❣♠❛✐❧✳❝♦♠

✷✻



Ïåð✐îäè àëãåáðà➝÷íèõ ìíîãîâèä✐â
❒àð✐ÿ ➶ëàñåíêî

✃è➝âñüêà øêîëà åêîíîì✐êè✱ ✃è➝â✱ Óêðà➝íà

Ïåð✐îäè öå êîìïëåêñí✐ ÷èñëà✱ ÿê✐ âèíèêàþòü ÿê çíà÷åííÿ ✐íòåãðàë✐â àëãåáðà➝÷íèõ
äèôåðåíö✐àëüíèõ ôîðì ïî òîïîëîã✐÷íèì öèêëàì✳ Öå ïîíÿòòÿ✱ ââåäåíå ➚ëåêñàíäðîì
⑨ðîòåíä✐êîì ó ✶✾✻✵õ✱ ñòàëî îäí✐➵þ ç öåíòðàëüíèõ òåì ó àðèôìåòè÷í✐é ãåîìåòð✐➝✳ ❒íî✲
æèíà ïåð✐îä✐â ➵ çë✐÷åííîþ ✐ âêëþ÷à➵ â ñåáå àëãåáðà➝÷í✐ ÷èñëà✳ ❒è îãëÿíåìî òåîð✐þ
ïåð✐îä✐â ç åëåìåíòàðíî➝ òî÷êè çîðó✱ ÿêà áóëà ñôîðìóëüîâàíà ➬à➔✐ðîì òà ✃îíöåâ✐÷åì
ó ✷✵✵✵õ✳ Òàêîæ çãàäà➵ìî óçàãàëüíåííÿ ãðóïè ⑨àëóà íà òàê✐ ÷èñëà ✐ ñôîðìóëþ➵ìî
ã✐ïîòåçó ⑨ðîòåíä✐êà✳

❡✲♠❛✐❧✿ ♠❛s❤❛✳✈❧❛s❡♥❦♦❅❣♠❛✐❧✳❝♦♠

✷✼



➚ñèìïòîòè÷íà ïîâåä✐íêà øâèäêî çì✐ííèõ ð✐øåíü äèôåðåíö✐àëüíîãî
ð✐âíÿííÿ ç íåë✐í✐éí✐ñòþ✱ ùî øâèäêî çì✐íþ➵òüñÿ

Ñåðã✐é ➹îëóá➵â

❰äåñüêèé íàö✐îíàëüíèé óí✐âåðñèòåò ✐ì✳ ■✳■✳ ❒å÷íèêîâà✱ ❰äåñà✱ Óêðà➝íà

Ðîçãëÿäà➵òüñÿ äâî÷ëåííå íåàâòîíîìíå äèôåðåíö✐àëüíå ð✐âíÿííÿ ÷åòâåðòîãî ïî✲
ðÿäêó âèäó

y(4) = α0p(t)ϕ(y) (1)

äå α0 ∈ {−1, 1}✱ p : [a, ω[−→]0,+∞[ ✲íåïåðåðâíà ôóíêö✐ÿ✱ −∞ < a < ω ≤ +∞✱
ϕ : ∆Y0 −→]0,+∞[ ✕ äâ✐÷✐ íåïåðåðâíî äèôåðåíö✐éîâàíà ôóíêö✐ÿ òàêà✱ ùî ϕ′(y) 6=
0 äå y ∈ ∆Y0 , lim y→Y0

y∈∆Y0

ϕ(y) =

{
ÿêùî 0,
ÿêùî +∞,

lim y→Y0
y∈∆Y0

ϕ(y)ϕ′′(y)
ϕ′2(y)

= 1, Y0 äîð✐âíþ➵ 0 àáî ±∞✱ ∆Y0 ✲ îäíîñòîðîíí✐é îê✐ë Y0✳ ➶✐äïîâ✐äíî

äî öèõ óìîâ✱ ôóíêö✐ÿ ϕ òà ➝➝ ïåðøà ïîõ✐äíà ïåðøîãî ïîðÿäêó ➵ øâèäêî çì✐ííèìè
ôóíêö✐ÿìè ïðè y → Y0✳ ➘ëÿ äèôåðåíö✐àëüíèõ ð✐âíÿíü äðóãîãî ✐ òðåòüîãî ïîðÿäêó
ç ïðàâîþ ÷àñòèíîþ òàêîþ ñàìîþ✱ ÿê ✐ â ✭✶✮✱ àñèìïòîòè÷íó ïîâåä✐íêó ðîçâ✬ÿçê✐â äî✲
ñë✐äæóâàëè â ðîáîòàõ ➴âòóõîâà ➶✳❒✳✱ Øàðàé ❮✳➶✳✱ ×åðí✐êîâî➝ ➚✳➹✳✱ Õàðüêîâà ➶✳❒✳
❬✶✲✺❪✳ Ó äàíîìó äîñë✐äæåíí✐ âñòàíîâëþþòüñÿ àñèìïòîòè÷í✐ âëàñòèâîñò✐ ðîçâ✬ÿçê✐â✱
ÿê✐ äîñë✐äæóâàëèñÿ ðàí✐øå ï✐ä ÷àñ ðîçãëÿäó äèôåðåíö✐àëüíèõ ð✐âíÿíü ç íåë✐í✐éíî✲
ñòÿìè✱ ùî ïðàâèëüíî çì✐íþþòüñÿ✱ à ñàìå òàê çâàíèõ Pω(Y0, λ0)✲ðîçâ✬ÿçê✐â✳
➶èçíà÷åííÿ✳
Ðîçâ✬ÿçîêîì y äèôåðåíö✐àëüíîãî ð✐âíÿííÿ ✭✶✮ íàçèâà➵òüñÿ Pω(Y0, λ0)✲ðîçâ✬ÿçîê✱ äå
−∞ ≤ λ0 ≤ +∞, ÿêùî â✐í âèçíà÷åíèé íà â✐äð✐çêó [t0, ω[⊂ [a, ω[ ✐ çàäîâîëüíÿ➵ íàñòó✲

ïíèì óìîâàì y(t) ∈ ∆Y0 ïðè t ∈ [t0, ω[, lim
t↑ω

y(t) = Y0 lim
t↑ω

y(k)(t) =

[
ÿêùî 0,
ÿêùî ±∞,

(k =

1, 2, 3), lim
t↑ω

[y(3)(t)]2

y(2)(t)y(4)(t)
= λ0. ➶ äàí✐é ðîáîò✐ äîñë✐äæó➵òüñÿ âèïàäîê✱ êîëè λ0 = 1

✭îñîáëèâèé âèïàäîê✮✳ ➘ëÿ öüîãî óâåäåìî íàñòóïí✐ äîïîì✐æí✐ ïîçíà÷åííÿ

J0(t) =
t∫

A0

p
1
4
0 (τ), q(t) = (Φ−1(α0J0(t)))′

α0J3(t)
, H(t) = Φ−1(α0J0(t))ϕ′(Φ−1(α0J0(t)))

ϕ(Φ−1(α0J0(t)))
,

J1(t) =
t∫

A1

p0(τ)ϕ(Φ
−1(α0J0(τ))) dτ, J2(t) =

t∫
A2

J1(τ) dτ, J3(t) =
t∫

A3

J2(τ) dτ

äå ãðàíèöÿ ✐íòåãðóâàííÿ Ai äîð✐âíþ➵ àáî ω àáî ñòàë✐é ✐ âèçíà÷à➵òüñÿ òàêèì ÷èíîì✱
ùîá ✐íòåãðàë ïðÿìóâàâ àáî äî ✵ àáî äî ±∞✳ ➘ëÿ ð✐âíÿííÿ ✭✶✮ ñïðàâåäëèâîþ ➵ íàñòó✲
ïíà òåîðåìà✳

Òåîðåìà ✸✳ ➘ëÿ ✐ñíóâàííÿ Pω(Y0, 1)✲ðîçâ✬ÿçê✐â äèôåðåíö✐àëüíîãî ð✐âíÿííÿ ✭✶✳✶✮ íå✲
îáõ✐äíî✱ ùîá âèêîíóâàëèñÿ íàñòóïí✐ íåð✐âíîñò✐

α0ν2 > 0, α0µ0J0(t) < 0 ïðè t ∈]a, ω[, (2)

α0ν0 < 0 ÿêùî Y0 = 0, α0ν0 > 0 ÿêùî Y0 = ±∞, (3)

✐ óìîâè

α0J3(t)

Φ−1(α0J0(t))
∼ J ′

1(t)

J1(t)
∼ J ′

2(t)

J2(t)
∼ J ′

3(t)

J3(t)
∼ (Φ−1(α0J0(t)))

′

Φ−1(α0J0(t))
ïðè t ↑ ω (4)

α0 lim
t↑ω

J0(t) = Z0, lim
t↑ω

πω(t)(Φ
−1(α0J0(t)))

′

Φ−1(α0J0(t)))
= ±∞, lim

t↑ω

πω(t)J
′
0(t)

J0(t)
= ±∞ (5)

✷✽



✃ð✐ì òîãî✱ äëÿ êîæíîãî òàêîãî ðîçâ✬ÿçêó ìàþòü ì✐ñöå ïðè t ↑ ω àñèìïòîòè÷í✐
â✐äîáðàæåííÿ

y(t) = Φ−1(α0J0(t))
[
1 + o(1)H−1(t)

]
,

y′(t) = α0J3(t)[1 + o(1)], y′′(t) = α0J2(t)[1 + o(1)], y′′′(t) = α0J1(t)[1 + o(1)] (6)

✃ð✐ì òîãî✱ çà äåÿêèõ äîäàòêîâèõ îáìåæåíü✱ êð✐ì íåîáõ✐äíèõ óìîâ✱ ç✬ÿñîâàíî ïè✲
òàííÿ ïðî ôàêòè÷íå ✐ñíóâàííÿ ðîçâ✬ÿçê✐â ✐ç çàçíà÷åíèìè àñèìïòîòè÷íèìè â✐äîáðà✲
æåííÿìè ç Òåîðåìè ✶✱ ïðè öüîìó âèêîðèñòîâóþòüñÿ ðåçóëüòàòè ðîáîòè ➍âòóõîâà✱
Ñàìîéëåíêî ❬✻❪✳

❐✐òåðàòóðà

❬✶❪ ❱✳ ▼✳ ❊✈t✉❦❤♦✈✱ ◆✳ ❱✳ ❙❤❛r❛② ❆s②♠♣t♦t✐❝ ❜❡❤❛✈✐♦✉r ♦❢ s♦❧✉t✐♦♥s ♦❢ t❤✐r❞ ♦r❞❡r ❞✐✲
✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥ ✇✐t❤ r❛♣✐❞❧② ✈❛r②✐♥❣ ♥♦♥❧✐♥❡❛r✐t✐❡s✱ ▼❡♠✳ ❉✐✛❡r❡♥t✳ ❊q✉❛t✳ ❛♥❞ ▼❛t❤✳
P❤②s✳✱ ✼✼✱ ✶ ✕ ✶✺ ✭✷✵✶✾✮✳

❬✷❪ ➶✳ ❒✳ ➴âòóõîâ✱ ➚✳ ➹✳ ×åðí✐êîâà ➚ñèìïòîòè÷íà ïîâåä✐íêà ïîâ✐ëüíî çì✐ííèõ
ðîçâ✬ÿçê✐â çâè÷àéíèõ äèôåðåíö✐àëüíèõ ð✐âíÿíü äðóãîãî ïîðÿäêó ç✐ øâèäêî çì✐ííîþ
íåë✐í✐éí✐ñòþ✱ ❮åë✐í✐éí✐ êîëèâàííÿ✱ ✷✵✱ ➑ ✸✱ ✸✹✻ ✕ ✸✻✵ ✭✷✵✶✼✮✳

❬✸❪ ➚✳➹✳ ×åðí✐êîâà ➚ñèìïòîòè÷íà ïîâåä✐íêà ðîçâ✬ÿçê✐â äèôåðåíö✐àëüíèõ ð✐âíÿíü äðóãîãî
ïîðÿäêó ç íåë✐í✐éí✐ñòþ✱ ùî øâèäêî çì✐íþ➵òüñÿ✱ ➘îñë✐äæåííÿ â ìàòåìàòèö✐ ✐ ìåõàí✐ö✐✱
✷✷✱ ➑ ✷ ✭✸✵✮✱ ✺✺ ✕ ✼✵ ✭✷✵✶✼✮✳

❬✹❪ ➶✳ ❒✳ ➴âòóõîâ✱ ➚✳ ➹✳ ×åðí✐êîâà Ïðî àñèìïòîòèêó ðîçâ✬ÿçê✐â çâè÷àéíèõ äèôåðåíö✐✲
àëüíèõ ð✐âíÿíü äðóãîãî ïîðÿäêó ç✐ øâèäêî çì✐ííèìè íåë✐í✐éíîñòÿìè✱ Óêð✳ ìàò✳ æóðí✳✱
✼✶✱ ➑ ✶✱ ✼✸ ✕ ✾✶ ✭✷✵✶✾✮✳

❬✺❪ ➶✳ ❒✳ ➴âòóõîâ✱ ➶✳ ❒✳ Õàðüêîâ ➚ñèìïòîòè÷í✐ ïðåäñòàâëåííÿ ðîçâ✬ÿçê✐â ñóòò➵âî
íåë✐í✐éíèõ äèôåðåíö✐àëüíèõ ð✐âíÿíü äðóãîãî ïîðÿäêó✱ ➘èôåðåíö✳ ð✐âíÿííÿ✱ ✹✸✱ ➑ ✾✱
✶✸✶✶ ✕ ✶✸✷✸ ✭✷✵✵✼✮✳

❬✻❪ ➴âòóõîâ ➶✳❒✳✱ Ñàìîéëåíêî ➚✳❒ Óìîâè ✐ñíóâàííÿ ðîçâ✬ÿçê✐â✱ ùî çíèêàþòü â îñî✲
áëèâ✐é òî÷ö✐✱ ó ä✐éñíèõ íåàâòîíîìíèõ ñèñòåì êâàç✐ë✐í✐éíèõ äèôåðåíö✐àëüíèõ ð✐âíÿíü✴✴
Óêð✳ ❒àò✳ ➷✳ ✲ ✷✵✶✵✳ ✲ ✻✷✱ ➑ ✶✳ ✲ Ñ✳ ✺✷✲✽✵✳

✷✾



❮åëîêàëüíà áàãàòîòî÷êîâà çà ÷àñîì çàäà÷à äëÿ åâîëþö✐éíîãî
ð✐âíÿííÿ ç îïåðàòîðîì äðîáîâîãî äèôåðåíö✐þâàííÿ

➶àñèëü ➹îðîäåöüêèé✱ Ðóñëàíà ✃îë✐ñíèê✱ ❮àòàë✐ÿ Øåâ÷óê

×åðí✐âåöüêèé íàö✐îíàëüíèé óí✐âåðñèòåò✱ ×åðí✐âö✐✱ Óêðà➝íà

Ð✐çí✐ êëàñè÷í✐ ôóíêö✐îíàëüí✐ ïðîñòîðè ✭íàïðèêëàä✱ ñîáîë➵âñüê✐✱ àíàë✐òè÷íèõ ôóí✲
êö✐é✱ íåñê✐í÷åííî äèôåðåíö✐éîâíèõ ôóíêö✐é ✐ ðîçïîä✐ë✐â Øâàðöà✮ ìîæíà ðîçóì✐òè
ÿê ïîçèòèâí✐ é íåãàòèâí✐ ïðîñòîðè â✐äíîñíî L2✱ ïîáóäîâàí✐ çà ôóíêö✐ÿìè â✐ä îïåðà✲
òîðà äèôåðåíö✐þâàííÿ àáî ìíîæåííÿ íà íåçàëåæíó çì✐ííó✱ àáî ÿê ïðî➵êòèâí✐ òà
✐íäóêòèâí✐ ãðàíèö✐ òàêèõ ïðîñòîð✐â✳ Ó ðîáîòàõ ➹îðáà÷óê ➶✳■✳ òà ➹îðáà÷óêà ❒✳❐✳
äîñë✐äæó➵òüñÿ íåëîêàëüíà áàãàòîòî÷êîâà çà ÷àñîì çàäà÷à ó ï✐âïðîñòîð✐ t > 0 äëÿ
äèôåðåíö✐àëüíî✲îïåðàòîðíîãî ð✐âíÿííÿ ∂u/∂t+Au = 0✱ äå A = |Dx|α, Dx = d/dx, α ∈
(1,+∞) \ {2, 3, 4, ...} ✕ äðîáîâèé ñòåï✐íü ìîäóëÿ îïåðàòîðà äèôåðåíö✐þâàííÿ✳ ➘àíèé
îïåðàòîð ìîæíà ðîçãëÿäàòè ÿê àíàëîã îïåðàòîðà äðîáîâîãî äèôåðåíö✐þâàííÿ ➶åéëÿ✱
ÿêèé âèêîðèñòîâó➵òüñÿ ó òåîð✐➝ ïåð✐îäè÷íèõ ôóíêö✐é ❬✶❪✳ ➘îñë✐äæóâàíà çàäà÷à ➵ óçà✲
ãàëüíåííÿì çàäà÷✐ ✃îø✐ ó âèïàäêó✱ êîëè ïî÷àòêîâà óìîâà u(t, ·)|t=0 = f çàì✐íþòüñÿ
óìîâîþ

m∑

k=0

µku(t, ·)|t=tk = f,

äå t0 = 0, {t1, ..., tm} ⊂ (0,+∞), 0 < t1 < t2 < ... < tm < +∞, {µ0, µ1, ..., µm} ⊂
R, m ∈ N✱ ✕ ô✐êñîâàí✐ ÷èñëà ✭ÿêùî µ0 = 1, µ1 = ... = µm = 0✱ òî ìà➵ìî✱ î÷åâèäíî✱
çàäà÷ó ✃îø✐✮✳ ➶êàçàíà óìîâà òðàêòó➵òüñÿ ó êëàñè÷íîìó ðîçóì✐íí✐ àáî â ñëàáêîìó
ñåíñ✐✱ ÿêùî f ✕ óçàãàëüíåíà ôóíêö✐ÿ✱ òîáòî ÿê ãðàíè÷íå ñï✐ââ✐äíîøåííÿ

m∑

k=0

µk lim
t→tk

〈u(t, ·), ϕ〉 = 〈f, ϕ〉,

äëÿ äîâ✐ëüíî➝ ôóíêö✐➝ ϕ ç îñíîâíîãî ïðîñòîðó ✭òóò 〈f, ϕ〉 ïîçíà÷à➵ ä✐þ ôóíêö✐îíàëà
f íà îñíîâíó ôóíêö✐þ✮✳ Òàêà íåëîêàëüíà çà ÷àñîì çàäà÷à â✐äíîñèòüñÿ äî áàãàòîòî✲
÷êîâèõ çàäà÷ äëÿ ôóíêö✐îíàëüíî✲îïåðàòîðíèõ ð✐âíÿíü ✭îãëÿä ïðàöü✱ ïðèñâÿ÷åíèõ
íåîêàëüíèì çàäà÷àì äëÿ äèôåðåíö✐àëüíî✲îïåðàòîðíèõ ð✐âíÿíü ✐ ð✐âíÿíü ç ÷àñòèííè✲
ìè ïîõ✐äíèìè✱ äèâ✳✱ íàïðèêëàä✱ ó ❬✷❪✮✳

Ó ðîáîò✐ äîâåäåíî êîðåêòíó ðîçâ✬ÿçí✐ñòü çàçíà÷åíî➝ çàäà÷✐ ç ïî÷àòêîâîþ ôóíêö✐✲
➵þ✱ ÿêà ➵ åëåìåíòîì ïðîñòîðó óçàãàëüíåíèõ ôóíêö✐é òèïó ðîçïîä✐ë✐â✱ íàâåäåíî àíà✲
ë✐òè÷íå çîáðàæåííÿ ðîçâ✬ÿçêó✱ äîñë✐äæåíî ïîâåä✐íêó ðîçâ✬ÿçêó u(t, x) ïðè t → +∞
✭ñòàá✐ë✐çàö✐ÿ ðîçâ✬ÿçêó✮✳ ➶ñòàíîâëåíî ❬✸❪✱ ùî êîæíèé ïñåâäîäèôåðåíö✐àëüíèé îïå✲
ðàòîð ✭ó âèïàäêó îäí✐➵➝ íåçàëåæíî➝ çì✐ííî➝✮✱ ïîáóäîâàíèé çà îäíîð✐äíîþ ôóíêö✐➵þ
ïîðÿäêó α✱ íå äèôåðåíö✐éîâíîþ ó òî÷ö✐ ✵✱ çá✐ãà➵òüñÿ ç✐ çâóæåííÿì îïåðàòîðà A íà
äåÿêèé ëîêàëüíî✲îïóêëèé òîïîëîã✐÷íèé ïðîñò✐ð✱ ÿêèé ➵ ïðî➵êòèâíîþ ãðàíèöåþ áà✲
íàõîâèõ ïðîñòîð✐â✱ íåïåðåðâíî âêàäåíèõ îäèí ó îäèí✳

✶✳ ➹îðîäåöüêèé ➶✳➶✳ ❒íîæèíè ïî÷àòêîâèõ çíà÷åíü ãëàäêèõ ðîçâ✬ÿçê✐â äèôåðåíö✐àëüíî✲
îïåðàòîðíèõ ð✐âíÿíü ïàðàáîë✐÷íîãî òèïó✳ ✖ ×åðí✐âö✐✿ Ðóòà✱ ✶✾✾✽✳ ✕ ✷✶✾ ñ✳

✷✳ ➹îðîäåöüêèé ➶✳ ➶✳✱ ❒àðòèíþê ❰✳ ➶✳ ➬àäà÷à ✃îø✐ òà íåëîêàëüí✐ çàäà÷✐ äëÿ åâîëþö✐é✲
íèõ ð✐âíÿíü ïåðøîãî ïîðÿäêó çà ÷àñîâîþ çì✐ííîþ✿ ❒îíîãðàô✐ÿ✳ ✖ ×åðí✐âö✐✿ ➶èäàâ✲
íè÷èé ä✐ì ➼Ðîäîâ✐ä✑✱ ✷✵✶✺✳ ✖ ✹✵✵ñ✳

✸✳ ➶✳➶✳ ➹îðîäåöüêèé✱ Ð✳Ñ✳ ✃îë✐ñíèê✱ ❮✳❒✳ Øåâ÷óê✳ ❮åëîêàëüíà çà ÷àñîì çàäà÷à äëÿ
åâîëþö✐éíîãî ð✐âíÿííÿ ç îïåðàòîðîì äðîáîâîãî äèôåðåíö✐þâàííÿ ✴✴ ❮åë✐í✐éí✐ êîëè✲
âàííÿ✳ ✖ ✷✵✷✶✳ ✖ Ò✳✷✹✱ ➑ ✹✳✖ Ñ✳ ✹✸✾✕✹✺✾

❡✲♠❛✐❧✿ ✈✳❣r♦❞❡ts❦✐②❅❝❤♥✉✳❡❞✉✳✉❛✱ r✳❦♦❧✐s♥②❦❅❝❤♥✉✳❡❞✉✳✉❛✱ ♥✳s❤❡✈❝❤✉❦❅❝❤♥✉✳❡❞✉✳✉❛

✸✵



Ïðî îáìåæåí✐ ðîçâ✬ÿçêè ð✐çíèöåâîãî ð✐âíÿííÿ ç êóñêîâî✲ñòàëèìè
îïåðàòîðíèìè êîåô✐ö✐➵íòàìè

❒èõàéëî ➹îðîäí✐é

✃è➝âñüêèé íàö✐îíàëüíèé óí✐âåðñèòåò ✐ìåí✐ Òàðàñà Øåâ÷åíêà✱ ✃è➝â✱ Óêðà➝íà

❮åõàé X ✕ êîìïëåêñíèé áàíàõ✐â ïðîñò✐ð✱ L(X) ✕ ïðîñò✐ð ë✐í✐éíèõ íåïåðåðâíèõ
îïåðàòîð✐â✱ ùî ä✐þòü ✐ç X â X✳ ×åðåç σ(T ) ïîçíà÷àòèìåìî ñïåêòðàëüíèé ðàä✐óñ îïå✲
ðàòîðà T ∈ L(X)✳

➬àô✐êñó➵ìî íàòóðàëüíå ÷èñëî p òà îïåðàòîðè A,B,A1, A2, ..., Ap ç L(X) ✐ ðîçãëÿ✲
íåìî ð✐çíèöåâå ð✐âíÿííÿ





xn+1 = Axn + yn, n ≥ p+ 1,

xn+1 = Anxn + yn, 1 ≤ n ≤ p,

xn+1 = Bxn + yn, n ≤ 0,

✭✶✮

ó ÿêîìó {yn, n ∈ Z} ✕ çàäàíà✱ à {xn, n ∈ Z} ✕ øóêàíà ïîñë✐äîâí✐ñòü åëåìåíò✐â ïðîñòîðó
X✳

Ïîêëàäåìî Ajk = AkAk−1...Aj, 1 ≤ j ≤ k ≤ p✳ Ñïðàâäæó➵òüñÿ òàêà òåîðåìà✳

Òåîðåìà ✹✳ ❬✶❪ ➘ëÿ òîãî ùîá ð✐çíèöåâå ð✐âíÿííÿ ✭✶✮ ìàëî äëÿ äîâ✐ëüíî➝ îáìåæåíî➝
ïîñë✐äîâíîñò✐ {yn, n ∈ Z} ➵äèíèé îáìåæåíèé ðîçâ✬ÿçîê {xn, n ∈ Z}✱ íåîáõ✐äíî ✐ äî✲
ñòàòíüî✱ ùîá âèêîíóâàëèñü òàê✐ óìîâè✿
i1) σ(A) ∩ S = ∅, σ(B) ∩ S = ∅❀
i2) A1k(X+(B)) ✕ ï✐äïðîñò✐ð â X✱ à òàêîæ îïåðàòîð A1k á✐➵êòèâíî â✐äîáðàæà➵
X+(B) íà A1k(X+(B)) äëÿ êîæíîãî 1 ≤ k ≤ p❀
i3) Ïðîñò✐ð X ðîçêëàäà➵òüñÿ â ïðÿìó ñóìó X = X−(A)+̇A1p(X+(B)) ñâî➝õ ï✐äïðî✲
ñòîð✐â X−(A) ✐ A1p(X+(B))✳

Òàêîæ ïðè âèêîíàíí✐ óìîâ òåîðåìè ✶ îòðèìàíî ÿâíèé âèãëÿä â✐äïîâ✐äíîãî äî
îáìåæåíî➝ ïîñë✐äîâíîñò✐ {yn, n ∈ Z} ➵äèíîãî îáìåæåíîãî ðîçâ✬ÿçêó {xn, n ∈ Z} ð✐✲
çíèöåâîãî ð✐âíÿííÿ ✭✶✮✳

➶✐äîìî✱ ùî äëÿ ë✐í✐éíîãî ð✐çíèöåâîãî ð✐âíÿííÿ ç✐ çì✐ííèì îïåðàòîðíèì êî➵ô✐ö✐✲
➵íòîì óìîâà ✐ñíóâàííÿ ➵äèíîãî îáìåæåíîãî ðîçâ✬ÿçêó âèêîíó➵òüñÿ òîä✐ ✐ ò✐ëüêè òîä✐✱
êîëè äëÿ â✐äïîâ✐äíîãî îäíîð✐äíîãî ð✐çíèöåâîãî ð✐âíÿííÿ âèêîíó➵òüñÿ óìîâà åêñïî✲
íåíö✐àëüíî➝ äèõîòîì✐➝ ✭äèâ✳✱ íàïðèêëàä✱ ❬✷❪✮✳ Ó çàãàëüíîìó âèïàäêó ïåðåâ✐ðêà óìîâè
åêñïîíåíö✐àëüíî➝ äèõîòîì✐➝ íåòðèâ✐àëüíà✳ Òåîðåìà ✶ ì✐ñòèòü íåîáõ✐äí✐ ✐ äîñòàòí✐ óìî✲
âè✱ ÿê✐ çàáåçïå÷óþòü âèêîíàííÿ óìîâè åêñïîíåíö✐àëüíî➝ äèõîòîì✐➝ äëÿ ð✐çíèöåâîãî
ð✐âíÿííÿ ✭✶✮✳

❐✐òåðàòóðà

❬✶❪ ➹îðîäí✐é ❒✳ Ô✳ ❰áìåæåí✐ ðîçâ✬ÿçêè ð✐çíèöåâîãî ð✐âíÿííÿ ç êóñêîâî✲ñòàëèìè îïåðàòîð✲
íèìè êî➵ô✐ö✐➵íòàìè✳ ✴✴ ❮åë✐í✐éí✐ êîëèâàííÿ✳ ✕ ✷✵✷✸✳ ✕ Ò✳ ✷✻✱ ➑✷✳ ✕ ❈✳ ✶✾✾ ✕ ✷✵✾✳

❬✷❪ Ñëþñàð÷óê ➶✳ Þ✳ ❰á ýêñïîíåíöèàëüíîé äèõîòîìèè ðåøåíèé äèñêðåòíûõ ñèñòåì ✴✴
Óêð✳ ìàò✳ æóðí✳✕ ✶✾✽✸✳ ✕ ✸✺✱ ➑ ✶✳ ✕ ❈✳ ✶✵✾ ✕ ✶✶✺✳

✸✶



➪✐ãàðìîí✐÷íå ïðîäîâæåííÿ ãðàä✐➵íò✐â
Ñåðã✐é ➹ðèùóê

■íñòèòóò ìàòåìàòèêè ❮➚❮ Óêðà➝íè✱ ✃è➝â✱ Óêðà➝íà

❰äí✐➵þ ç êëàñè÷íèõ çàäà÷ òåîð✐➝ äèôåðåíö✐àëüíèõ ð✐âíÿíü ç ÷àñòèííèìè ïîõ✐äíè✲
ìè ➵ çàäà÷à ïðî ïðîäîâæåííÿ ðîçâ✬ÿçê✐â ð✐âíÿíü çà ìåæ✐ îáëàñò✐ ➝õ âèçíà÷åííÿ✳

Ïðè ðîçâ✬ÿçóâàíí✐ êðàéîâèõ çàäà÷ äëÿ ïëîñêèõ á✐ãàðìîí✐÷íèõ ôóíêö✐é✱ çîêðå✲
ìà ïîâ✬ÿçàíèõ ç òåîð✐➵þ ïðóæíîñò✐✱ ÷àñòî á✐ëüø âàæëèâèì ➵ çíàõîäæåííÿ íå ñàìî➝
øóêàíî➝ á✐ãàðìîí✐÷íî➝ ôóíêö✐➝✱ à ➝➝ ãðàä✐➵íòà ✭äèâ✳✱ íàïðèêëàä✱ ❬✶✱ ✷❪✮✳

❮åõàé R ✖ ìíîæèíà ä✐éñíèõ ÷èñåë✱D ✖ îáìåæåíà îäíîçâ✬ÿçíà îáëàñòü äåêàðòîâî➝
ïëîùèíè ïëîùèíè xOy✱ ∂D ✕ ìåæà îáëàñò✐ D✱ òî÷êè A1, A2 ∈ ∂D✱ A1 6= A2❀ ãëàäê✐
æîðäàíîâ✐ êðèâ✐ Γ✱ Γ1✱ Γ2 íàëåæàòü ìåæ✐ ∂D ✐ ìàþòü ó ÿêîñò✐ ê✐íö✐â A1 òà A2✱ êð✐ì
òîãî✱ äàí✐ òî÷êè íå íàëåæàòü æîäí✐é ✐ç êðèâèõ Γ✱ Γ1✱ Γ2✳ Òîä✐ ∂D ➵ îá✬➵äíàííÿì Γ1✱
Γ2 òà A1✱ A2✱ à êðèâà Γ ðîçáèâà➵ ìíîæèíó D íà äâ✐ îáìåæåí✐ îäíîçâ✬ÿçí✐ ìíîæèíè
D1 òà D2✱ äå ìåæà ∂Dk îáëàñò✐ Dk✱ k = 1, 2✱ ➵ îá✬➵äíàííÿì Γ✱ Γk✱ A1 òà A2✱ ïðè öüîìó
D ➵ îá✬➵äíàííÿì îáëàñòåé D1✱ D2 òà êðèâî➝ Γ✳

❮åõàéG ✕ îáìåæåíà îäíîçâ✬ÿçíà îáëàñòü äåêàðòîâî➝ ïëîùèíè xOy❀ ôóíêö✐ÿ v : G −→
R ìà➵ â G íåïåðåðâí✐ ïîõ✐äí✐ ïåðøîãî ïîðÿäêó ∂v/∂x✱ ∂v/∂y✳ Ñèìâîëîì gradv áó✲
äåìî ïîçíà÷àòè óïîðÿäêîâàíó ïàðó (∂v/∂x, ∂v/∂y)✳ ßêùî ôóíêö✐ÿ v á✐ãàðìîí✐÷íà â
îáëàñò✐ G ✭ìà➵ â ● íåïåðåðâí✐ ïîõ✐äí✐ äî ÷åòâåðòîãî ïîðÿäêó âêëþ÷íî ✐ çàäîâîëüíÿ➵
ð✐âíÿííÿ ∆∆v = 0✱ äå ∆ ✖ ëàïëàñ✐àí ä✐éñíî➝ ïëîùèíè✮✱ òî ÷àñòèíí✐ ïîõ✐äí✐ ∂v/∂x✱
∂v/∂y ➵ òàêîæ á✐ãàðìîí✐÷íèìè ôóíêö✐ÿìè â îáëàñò✐ G✱ òîìó ãðàä✐➵íò gradv áóäåìî
íàçèâàòè á✐ãàðìîí✐÷íèì ó ö✐é îáëàñò✐✳

Ïðåäìåòîì äàíîãî äîñë✐äæåííÿ ➵ çíàõîäæåííÿ íåîáõ✐äíèõ òà äîñòàòí✐õ óìîâ ✐ñíó✲
âàííÿ íåïåðåðâíîãî ïðîäîâæåííÿ ÷åðåç êðèâó Γ á✐ãàðìîí✐÷íèõ ãðàä✐➵íò✐â grad u1
òà grad u2 á✐ãàðìîí✐÷íèõ ôóíêö✐é ✭â D1 òà D2 â✐äïîâ✐äíî✮ òàê✱ ùîá ïðîäîâæåííÿ
â îáëàñòü D ãðàä✐➵íò✐â grad u1 òà grad u2 âèçíà÷àëî á✐ãàðìîí✐÷íèé ãðàä✐➵íò ïåâíî➝
á✐ãàðìîí✐÷íî➝ ôóíêö✐➝ u â D✳ ■íøèìè ñëîâàìè✱ ïîòð✐áíî ç✬ÿñóâàòè✱ êîëè ✐ñíó➵ á✐ãàð✲
ìîí✐÷íà ôóíêö✐ÿ u : D −→ R✱ çâóæåííÿ ãðàä✐➵íòà ÿêî➝ íà îáëàñò✐D1 òà D2 çá✐ãàþòüñÿ
â✐äïîâ✐äíî ç ãðàä✐➵íòàìè íàïåðåä çàäàíèõ á✐ãàðìîí✐÷íèõ ôóíêö✐é gradu1 òà gradu2✳

Øóêàí✐ óìîâè ïðîäîâæåííÿ çíàõîäÿòüñÿ ó òåðì✐íàõ ãðàíè÷íî➝ ïîâåä✐íêè íà Γ ä✐é✲
ñíèõ êîìïîíåíò äëÿ ïîõ✐äíèõ â✐äïîâ✐äíèõ ïîðÿäê✐â â✐ä àíàë✐òè÷íèõ ôóíêö✐é ✭à ñàìå✿
ãðàíè÷íî➝ ïîâåäåíêè äåÿêèõ ä✐éñíèõ êîìïîíåíò àíàë✐òè÷íèõ ôóíêö✐é òà ãðàíè÷íèõ
çíà÷åíü ïåâíèõ êîìïîíåíò â✐ä ➝õ ïîõ✐äíèõ äðóãîãî ïîðÿäêó✮✱ ÿê✐ íàáóâàþòü çíà÷åííÿ
ó êîìóòàòèâí✐é äâîâèì✐ðí✐é á✐ãàðìîí✐÷í✐é àëãåáð✐ ✭äèâ✳✱ íàïðèêëàä✱ ❬✸✱ ✹❪✮✱ ïðè÷îìó
ïåâí✐ ➝õ ïàðè ä✐éñíèõ êîìïîíåíò ó îáëàñòÿõ Dk✱ k = 1, 2✱ çá✐ãàþòüñÿ â✐äïîâ✐äíî ç✐
çíà÷åííÿìè ãðàä✐➵íò✐â ôóíêö✐é uk✱ k = 1, 2✳

➚íîíñîâàí✐ ðåçóëüòàòè äåòàëüíî ðîçãëÿíóòî ó ðîáîò✐ ❬✺❪✳
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❬✺❪ ➹ðèùóê Ñ✳➶✳ ➪✐ãàðìîí✐÷íå ïðîäîâæåííÿ ãðàä✐➵íò✐â çà äîïîìîãîþ ìîíîãåííèõ ôóíêö✐é
ç✐ çíà÷åííÿìè ó á✐ãàðìîí✐÷í✐é àëãåáð✐✳ Óêð✳ ìàò✳ æóðí✳ ✼✻✱ ➑ ✹✱ ❈✳ ✹✽✼✕✺✵✶ ✭✷✵✷✹✮✳
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➴âîëþö✐éíà âèäèì✐ñòü ó ì✐íëèâèõ ìíîæèíàõ
ßðîñëàâ ➹ðóøêà

■íñòèòóò ❒àòåìàòèêè ❮➚❮ Óêðà➝íè✱ ✃è➝â✱ Óêðà➝íà

➬ ✐íòó➝òèâíî➝ òî÷êè çîðó ì✐íëèâ✐ ìíîæèíè ✖ öå ñóêóïíîñò✐ îá✬➵êò✐â✱ ÿê✐✱ íà â✐ä✲
ì✐íó â✐ä åëåìåíò✐â çâè÷àéíèõ ✭ñòàòè÷íèõ✮ ìíîæèí✱ ìîæóòü ïåðåáóâàòè â ïðîöåñ✐
ïîñò✐éíèõ òðàíñôîðìàö✐é ✭åâîëþö✐➝✮✱ òîáòî ✖ çì✐íþâàòè ñâî➝ âëàñòèâîñò✐✱ ç✬ÿâëÿòèñü
÷è çíèêàòè✱ ðîçïàäàòèñü íà äåê✐ëüêà ÷àñòèí ÷è✱ íàâïàêè✱ äåê✐ëüêà îá✬➵êò✐â ìîæóòü
çëèâàòèñü â îäèí✳ ✃ð✐ì òîãî✱ õàðàêòåð åâîëþö✐➝ ì✐íëèâî➝ ìíîæèíè òà ➝➝ êîìïîíåíò✐â
ìîæå çì✐íþâàòèñü çàëåæíî â✐ä ñïîñîáó ñïîñòåðåæåííÿ✱ òîáòî✱ çàëåæíî â✐ä ñèñòåìè
â✐äë✐êó✳ ❰òæå✱ ìîæíà ñêàçàòè✱ ùî ì✐íëèâ✐ ìíîæèíè áëèæ÷✐ äî òèõ ✏ìíîæèí✑ ç ÿêè✲
ìè ìè ìà➵ìî ñïðàâó â ðåàëüí✐é ä✐éñíîñò✐✳ ❒îòèâàö✐➵þ äëÿ ïîáóäîâè òåîð✐➝ ì✐íëèâèõ
ìíîæèí ïîñëóæèëà øîñòà ïðîáëåìà ➹✐ëüáåðòà✱ òîáòî ïðîáëåìà ìàòåìàòè÷íî ñòðî✲
ãîãî ôîðìóëþâàííÿ îñíîâ òåîðåòè÷íî➝ ô✐çèêè✳ ✃îëè ìè íàìàãà➵ìîñü çàãëèáèòèñü â
ñóòí✐ñòü îá✬➵êò✐â✱ ÿê✐ âèâ÷à➵ ô✐çèêà òà äåÿê✐ ✐íø✐ ïðèðîäíè÷✐ íàóêè✱ ìè ïðèðîäíèì
÷èíîì ïðèõîäèìî äî ïîíÿòòÿ ì✐íëèâî➝ ìíîæèíè✳ Ïðîáëåìà ìàòåìàòè÷íî➝ ôîðìàë✐✲
çàö✐➝ ïîíÿòòÿ ì✐íëèâî➝ ìíîæèíè✱ òîáòî ïðîáëåìà ïîáóäîâè ìàòåìàòè÷íî➝ òåîð✐➝ ì✐í✲
ëèâèõ ìíîæèí✱ â ð✐çíèõ ôîðìàõ ñòàâèëàñü â ðîáîòàõ íå ëèøå ìàòåìàòèê✐â✱ àëå é
ïðåäñòàâíèê✐â ✐íøèõ ïðèðîäíè÷èõ íàóê✱ çîêðåìà ❰ëåêñàíäðà ❐➵â✐÷à✱ ❒✐õàåëÿ ➪àðà✱
✃îë✐íà ❒àêëàðò✐✱ ×àðëüçà ➶åëñà✱ ➘æîíà ➪åëà✳ ❮à ìàòåìàòè÷íî ñòðîãîìó ð✐âí✐ òåî✲
ð✐ÿ ì✐íëèâèõ ìíîæèí áóëà ïîáóäîâàíà â ❬✶✱ ✷❪ òà ✐íøèõ ðîáîòàõ àâòîðà✱ ïðèñâÿ÷åíèõ
ö✐é òåìàòèö✐✳ ❮àéá✐ëüø ïîâíèé ✐ äåòàëüíèé âèêëàä òåîð✐➝ ì✐íëèâèõ ìíîæèí ìîæíà
çíàéòè â ❬✸❪✳

➶ äîïîâ✐ä✐ ïëàíó➵òüñÿ îáãîâîðèòè äóæå âàæëèâå ïîíÿòòÿ âèäèìîñò✐ â ì✐íëèâèõ
ìíîæèíàõ ✭ÿêå õàðàêòåðèçó➵✱ íàñê✐ëüêè àäåêâàòíèìè îäíå äî îäíîãî ìîæóòü áóòè
îïèñè ïîä✐é ð✐çíèìè ñïîñòåð✐ãà÷àìè✮ òà ð✐çí✐ ãðàäàö✐➝ âèäèìîñò✐✳ ➬îêðåìà✱ áóäå ðîç✲
ãëÿíóòî íàéá✐ëüø ñèëüíó ôîðìó âèäèìîñò✐ ✖ åâîëþö✐éíó âèäèì✐ñòü✱ êîëè äîâ✐ëü✲
í✐ îá✬➵äíàí✐ äîëåþ â îäí✐é ñèñòåì✐ â✐äë✐êó åëåìåíòàðíî✲÷àñîâ✐ ñòàíè ïåðåõîäÿòü â
îá✬➵äíàí✐ äîëåþ àáî ñèíõðîíí✐ â ✐íø✐é ñèñòåì✐ â✐äë✐êó✳ ➶àæëèâ✐ äëÿ ñïåö✐àëüíî➝ òåî✲
ð✐➝ â✐äíîñíîñò✐ òà ➝➝ òàõ✐îíîâèõ ðîçøèðåíü ì✐íëèâ✐ ìíîæèíè ➵ åâîëþö✐éíî âèäèìèìè✱
îñê✐ëüêè âîíè áóäóþòüñÿ ÿê ìóëüòèîáðàç Z im [P,B] äåÿêî➝ áàçîâî➝ ì✐íëèâî➝ ìíîæè✲
íè B ✐ ìîæíà äîâåñòè✱ ùî äîâ✐ëüíèé ìóëüòèîáðàç ➵ åâîëþö✐éíî âèäèìèì ✭äåòàëüí✐øå
äèâ✳ ❬✸✱ s✉❜s❡❝t✐♦♥ ✷✼✳✸✱ ❆ss❡rt✐♦♥ ✸✳✷✼✳✼❪✮✳ ➶ äîïîâ✐ä✐ áóäå ðîçãëÿíóòî îáåðíåíó çàäà÷ó✿

×è êîæíó åâîëþö✐éíî âèäèìó ì✐íëèâó ìíîæèíó ìîæíà ïîäàòè ó âèãëÿä✐ ìóëüòè✲

îáðàçà äåÿêî➝ áàçîâî➝ ì✐íëèâî➝ ìíîæèíè❄

❐✐òåðàòóðà
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➬àäà÷à ✃îø✐ äëÿ îäíîãî êëàñó âèðîäæåíèõ ïàðàáîë✐÷íèõ ð✐âíÿíü
òèïó ✃îëìîãîðîâà ç áëî÷íîþ ñòðóêòóðîþ

➶✐òàë✐é ➘ðîíü✱ ❒åäèíñüêèé ■ãîð

■íñòèòóò ïðèêëàäíèõ ïðîáëåì ìàòåìàòèêè ✐ ìåõàí✐êè✱ ❐üâ✐â✱ Óêðà➝íà
Óí✐âåðñèòåò ✑❐üâ✐âñüêà ïîë✐òåõí✐êà✑✱ ❐üâ✐â✱ Óêðà➝íà

➘îñë✐äæåííÿ ïðèñâÿ÷åíå óëüòðàïàðàáîë✐÷íèì ð✐âíÿííÿì✱ ÿê✐ çà âèêîíàííÿ ïåâ✲
íèõ óìîâ ➵ óçàãàëüíåííÿì äîáðå â✐äîìîãî âèðîäæåíîãî ïàðàáîë✐÷íîãî ð✐âíÿííÿ äè✲
ôóç✐➝ ç ✐íåðö✐➵þ ➚✳❒✳ ✃îëìîãîðîâà ❬✶❪✳

Ðîçãëÿäàòèìåìî çàäà÷ó ✃îø✐ äëÿ ð✐âíÿííÿ

(SB − A(t, x, ∂x1))u(t, x) = 0, (t, x) ∈ Π(0,T ], ✭✶✮

äå n1✱ n2✱ n3 ✕ íàòóðàëüí✐ ÷èñëà òàê✐✱ ùî n3 ≤ n2 ≤ n1✱ n := n1+n2+n3❀ x := (x1, x2, x3)✱
xi := (xi1, ..., xini

)✱ i ∈ {1, 2, 3}❀ Π(0,T ] := {(t, x)| t ∈ (0, T ], x ∈ Rn}✱

SB := ∂t −
n2∑
j=1

(
n1∑
i=1

b1ijx1i

)
∂x2j −

n3∑
j=1

(
n2∑
i=1

b2ijx2i

)
∂x3j ,

A(t, x, ∂x1) :=
n1∑
i,j=1

aij(t, x)∂x1i∂x1j +
n1∑
i=1

ai(t, x)∂x1i + a0(t, x).

✭✷✮

Ïåðøèé äèôåðåíö✐àëüíèé âèðàç ç ✭✷✮ ó ìàòðè÷í✐é ôîðì✐ ìà➵ âèãëÿä SB = ∂t −
(x,BDx)✱ äå B ✕ ìàòðèöÿ ðîçì✐ðó n× n✱ ÿêà ìà➵ òàêó ñòðóêòóðó✿

B :=



O B1 O
O O B2

O O O


 , ✭✸✮

B1 ✱ B2 ✕ ìàòðèö✐✱ ñêëàäåí✐ â✐äïîâ✐äíî ç ä✐éñíèõ ÷èñåë b1ij✱ i ∈ {1, ..., n1}✱ j ∈ {1, ..., n2}✱
b2ij✱ i ∈ {1, ..., n2}✱ j ∈ {1, ..., n3}✱ O ✕ íóëüîâ✐ ìàòðèö✐ â✐äïîâ✐äíèõ ðîçì✐ð✐â✱ Dx :=
col(∂x11 , ..., ∂x1n1

, ∂x21 , ..., ∂x2n2
, ∂x31 , ..., ∂x3n3

)✱ (·, ·) ✕ ñêàëÿðíèé äîáóòîê â Rn✳
❮àêëàäàþòüñÿ óìîâè✿

➚1✳ ❒àòðèöÿ ✭✸✮✱ â ÿê✐é áëîêè B1 ✐ B2✱ çàïèñàí✐ â✐äïîâ✐äíî ó âèãëÿä✐
(
B1

1

B1
2

)
✐
(
B2

1

B2
2

)
✱

äå B1
1 ✱ B

1
2 ✱ B

2
1 ✐ B2

2 ✕ ìàòðèö✐ â✐äïîâ✐äíî ðîçì✐ð✐â n2 × n2✱ (n1 − n2) × n2✱ n3 × n3 ✐
(n2 − n3)× n3 çàäîâîëüíÿþòü óìîâó detBi

1 6= 0✱ i ∈ {1, 2}❀
➚2✳ ■ñíó➵ òàêà ñòàëà δ > 0✱ ùî äëÿ êîæíî➝ òî÷êè (t, x) ∈ Π[0,T ] ✐ σ1 ∈ Rn1 âèêîíó➵✲

òüñÿ íåð✐âí✐ñòü ❘❡
n1∑
i,j=1

aij(t, x)σ1iσ1j ≥ δ
n1∑
i=1

σ2
1i.

✃ëàñ ð✐âíÿíü ✭✶✮ ïðè âèêîíàíí✐ óìîâ ➚1 òà ➚2 ÷àñòî ✭íàïðèêëàä✱ â ❬✷❪✮ ïîçíà÷à➵✲
òüñÿ ÷åðåç ❊B

22✳ ➶✐í óçàãàëüíþ➵ êëàñ óëüòðàïàðàáîë✐÷íèõ ð✐âíÿíü òèïó ✃îëìîãîðîâà
❊22✱ ââåäåíèé ó ìîíîãðàô✐➝ ❬✸❪✳ Ð✐âíÿííÿ òèïó ✭✶✮ ç✬ÿâëÿþòüñÿ â ìîäåëÿõ äèôóç✐➝ ç
✐íåðö✐➵þ✱ à òàêîæ ïðè äîñë✐äæåíí✐ ìàòåìàòè÷íèõ ìîäåëåé àç✐éñüêèõ îïö✐îí✐â✱ êîëè
çì✐íí✐✱ ùî çàëåæàòü â✐ä òðà➵êòîð✐➝ ö✐íè✱ âêëþ÷àþòü äî ïðîñòîðó ñòàí✐â✳ ➶ ❬✷❪ äëÿ
ð✐âíÿíü ✭✶✮ áóëî ïîáóäîâàíî òàê çâàíèé ôóíäàìåíòàëüíèé L✲ðîçâ✬ÿçîê✱ äîñë✐äæåíî
éîãî âëàñòèâîñò✐ òà êîðåêòíó ðîçâ✬ÿçí✐ñòü çàäà÷✐ ✃îø✐✳

➘ëÿ îòðèìàííÿ ðåçóëüòàò✐â íà êîåô✐ö✐➵íòè ð✐âíÿííÿ ✭✶✮ ñòàâëÿòüñÿ ùå òàê✐ ñïå✲
ö✐àëüí✐ óìîâè ➹åëüäåðà â✐äíîñíî ïðîñòîðîâèõ çì✐ííèõ✿

❆3✳ ✃îåô✐ö✐➵íòè âèðàçó A(t, x, ∂x1) ✭òîáòî ôóíêö✐➝ aij✱ ai✱ a0✮ ➵ îáìåæåíèìè✱ íåïå✲
ðåðâíèìè çà t íà â✐äð✐çêó [0, T ] òà ãåëüäåðîâèìè çà ïðîñòîðîâèìè çì✐ííèìè ó òàêîìó
ñåíñ✐✿
∃H1 > 0, ∃α1 ∈ (0, 1] ∀(t, x) ∈ Π[0,T ], ∀z1 ∈ Rn1 :

∣∣∆z1
x1
a(t, x)

∣∣ ≤ H1|x1 − z1|α1 ❀

✸✺



∃H2 > 0, ∃H3 > 0, ∃α2 ∈ (1/3, 2/3] ∀(t, x) ∈ Π[0,T ], ∀zi ∈ Rni , i ∈ {1, 2}, ∀h ∈ [0, T ] :∣∣∆z2
x2
a(t, x)

∣∣ ≤ H2(h
3α2/2 + |X2(h)− z2|α2),∣∣∆z1

x1
∆z2
x2
a(t, x)

∣∣ ≤ H3|x1 − z1|α1(h3α2/2 + |X2(h)− z2|α2);
∃H4 > 0, ∃H5 > 0, ∃α3 ∈ (3/5, 4/5] ∀(t, x) ∈ Π[0,T ], ∀zi ∈ Rni , i ∈ {1, 3}, ∀h ∈ [0, T ] :∣∣∆z3

x3
a(t, x)

∣∣ ≤ H4(h
5α3/2 + |X3(h)− z3|α3),∣∣∆z1

x1
∆z3
x3
a(t, x)

∣∣ ≤ H5|x1 − z1|α1(h5α3/2 + |X3(h)− z3|α3),
äå Xi(h) := (Xi1(h), ..., Xini

(h)), i ∈ {1, 2, 3}, X1j(h) := x1j, j ∈ {1, ..., n1}, X2j(h) :=
x2j+

+h
n1∑
i=1

b1ijx1i, j ∈ {1, ..., n2}, X3j(h) := x3j+h
n2∑
i=1

b2ijx2i+
h2

2

n1∑
i=1

n2∑
s=1

b2sjb
1
isx1i, j ∈ {1, ..., n3},

h ∈ R; ∆ξ1
x1
a(·, x) := a(·, (x1, x2, x3))− a(·, (ξ1, x2, x3))✱ ∆ξ2

x2
a(·, x) := a(·, (x1, x2, x3))−

−a(·, (x1, ξ2, x3))✱ ∆ξ3
x3
a(·, x) := a(·, (x1, x2, x3))− a(·, (x1, x2, ξ3))✱ {x, ξ} ⊂ Rn✳

❆4✳ ➶ Π[0,T ] ✐ñíóþòü îáìåæåí✐ ïîõ✐äí✐ ∂x1i∂x1jaij ✐ ∂x1iai✱ ÿê✐ çàäîâîëüíÿþòü çà
ïðîñòîðîâèìè çì✐ííèìè óìîâó ➹åëüäåðà ó ñåíñ✐ ❆3✳

➶ ❬✹❪ áóëî äîâåäåíî✱ ùî ÿêùî äëÿ êîåô✐ö✐➵íò✐â ð✐âíÿííÿ ✭✶✮ âèêîíàíóþòüñÿ óìîâè
❆1✕❆3✱ òî äëÿ íüîãî ✐ñíó➵ êëàñè÷íèé ÔÐ➬✃ Z✳

Ó öüîìó äîñë✐äæåíí✐ çà âèêîíàííÿ óìîâ ❆1✕❆4 îòðèìàíî êîðåêòíó ðîçâ✬ÿçí✐ñòü
çàäà÷✐ ✃îø✐ ó ñïåö✐àëüíèõ âàãîâèõ ïðîñòîðàõ✱ à òàêîæ ✐íòåãðàëüí✐ çîáðàæåííÿ êëà✲
ñè÷íèõ ðîçâ✬ÿçê✐â îäíîð✐äíèõ ð✐âíÿíü ó âèãëÿä✐ ✐íòåãðàë✐â Ïóàññîíà â✐ä ôóíêö✐é àáî
óçàãàëüíåíèõ ì✐ð✱ ÿêèìè çàäà➵òüñÿ ïî÷àòêîâà óìîâà✳ ❰ïèñàíî êëàñè êîðåêòíîñò✐ çà✲
äà÷✐ ✃îø✐✳

❰òðèìàí✐ ðåçóëüòàòè ➵ ðåàë✐çàö✐➵þ â✐äîìîãî ï✐äõîäó ➴éäåëüìàíà✕■âàñèøåíà ❬✸❪✳
➶îíè ìîæóòü áóòè âèêîðèñòàí✐ äëÿ ïîäàëüøèõ äîñë✐äæåíü çàäà÷✐ ✃îø✐ òà êðàéîâèõ
çàäà÷ äëÿ ë✐í✐éíèõ ✐ êâàç✐ë✐í✐éíèõ âèðîäæåíèõ ïàðàáîë✐÷íèõ ð✐âíÿíü✱ à òàêîæ ó òå✲
îð✐➝ âèïàäêîâèõ ïðîöåñ✐â ïðè âèâ÷åíí✐ ìàðêîâñüêèõ ïðîöåñ✐â✱ ãóñòèíîþ éìîâ✐ðíîñò✐
ïåðåõîäó ÿêèõ ➵ ÔÐ➬✃ äëÿ ð✐âíÿíü ✐ç êëàñó ❊B22✳

❐✐òåðàòóðà

❬✶❪ ❑♦❧♠♦❣♦r♦✛ ❆✳ ❩✉❢☎❛❧❧✐❣❡ ❇❡✇❡❣✉♥❣❡♥ ✭❩✉r ❚❤❡♦r✐❡ ❞❡r ❇r♦✇♥s❝❤❡♥ ❇❡✇❡❣✉♥❣✮✳ ❆♥♥✳▼❛t❤✳
✶✾✸✹✱ ✸✺✱ ◆♦✳✶✱ ✶✶✻✕✶✶✼✳ ✕ ❤tt♣s✿✴✴❞♦✐✳♦r❣✴✶✵✳✷✸✵✼✴✶✾✻✽✶✷✸

❬✷❪ ■âàñèøåí Ñ✳➘✳✱ ❐àþê ➶✳➶✳ ➬àäà÷à ✃îø✐ äëÿ äåÿêèõ âèðîäæåíèõ ïàðàáîë✐÷íèõ ð✐âíÿíü
òèïó ✃îëìîãîðîâà✳ ❒àò✳ ìåòîäè ✐ ô✐ç✳✲ìåõ✳ ïîëÿ ✷✵✵✼✱ ✺✵ ✭✸✮✱ ✺✻✕✻✺✳

❬✸❪ ❊✐❞❡❧♠❛♥ ❙✳❉✳✱ ■✈❛s②s❤❡♥ ❙✳❉✳✱ ❑♦❝❤✉❜❡✐ ❆✳◆✳ ❆♥❛❧②t✐❝ ♠❡t❤♦❞s ✐♥ t❤❡ t❤❡♦r② ♦❢ ❞✐✛❡r❡♥t✐❛❧
❛♥❞ ♣s❡✉❞♦✲❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ♦❢ ♣❛r❛❜♦❧✐❝ t②♣❡✳ ❇✐r❦❤☎❛✉s❡r✳ ❇❛s❡❧ ✷✵✵✹✱ ❙❡r✳ ❖♣❡r❛t♦r
❚❤❡♦r②✿ ❆❞✈✳ ❛♥❞ ❆♣♣❧✳✱ ❱♦❧✳ ✶✺✷✳ ❤tt♣s✿✴✴❞♦✐✳♦r❣✳✴✶✵✳✶✵✵✼✴✾✼✽✲✸✲✵✸✹✽✲✼✽✹✹✲✾✳

❬✹❪ ❉r♦♥ ❱✳❙✳✱ ▼❡❞②♥s❦②✐ ■✳P✳ ❖♥ ❢✉♥❞❛♠❡♥t❛❧ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❈❛✉❝❤② ♣r♦❜❧❡♠ ❢♦r ✉❧tr❛✲
♣❛r❛❜♦❧✐❝ ❡q✉❛t✐♦♥s ✐♥ t❤❡ ❆s✐❛♥ ♦♣t✐♦♥s ♠♦❞❡❧s✳ ▼❛t❤✳ ▼♦❞❡❧✐♥❣ ❛♥❞ ❈♦♠♣✉t✐♥❣ ✷✵✷✹
✭ïðèéíÿòî äî äðóêó✮✳

❡✲♠❛✐❧✿ ✈❞r♦♥❅✉❦r✳♥❡t✱ ✐❤♦r✳♣✳♠❡❞②♥s❦②✐❅❧♣♥✉✳✉❛

✸✻



Ïðî íàáëèæåíå îïòèìàëüíå êåðóâàííÿ äëÿ äèôåðåíö✐àëüíîãî
âêëþ÷åííÿ ç✐ çáóðåííÿìè â êîåô✐ö✐➵íòàõ òà íåô✐êñîâàíèì ÷àñîì

Òåòÿíà ➷óê

✃è➝âñüêèé íàö✐îíàëüíèé óí✐âåðñèòåò ✐ìåí✐ Òàðàñà Øåâ÷åíêà✱ ✃è➝â✱ Óêðà➝íà

➶ ðîáîò✐ ðîçãëÿäà➵òüñÿ çàäà÷à îïòèìàëüíîãî êåðóâàííÿ ñèñòåìîþ äèôåðåíö✐àëü✲
íèõ ð✐âíÿíü ç ìíîãîçíà÷íîþ ïðàâîþ ÷àñòèíîþ✱ êîåô✐ö✐➵íòè ÿêî➝ ì✐ñòÿòü øâèäêîêî✲
ëèâí✐ çì✐íí✐✳ ❒✐í✐ì✐çàö✐ÿ êîðöèòèâíîãî ö✐ëüîâîãî ôóíêö✐îíàëó â✐äáóâà➵òüñÿ íà íå✲
ô✐êñîâàíîìó ÷àñîâîìó ïðîì✐æêó✱ äå ê✐íöåâèé ìîìåíò ÷àñó âèçíà÷à➵òüñÿ ÿê ïåðøèé
ìîìåíò ïîòðàïëÿííÿ ôàçîâî➝ òî÷êè íà çàäàíó çàìêíåíó îáìåæåíó ï✐äìíîæèíó ôàçî✲
âîãî ïðîñòîðó✳ ➘îâåäåíî ðîçâ✬ÿçí✐ñòü ö✐➵➝ çàäà÷✐ òà îáãðóíòîâàíà çá✐æí✐ñòü îïòèìàëü✲
íèõ ð✐øåíü âèõ✐äíî➝ çàäà÷✐ äî îïòèìàëüíîãî ïðîöåñó çàäà÷✐ ç óñåðåäíåíèìè ïàðàìå✲
òðàìè✳ Ñë✐ä â✐äçíà÷èòè✱ ùî â✐äîì✐ äîñüîãîäí✐ ðåçóëüòàòè ùîäî îáãðóíòóâàííÿ ñõåìè
óñåðåäíåííÿ äëÿ çàäà÷ îïòèìàëüíîãî êåðóâàííÿ ❬✶✲✸❪ çàñòîñîâóâàëèñü íà ô✐êñîâàíèõ
÷àñîâèõ ✐íòåðâàëàõ ✭àáî ñê✐í÷åííèõ✱ àáî íåñê✐í÷åííèõ✮✳ ➶ äàí✐é ðîáîò✐ ìåòîä óñå✲
ðåäíåííÿ çàñòîñîâàíî äî çàäà÷✐ ç ìîìåíòîì τ ïåðøîãî äîñÿãíåííÿ ãðàíèö✐ îáëàñò✐✱
ÿêèé çàëåæèòü â✐ä êåðóâàííÿ (τ = τ(u))✳

➘ëÿ ôàçîâî➝ çì✐ííî➝ x(t) ∈ Rn ✐ êåðóâàííÿ u(t) ∈ Rm ðîçãëÿäà➵òüñÿ íàñòóïíà
çàäà÷à îïòèìàëüíîãî êåðóâàííÿ✿

ẋ(t) ∈ f
(
t
ǫ
, x(t)

)
+ g(x(t)) · u(t), t > 0,

x(0) = x0
✭✶✮

u ∈ U =
{
u ∈ L2(0,+∞)| ‖u(t)‖ ≤ ξ äëÿ ì✳â✳ t > 0

}
✭✷✮

J(x, u) =

∫ τ

0

[
e−δt · ϕ(x(t)) + ‖u(t)‖2

]
dt→ inf, ✭✸✮

äå ǫ > 0 ✲ ìàëèé ïàðàìåòð✱ x0 ∈ intD, D ⊂ Rn ✲ çàäàíà îáìåæåíà✱ çàìêíåíà ìíî✲
æèíà✱ ξ, δ ✲ çàäàí✐ äîäàòí✐ ïîðàìåòðè✱ τ ∈ (0,+∞] âèçíà÷à➵òüñÿ ÿê ìîìåíò ïåðøîãî
âèõîäó ðîçâ✬ÿçêó âêëþ÷åííÿ x(t) íà ãðàíèöþ îáëàñò✐ D✳

Ïðè äîñèòü çàãàëüíèõ óìîâàõ íà ìíîãîçíà÷íó ôóíêö✐þ f òà íåë✐í✐éí✐ ôóíêö✐➝ g, ϕ
â ðîáîò✐ ïîêàçàíî ðîçâ✬ÿçí✐ñòü çàäà÷✐ ✭✶✮ ✲ ✭✸✮✳

➘àë✐✱ ââàæàþ÷è✱ ùî â ìåòðèö✐ Õàóñäîðôà ✐ñíó➵ ð✐âíîì✐ðíà ïî x ∈ Rn ãðàíèöÿ

f0(x) = lim
s→∞

1

s

∫ s

0

f(t, x)dt, ✭✹✮

ðîçãëÿäà➵ìî çàäà÷ó

ẏ(t) ∈ f0(y(t)) + g(y(t)) · u(t),
y(0) = x0

✭✺✮

u ∈ U ✭✻✮

J(y, u) =

∫ τ0

0

[
e−δt · ϕ(y(t)) + ‖u(t)‖2

]
dt→ inf, ✭✼✮

äå τ0 ∈ (0,+∞] ✲ ìîìåíò ïåðøîãî âèõîäó y(t) íà ∂D✳
❰ñíîâíèì ðåçóëüòàòîì ðîáîòè ➵ äîâåäåííÿ òîãî ôàêòó✱ ùî îïòèìàëüíèé ïðîöåñ

{x̄ǫ, ūǫ} ✐ çíà÷åííÿ J(x̄ǫ, ūǫ) çàäà÷✐ ✭✶✮ ✲ ✭✸✮ çá✐ãàþòüñÿ ïðè ǫ → 0 äî îïòèìàëüíîãî
ïðîöåñó {ȳ, ū}✱ ✐ çíà÷åííÿ J(ȳ, ū) çàäà÷✐ ✭✺✮✲✭✼✮✳ Öå✱ çîêðåìà✱ îçíà÷à➵✱ ùî îïòèìàëüíå
êåðóâàííÿ óñåðåäíåíî➝ çàäà÷✐ ìîæå ñëóãóâàòè íàáëèæåííÿì äëÿ ðîçâ✬ÿçêó âèõ✐äíî➝

✸✼



çàäà÷✐✳

Ðîáîòà âèêîíàíà çà ï✐äòðèìêè ❮àö✐îíàëüíîãî ôîíäó äîñë✐äæåíü Óêðà➝íè✱ ïðîåêò
◆♦✳ ✷✵✷✸✳✵✸✴✵✵✼✹ ✧❮åñê✐í÷åííîâèì✐ðí✐ åâîëþö✐éí✐ ð✐âíÿííÿ ✐ç áàãàòîçíà÷íîþ òà ñòî✲
õàñòè÷íîþ äèíàì✐êîþ✧✳

❬✶❪ ❑✐❝❤♠❛r❡♥❦♦ ❖✳❉✳ ❙❤❡♠❡s ♦❢ ❈♦♠♣❧❡t❡ ❆✈❡r❛❣✐♥❣ ✐♥ t❤❡ Pr♦❜❧❡♠ ♦❢ ❖♣t✐♠❛❧ ❈♦♥tr♦❧
❖✈❡r ❛ ❢✉♥❝t✐♦♥❛❧✲❞✐✛❡r❡♥t✐❛❧ s②st❡♠ ✴✴ ❏♦✉r♥❛❧ ♦❢ ▼❛t❤❡♠❛t✐❝❛❧ ❙❝✐❡♥❝❡s✱ ✷✵✶✾✱ ❱✳ ✷✹✸ ✭✸✮✳

❬✷❪ ◆♦s❡♥❦♦ ❚✳❱✳✱ ❙t❛♥③❤②ts✬❦②✐ ❖✳▼✳ ❆✈❡r❛❣✐♥❣ ♠❡t❤♦❞ ✐♥ s♦♠❡ ♣r♦❜❧❡♠s ♦❢ ♦♣t✐♠❛❧ ❝♦♥tr♦❧
✴✴ ◆♦♥❧✐♥❡❛r ❖s❝✐❧❧❛t✐♦♥s✱ ✷✵✵✽✱ ❱✳ ✶✶✭✹✮✳

❬✸❪ ❑❛s✐♠♦✈❛ ◆✳✱ ❩❤✉❦ ❚✳✱ ❚s②❣❛♥✐✈s❦❛ ■✳ ❆♣♣r♦①✐♠❛t❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ♦♣t✐♠❛❧ ❝♦♥tr♦❧ ♣r♦❜❧❡♠
❢♦r ♥♦♥✲❧✐♥❡❛r ❞✐✛❡r❡♥t✐❛❧ ✐♥❝❧✉s✐♦♥ ♦♥ t❤❡ s❡♠✐✲❛①❡s ✴✴ ●❡♦r❣✐❛♥ ▼❛t❤❡♠❛t✐❝❛❧ ❏♦✉r♥❛❧✱ ✷✵✷✸✱
❱✳✸✵✭✻✮✳

❡✲♠❛✐❧✿ ③❤✉❦t❛♥②❛✶✽❅✉❦r✳♥❡t
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➱ìîâ✐ðí✐ñíà òåîð✐ÿ íåãà✲Qs çîáðàæåííÿ ÷èñåë
➶îëîäèìèð ➍ëàã✐í✱ ❒èêîëà Ïðàöüîâèòèé

■íñòèòóò ìàòåìàòèêè ❮➚❮ Óêðà➝íè✱ ✃è➝â✱ Óêðà➝íà

❮àãàäà➵ìî ñóòü ïîë✐îñíîâíîãî Qs✲çîáðàæåííÿ òà íåãà✲Qs✲çîáðàæåííÿ ÷èñåë â✐ä✲
ð✐çêà [0, 1] ✳ ❮åõàéQs ≡ (q0, q1, . . . , qs−1)✖ çàäàíèé éìîâ✐ðí✐ñíèé ✭ñòîõàñòèíèé✮ âåêòîð
ç äîäàòíèìè êîîðäèíàòàìè ✭ òîáòî qi > 0, q0 + . . . + +qs−1 = 1 = βs; β0 = 0, βi+1 =
βi + qi = q0 + . . .+ qi, i = 0, 1, . . . , s− 1✮✳

Òåîðåìà ✶✳ ➘ëÿ áóäü✲ÿêîãî x ∈ [0; 1] ✐ñíó➵ ïîñë✐äîâí✐ñòü (an) ∈ Ls òàêà✱ ùî

x = βα1(x) +
∞∑

k=2

βαk(x)

k−1∏

j=1

qαj(x) ≡ ∆Qs

α1,α2,...αn... ✭✶✮

x = 1− γ1 +
∞∑

k=2

(−1)kγk

k−1∏

j=1

qαj
≡ ∆

Qs

α1,α2,...αn..., ✭✷✮

äå γn âèçíà÷àþòüñÿ òàê✿

γn =

{
1− βαn

, ÿêùî n íåïàðíå;

βαn+1 , ÿêùî n ïàðíå.

➬àïèñ ∆Qs
α1,α2,...αn... ðÿäó ✭2✮ ✐ éîãî ñóìè x íàçèâà➵òüñÿ Qs ✲ çîáðàæåííÿì ÷èñëà x✱

ïðè öüîìó αn = αn(x) n✲îþ öèôðîþ öüîãî çîáðàæåííÿ✳ ➚íàëîã✐÷íî✱ çàïèñ ∆
Qs

α1,α2,...αn...

ðÿäó ✭4✮ ✐ éîãî ñóìè x íàçèâà➵òüñÿ íåãà−Qs ✲ çîáðàæåííÿì ÷èñëà x✱ ïðè öüîìó αn =
αn(x) n✲îþ öèôðîþ öüîãî çîáðàæåííÿ✳

Ðîçïîä✐ë ζ = ∆Qs

ζ1,ζ2,...,ζn,...
➵ äîáðå âèâ÷åíèì✳ ➶✐í ìà➵ ÷èñòèé ëåáåã✐âñüêèé òèï✱

òîáòî ➵ ÷èñòî äèñêðåòíèì✱ ÷èñòî àáñîëþòíî íåïåðåðâíèì àáî ÷èñòî ñèíãóëÿðíèì✳
❮åîáõ✐äí✐ òà äîñòàòí✐ óìîâè íàëåæíîñò✐ äî êîæíîãî òèïó â✐äîì✐✳ ❬✷❪

Ó äîïîâ✐ä✐ ïðîïîíóþòüñÿ ðåçóëüòàòè äîñë✐äæåííÿ ðîçïîä✐ëó âèïàäêîâî➝ âåëè÷è✲
íè Θ = ∆

Qs

Θ1Θ2...Θn...✱ îïèñ éîãî òîïîëîãî✲ìåòðè÷íèõ òà ôðàêòàëüíèõ âëàñòèâîñòåé✱
ñòðóêòóðà òî÷êîâîãî òà íåïåðåðâíîãî ñïåêòð✐â✳

Òåîðåìà ✷✳ Ðîçïîä✐ë âèïàäêîâî➝ âåëè÷èíè Θ ➵ ÷èñòî äèñêðåòíèì àáî ÷èñòî íåïå✲
ðåðâíèì✱ ïðè÷îìó äèñêðåòíèì ëèøå çà óìîâè

M =
∞∏

n=1

max{p0n, . . . , ps−1,n} > 0.

Ó âèïàäêó äèñêðåòíîñò✐ éîãî òî÷êîâèì ñïåêòðîì ➵ õâîñòîâà ìíîæèíà íåãà✲Qs✲
çîáðàæåííÿ✱ ïðåäñòàâíèêîì ÿêî➝ ➵ ÷èñëî x = ∆

Qs

c1,c2,...,cn...
✱ pcn,n = max{p0n, . . . , ps−1,n}.

Ó âèïàäêó íåïåðåðâíîñò✐ â✳â✳ Θ ìà➵ ÷èñòî àáñîëþòíî íåïåðåðâíèé àáî ÷èñòî ñèí✲
ãóëÿðíèé ðîçïîä✐ë✳

❮åîáõ✐äí✐ òà äîñòàòí✐ óìîâè ñèíãóëÿðíîñò✐ çíàéäåíî✳ Ó äîïîâ✐ä✐ áóäóòü íàâåäåí✐
ö✐êàâ✐ ÷àñòèíí✐ âèïàäêè àáñîëþòíî➝ íåïåðåðâíîñò✐✱ êîëè ù✐ëüí✐ñòü ìà➵ ïåâíó îäíîð✐✲
äí✐ñòü äèôåðåíö✐àëüíîãî õàðàêòåðó ✭íà ö✐ëîìó ïðîì✐æêó✮✳

✸✾



➚ñèìïòîòè÷íà ïîâåä✐íêà ðîçâ✬ÿçê✐â äèôåðåíö✐àëüíèõ ð✐âíÿíü ç✐
øâèäêî çì✐ííèìè íåë✐í✐éíîñòÿìè

➶✬ÿ÷åñëàâ ➍âòóõîâ

❰äåñüêèé íàö✐îíàëüíèé óí✐âåðñèòåò ✐ìåí✐ ■✳■✳❒å÷íèêîâà✱ ❰äåñà✱ Óêðà➝íà

Ðîçãëÿäà➵òüñÿ äèôåðåíö✐àëüíå ð✐âíÿííÿ

y(n) = α0p(t)ϕ(y), (1)

äå n ≥ 2✱ α0 ∈ {−1, 1}✱ p : [a, ω[−→]0,+∞[✲ íåïåðåðâíà ôóíêö✐ÿ✱ −∞ < a < ω ≤ +∞✱
ϕ : ∆Y0 −→]0,+∞[✲ äâ✐÷✐ íåïåðåðâíî äèôåðåíö✐éîâíà ôóíêö✐ÿ òàêà✱ ùî

ϕ′(y) 6= 0 ïðè y ∈ ∆Y0 , lim
y→Y0
y∈∆Y0

ϕ′′(y)ϕ(y)

[ϕ′(y)]2
= 1, (2)

Y0 äîð✐âíþ➵ àáî íóëþ✱ àáî ±∞✱ ∆Y0✲ îäíîá✐÷íèé îê✐ë Y0✳
➬ã✐äíî ç óìîâ ✭✷✮

ϕ′(y)

ϕ(y)
∼ ϕ′′(y)

ϕ′(y)
ïðè y → Y0, lim

y→Y0
y∈∆Y0

yϕ′(y)

ϕ(y)
= ±∞

✐ òîìó ôóíêö✐ÿ ϕ ➵ ✭äèâ✳ ❬✶❪✱❬✷❪✮ øâèäêî çì✐ííîþ ïðè y → Y0✳
Ðîçâ✬ÿçîê y ð✐âíÿííÿ (1) íàçèâà➵òüñÿ Pω(Y0, λ0)✲ ðîçâ✬ÿçêîì✱ äå −∞ ≤ λ0 ≤ +∞✱

ÿêùî â✐í âèçíà÷åíèé íà ïðîì✐æêó [t0, ω[⊂ [a, ω[ ✐ çàäîâîëüíÿ➵ íàñòóïí✐ óìîâè

y : [t0, ω[−→ ∆Y0 , lim
t↑ω

y(t) = Y0.

lim
t↑ω

y(k)(t) =

{
àáî 0,
àáî ±∞ (k = 1, n− 1), lim

t↑ω

[y(n−1)(t)]2

y(n)(t)y(n−2)(t)
= λ0.

Ïðè n = 2 àñèìïòîòè÷íà ïîâåä✐íêà Pω(Y0, λ0)✲ ðîçâ✬ÿçê✐â äèôåðåíö✐àëüíîãî ð✐â✲
íÿííÿ ✭✶✮ äîñë✐äæóâàëàñü â ðîáîòàõ ❬✸✲✺❪✱ à ïðè n = 3 ✲ â ❬✻✲✼❪✳

➶ äàí✐é äîïîâ✐ä✐ ôîðìóëþþòüñÿ îòðèìàí✐ äëÿ çàãàëüíîãî âèïàäêó n ≥ 2 ð✐âíÿííÿ
✭✶✮ ðåçóëüòàòè ïðî íåîáõ✐äí✐ ✐ äîñòàòí✐ óìîâè ✐ñíóâàííÿ Pω(Y0, λ0)✲ ðîçâ✬ÿçê✐â✱ äëÿ
ÿêèõ λ0 ∈ R\

{
0, 1

2
, . . . , n−2

n−1

}
✱ à òàêîæ ïðî àñèìïòîòè÷í✐ çîáðàæåííÿ òàêèõ ðîçâ✬ÿçê✐â

òà ➝õ ïîõ✐äèõ äî ïîðÿäêó n−1 âêëþ÷íî✳ ➶ñòàíîâëåíî✱ ùî äëÿ êîæíîãî òàêîãî ðîçâ✬çêó
ìàþòü ì✐ñöå ïðè t ↑ ω àñèìïòîòè÷í✐ çîáðàæåííÿ

ϕ′(y(t)) = −
α0

n∏
j=2

a0j

(λ0 − 1)n−1

1 + o(1)

J(t)
,

y(k)(t)

y(k−1)(t)
=

a0k
(λ0 − 1)πω(t)

[1 + o(1)] (k = 1, n− 1),

äå
a0j = (n− j)λ0 − (n− j − 1) (j = 1, n),

πω(t) =

{
t, ÿêøî ω = +∞,

t− ω, ÿêùî ω = +∞,
J(t) =

t∫

A

πn−1
ω (τ)p(τ) dτ, A ∈ {ω; a}.

✃ð✐ì òîãî✱ âèð✐øó➵òüñÿ ïèòàííÿ ïðî ê✐ëüê✐ñòü ðîçâ✬ÿçê✐â ç îòðèìàíèìè àñèìïòî✲
òè÷íèìè çîáðàæåííÿìè✳

Ó âèïàäêó ïðàâèëüíî çì✐ííî➝ ïðè y → Y0 ôóíêö✐➝ ϕ ðåçóëüòàòè ïðî àñèìïòîòèêó
âñ✐õ ìîæëèâèõ òèï✐â Pω(Y0, λ0)✕ ðîçâ✬ÿê✐â ð✐âíÿííÿ ✭✶✮ îòðèìàí✐ â ❬✷❪✳

✹✵



✶✳ ▼❛r✐❝ ❱✳ ❘❡❣✉❧❛r ✈❛r✐❛t✐♦♥ ❛♥❞ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s✳ ▲❡❝t✉r❡ ◆♦t❡s ✐♥ ▼❛t❤✳✱✶✼✷✻✭✷✵✵✵✮✳✲
✶✷✼♣✳

✷✳ ◆✳❍✳❇✐♥❣❤❛♠ ✱❈✳▼✳ ●♦❧❞✐❡ ✱❏✳▲✳ ❚❡✉❣❡❧s ❘❡❣✉❧❛r ✈❛r✐❛t✐♦♥✳ ❊♥❝②❝❧♦♣❡❞✐❛ ♦❢ ♠❛t❤❡♠❛t✐❝s
❛♥❞ ✐ts ❛♣♣❧✐❝❛t✐♦♥s✳ ❈❛♠❜r✐❞❣❡ ❯♥✐✈✳Pr❡ss✱❈❛♠❜r✐❞❣❡✳ ✕✭✶✾✽✼✮ ✕✹✾✹♣✳

✸✳ ➴âòóõîâ ➶✳❒✳✱ ×åðíèêîâà ➚✳➹✳ ➚ñèìïòîòè÷åñêîå ïîâåäåíèå ðåøåíèé îáûêíîâåííûõ
äèôôåðåíöèàëüíûõ óðàâíåíèé âòîðîãî ïîðÿäêà ñ áûñòðî ìåíÿþùèìèñÿ íåëèíåéíî✲
ñòÿìè✴✴ Óêð✳ ìàò✳ æóðí✳ ✷✵✶✼✳ Ò✳ ✻✾✱ ➑ ✶✵✳ Ñ✳ ✶✸✹✺✲✶✸✻✸✳

✹✳ ➴âòóõîâ ➶✳❒✳✱ ×åðíèêîâà ➚✳➹✳ ❰á àñèìïòîòèêå ðåøåíèé îáûêíîâåííûõ äèôôåðåíöè✲
àëüíûõ óðàâíåíèé âòîðîãî ïîðÿäêà ñ áûñòðî ìåíÿþùèìèñÿ íåëèíåéíîñòÿìè✴✴ Óêð✳
ìàò✳ æóðí✳ ✷✵✶✾✳ Ò✳✼✶✱ ➑ ✶✳ Ñ✳ ✼✸✲✾✶✳

✺✳ ➴âòóõîâ ➶✳❒✳✱ Õàðüêîâ ➶✳❒✳ ➚ñèìïòîòè÷åñêèå ïðåäñòàâëåíèÿ ðåøåíèé ñóùåñòâåííî
íåëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé âòîðîãî ïîðÿäêà✴✴ ➘èôôåðåíö✳ óðàâíå✲
íèÿ✳ ✷✵✵✼✳Ò✳ ✹✸✱ ➑✾✳ Ñ✳ ✶✸✶✶✲✶✸✷✸✳

✻✳ ❱✳▼✳❊✈t✉❦❤♦✈ ❱✳▼✳✱ ❙❤❛r❛② ◆✳❱✳ ❆s②♠♣t♦t✐❝ ❜❡❤❛✈✐♦✉r ♦❢ s♦❧✉t✐♦♥s ♦❢ t❤✐r❞ ♦r❞❡r ❞✐✲
✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥ ✇✐t❤ r❛♣✐❞❧② ✈❛r②✐♥❣ ♥♦♥❧✐♥❡❛r✐t✐❡s✴✴ ▼❡♠✳ ❉✐✛✳ ❊q✱ ❛♥❞ ▼❛t❤✳ P❤②s✳
✷✵✶✾✳ ✈✳ ✼✼✳ P✳ ✶✲✶✺✳

✼✳ ➍âòóõîâ ➶✳ ❒✳ Øàðàé ❮✳➶✳ ➚ñèìïòîòèêà øâèäêî çì✐ííèõ ðîçâ✬ÿçê✐â äèôåðåíö✐àëüíèõ
ð✐âíÿíü òðåòüîãî ïîðÿäêó ç✐ øâèäêî çì✐ííîþ íåë✐í✐éíîñòüþ ✴✴ Óêð✳ ìàò✳ ➷óðíàë✳
✷✵✷✷✳ ❚✳✼✹✱ ➑ ✻✳ ❈✳✽✶✷✲✽✷✽

✽✳ ➴âòóõîâ ➶✳❒✳✱ Ñàìîéëåíêî ➚✳❒✳ ➚ñèìïòîòè÷åñêèå ïðåäñòàâëåíèÿ ðåøåíèé íåàâòî✲
íîìíûõ îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ñ ïðàâèëüíî ìåíÿþùèìèñÿ íå✲
ëèíåéíîñòÿìè✴✴ ➘èôôåðåíö✳ óðàâíåíèÿ✳ ✕ ✷✵✶✶✳ ✲ ò✳ ✹✼✱ ➑ ✺✳ ✲ Ñ✳ ✻✷✽✲✻✺✵✳

❡✲♠❛✐❧✿ ❡✈t✉❦❤♦✈❅♦♥✉✳❡❞✉✳✉❛

✹✶



✃ðàéîâà çàäà÷à äëÿ äèôåðåíö✐àëüíî✲îïåðàòîðíîãî ð✐âíÿííÿ ç✐
ñëàáêîþ íåë✐í✐éí✐ñòþ

■ëüê✐â ➶✳Ñ✳✱ Ñòðàï ❮✳■✳✱ ➶îëÿíñüêà ■✳■✳

❮àö✐îíàëüíèé óí✐âåðñèòåò ✑❐üâ✐âñüêà ïîë✐òåõí✐êà✑✱ ❐üâ✐â✱ Óêðà➝íà

➬àô✐êñó➵ìî ìíîæèíó
N = {νk ∈ R : k ∈ N},

ÿêó áóäåìî íàçèâàòè ñïåêòðîì ôóíêö✐é✱ ÿêùî âîíà ï✐äïîðÿäêîâàíà òàêèì óìîâàì✿

✶✮ ð✐âí✐ñòü νk = νr ñïðàâäæó➵òüñÿ ëèøå ïðè k = r✱ òîáòî â✐äîáðàæåííÿ k ↔ νk ➵
á✐➵êòèâíèì â✐äîáðàæåííÿì N íà ìíîæèíó N ❀

✷✮ ν2k→∞ ïðè k→∞✳

➶âåäåìî øêàëó {XNd,r(Ω)}d,r∈R✱ äå XNd,r(Ω)✱ d, r ∈ R✱ Ω ⊆ (N × Z)✱ ✖ ã✐ëüáåðò✐â
ïðîñò✐ð ôóíêö✐é

u(t,Ω) =
∑

(k,m)∈Ω

uk,m eτ(m)txk,

äå τ(m) = (lnµ + i 2πm)/T ✱ lnµ✖ ãîëîâíå çíà÷åííÿ ëîãàðèôìà✱ ç✐ ñêàëÿðíèì äîáó✲
òêîì (

u(·,Ω), v(·,Ω)
)2
d,r

=
∑

(k,m)∈Ω

(1 + ‖αk‖2)d(1 +m2)ruk,mv̄k,m,

ùî ✐íäóêó➵ íîðìó

‖u(·,Ω)‖2d,r =
∑

(k,m)∈Ω

(1 + ‖αk‖2)d(1 +m2)r|uk,m|2.

➶âåäåíî ïðèïóùåííÿ ïðî ð✐ñò âåêòîðà αk✱ à ñàìå ‖αk‖ > C|νk|β0 ✱ C > 0✱ β0 ∈ R✳
Ðîçãëÿíóòî çàäà÷ó ç íåëîêàëüíèìè óìîâàìè äëÿ äèôåðåíö✐àëüíî✲îïåðàòîðíîãî

ð✐âíÿííÿ ç✐ ñòàëèìè êîåô✐ö✐➵íòàìè òà íåë✐í✐éíîþ ✭ñëàáêî íåë✐í✐éíîþ✮ ïðàâîþ ÷àñòè✲
íîþ

L(dt, Â)u =
∑

|ŝ|≤n

aŝÂ
s1
1 . . . Âspp d

s0
t u(t) = εf(u), ✭✶✮

µds0t u
∣∣
t=0

− ds0t u
∣∣
t=T

= 0, s0 = 0, 1, . . . , n− 1, ✭✷✮

äå ŝ = (s0, s)✱ s = (s1, . . . , sp) ∈ Z
p
+✱ |ŝ| = s0 + s1 + . . .+ sp✱ dt = d/dt✱ êîåô✐ö✐➵íòè aŝ òà

ïàðàìåòðè ε ✐ µ ➵ êîìïëåêñíèìè ÷èñëàìè ✭a(n,0) = 1✱ µ 6= 0✮❀ Ai : X → X✱ i = 1, . . . , p✱ ✖
Âi : X → X✖ë✐í✐éí✐ îïåðàòîðè✱ ùî ìàþòü ñï✐ëüíå ñïåêòðàëüíå çîáðàæåííÿ✱ òîáòî
✐ñíó➵ ïîâíà îðòîíîðìîâàíà ñèñòåìà åëåìåíò✐â xk ∈ X✱ à ñàìå âèêîíóþòüñÿ ð✐âíîñò✐

Âixk = αikxk, i = 1, . . . , p, k ∈ N,

äëÿ äåÿêèõ êîìïëåêñíèõ ÷èñåë αik❀ X✖ ñåïàðàáåëüíèé ã✐ëüáåðò✐â ïðîñò✐ð✳
➶ñòàíîâëåíî óìîâè ðîçâ✬ÿçíîñò✐ çàäà÷✐ ✭✶✮✱ ✭✷✮ ó øêàë✐ {XNd,r(Ω)}d,r∈R✳ Ðîçâ✬ÿçîê

çàäà÷✐ çíàéäåíî ó âèãëÿä✐ ãðàíèö✐ ïîñë✐äîâíîñò✐ ãëàäêèõ ✭àíàë✐òè÷íèõ✮ ôóíêö✐é ç✐
ñê✐í÷åííî✲âèì✐ðíèõ ï✐äïðîñòîð✐â ïðîñòîð✐âXNd,r✳ ➘îâåäåííÿ ðîçâ✬ÿçíîñò✐ çàäà÷✐ ïðî✲
âåäåíî çà ✐òåðàö✐éíîþ ñõåìîþ ❮åøà✲❒îçåðà✳ ❮àéá✐ëüø âàæëèâèì ìîìåíòîì ó ñõåì✐
❮åøà✲❒îçåðà ➵ îòðèìàííÿ îö✐íîê íîðì ë✐í✐éíèõ îïåðàòîð✐â✱ ùî âèíèêàþòü ïðè îáåð✲
òàíí✐ ë✐íåðèçîâàíèõ îïåðàòîð✐â ó êîæí✐é ✐òåðàö✐➝ àëãîðèòìó✱ à îñíîâíà òðóäí✐ñòü✱ ÿêà
ç öèì ïîâ✬ÿçàíà ✖ öå ➝õ ä✐àãîíàëüí✐ åëåìåíòè✱ ÿê✐ ìîæóòü áóòè ÿê çàâãîäíî ìàëèìè✳
Òàêèì ÷èíîì✱ íåëîêàëüíà çàäà÷à ✭✶✮✱ ✭✷✮ ➵ íåêîðåêòíîþ çà ➚äàìàðîì✱ à ➝➝ ðîçâ✬ÿçí✐ñòü

✹✷



çàëåæèòü â✐ä ïðîáëåìè ìàëèõ çíàìåííèê✐â✱ äëÿ ïîäîëàííÿ ÿêî➝ âèêîðèñòàíî ìåò✲
ðè÷íèé ï✐äõ✐ä✳ Ñàìå òîìó ðîçâ✬ÿçêè çàäà÷✐ çíàéäåíî íå íà ìíîæèí✐ âñ✐õ ïàðàìåòð✐â
çàäà÷✐✱ à íà ìíîæèí✐ òèõ ïàðàìåòð✐â✱ äëÿ ÿêèõ âëàñí✐ çíà÷åííÿ ë✐íåðèçîâàíèõ îïå✲
ðàòîð✐â íå ➵ áëèçüêèìè äî íóëÿ✳ Ïðîáëåìó îáîðîòíîñò✐ íåñê✐í÷åííî✲âèì✐ðíîãî ë✐íå✲
ðèçîâàíîãî îïåðàòîðà âèð✐øåíî✱ çàì✐íèâøè éîãî ïîñë✐äîâí✐ñòþ ñê✐í÷åííî✲âèì✐ðíèõ✱
íàêëàäàííÿì íà êîæíîìó êðîö✐ ñõåìè ñê✐í÷åííîãî ÷èñëà óìîâ íà ïàðàìåòðè çàäà÷✐✳

❡✲♠❛✐❧✿ ✐❧❦✐✈✈❅✐✳✉❛✱ ♥✳str❛♣❅✐✳✉❛✱ ✐✳✈♦❧②❛♥s❦❛❅✐✳✉❛

✹✸



❒óôàíãîâ✐ ëàéíåðè òà ➝õ çâ✬ÿçîê ç ôàëåñîâèìè
❰ëåêñ✐é ■ëü÷óê

❐üâ✐âñüêèé íàö✐îíàëüíèé óí✐âåðñèòåò ✐ìåí✐ ■âàíà Ôðàíêà✱ ❐üâ✐â✱ Óêðà➝íà

❰ñíîâíîþ ìåòîþ ö✐➵➝ ðîáîòè áóëî óçàãàëüíåííÿ ìóôàíãîâèõ ïëîùèí✱ òàê ùîá ó
íèõ äîïóñêàëèñÿ ð✐çí✐ àêñ✐îìè ïàðàëåëüíîñò✐✱ à òàêîæ âèùà çà ✷ âèì✐ðí✐ñòü✳ ➘ëÿ ö✐➵➝
çàäà÷✐ áóëà îáðàíà àêñ✐îìàòèêà ëàéíåðà✱ ÿêà ãðóíòó➵òüñÿ íà äâîõ íàñòóïíèõ àêñ✐îìàõ✿

❐àéíåðîì íàçèâàòèìåìî ïàðó (X,L)✱ äå ✕ äîâ✐ëüíà ìíîæèíà òî÷îê òà L ✕ ñ✐ì✬ÿ
ïðÿìèõ✱ äëÿ ÿêî➝✿

❼ ➘ëÿ äîâ✐ëüíèõ äâîõ òî÷îê x, y ç X ✐ñíó➵ ➵äèíà ïðÿìà L ç L✱ òàêà ùî x òà y
íàëåæàòü L❀

❼ ➘ëÿ äîâ✐ëüíî➝ ïðÿìî➝ L ç L ✐ñíóþòü äâ✐ ð✐çí✐ òî÷êè x, y ç X✱ ÿê✐ íàëåæàòü L✳

❒óôàíãîâ✐ ïëîùèíè öå òàê✐ ïðî➵êòèâí✐ ïëîùèíè✱ äëÿ ÿêèõ ñïðàâäæó➵òüñÿ ìàëà
òåîðåìà ➘åçàðãà✱ à ñàìå✿ äëÿ äîâ✐ëüíèõ ïåðåòèííèõ â òî÷ö✐ o ïðÿìèõ A✱ B✱ C òà
òðèêóòíèê✐â abc ✐ a′b′c′✱ äå a òà a′ íàëåæàòü A✱ b òà b′ íàëåæàòü B ✐ c òà c′ íàëåæàòü C✱
ÿêùî ïåðåòèíè ïðîäîâæåíü äâîõ ïàð ñòîð✐í íàëåæàòü ïðÿì✐é✱ íà ÿê✐é ëåæèòü òî÷êà
o✱ òî ✐ ïåðåòèí òðåòüî➝ ïàðè ñòîð✐í íàëåæèòü ö✐é ïðÿì✐é✳ ❼õ àêòèâíî äîñë✐äæóâàëà
í✐ìåöüêà ìàòåìàòèêèíÿ Ðóò ❒óôàíã✱ òîìó âîíè íàçâàí✐ â ➝➝ ÷åñòü✳

❒óôàíãîâèì ëàéíåðîì íàçèâàòèìåìî ëàéíåð ç àêñ✐îìîþ✱ ÿêà ➵ óçàãàëüíåííÿì
ìàëî➝ òåîðåìè ➘åçàðãà ✐ ñïèðà➵òüñÿ íà àêñ✐îìàòèêó ëàéíåð✐â✱ à ñàìå✿ äëÿ äîâ✐ëüíèõ
ð✐çíèõ ïàðàëåëüíèõ✱ àáî ïåðåòèííèõ â îäí✐é òî÷ö✐ ïðÿìèõ A,B,C,D òà ð✐çíèõ òî÷îê
a, a′ ç A✱ b, b′ ç B òà c, c′ ç C✱ ÿêùî ïåðåòèíè ïðîäîâæåíü ñòîð✐í ab òà a′b′ ✐ bc òà b′c′

íàëåæàòü D✱ òî ✐ ïåðåòèí ïðîäîâæåíü ñòîð✐í ac òà a′c′ íàëåæèòü D✳
Òàêèì ÷èíîì✱ ïðî➵êòèâí✐ ïëîùèíè✱ äëÿ ÿêèõ ñïðàâäæó➵òüñÿ çàïðîïîíîâàíà àêñ✐✲

îìà✱ áóäóòü çâè÷íèìè ìóôàíãîâèìè ïëîùèíàìè✱ îäíàê çàïðîïîíîâàíà àêñ✐îìà ìîæå
ñïðàâäæóâàòèñÿ ✐ äëÿ àô✐ííèõ ãåîìåòð✐é✳

Ôàëåñîâèì ëàéíåðîì íàçèâàòèìåìî ëàéíåð✱ äëÿ ÿêîãî✿ äëÿ äîâ✐ëüíèõ ð✐çíèõ ïà✲
ðàëåëüíèõ ïðÿìèõ A,B,C òà òðèêóòíèê✐â abc òà a′b′c′✱ äå a òà a′ íàëåæàòü A✱ b òà
b′ íàëåæàòü B ✐ c òà c′ íàëåæàòü C✱ ÿêùî ñòîðîíè ab ✐ a′b′ ïàðàëåëüí✐ òà bc ✐ b′c′ ✕
ïàðàëåëüí✐✱ òî ñòîðîíè ac òà a′c′ òåæ ïàðàëåëüí✐✳

➘ëÿ òîãî✱ ùîá ïåðåêîíàòèñÿ ó òîìó✱ ùî àêñ✐îìà äîáðå âèçíà÷åíà âèêîðèñòîâóâà✲
ëèñÿ íàñòóïí✐ óìîâè✿

❼ ïðè ïðî➵êòèâíîìó ïîïîâíåíí✐ ìóôàíãîâîãî ëàéíåðà ìà➵ óòâîðþâàòèñÿ ìóôàí✲
ãîâèé ëàéíåð❀

❼ ÿêùî ïðî➵êòèâíèé ìóôàíãîâîãî ëàéíåð ➵ ïðî➵êòèâíèì ïîïîâíåííÿì äåÿêîãî
àô✐ííîãî ëàéíåðà✱ òî öåé àô✐ííèé ëàéíåð òåæ ➵ ìóôàíãîâèì❀

❼ ìóôàíãîâèé ëàéíåð ➵ ôàëåñîâèì❀

❼ äåçàðãîâèé ëàéíåð✱ òîáòî ëàéíåð✱ äëÿ ÿêîãî ñïðàâäæó➵òüñÿ òåîðåìà ➘åçàðãà✱ ➵
ìóôàíãîâèì✳

Ó õîä✐ ðîáîòè áóëî ïîêàçàíî✱ ùî äëÿ çàïðîïîíîâàíî➝ àêñ✐îìè âèêîíóþòüñÿ óñ✐
âèñóíóò✐ âèìîãè✱ à òàêîæ áóëî äîâåäåíî äîïîì✐æí✐ òâåðäæåííÿ òà ëåìè✳

✹✹



ßê✐ñíà ïîâåä✐íêà åâîëþö✐éíèõ âêëþ÷åíü ç ìíîãîçíà÷íîþ ïðàâîþ
÷àñòèíîþ á✐ëüø í✐æ ë✐í✐éíîãî ðîñòó

❰ëåêñ✐é ✃àïóñòÿí✱ ❰ëåêñàíäð Ñòàíæèöüêèé✱ Þë✐ÿ Ôåäîðåíêî

✃è➝âñüêèé íàö✐îíàëüíèé óí✐âåðñèòåò ✐ìåí✐ Òàðàñà Øåâ÷åíêà✱ ✃è➝â✱ Óêðà➝íà

Ðîáîòà ïðèñâÿ÷åíà âèâ÷åííþ ïèòàíü ãëîáàëüíî➝ ðîçâ✬ÿçíîñò✐ òà ïðèòÿãóþ÷èõ ìíî✲
æèí äëÿ ïàðàáîë✐÷íèõ âêëþ÷åíü✳ Ñòàíäàðòíèìè óìîâàìè íà ìíîãîçíà÷íó ôóíêö✐þ
âçà➵ìîä✐➝✱ ÿê✐ çàáåçïå÷óþòü ãëîáàëüíó ðîçâ✬ÿçí✐ñòü✱ ➵ àáî íå á✐ëüø ÿê ë✐í✐éíèé ð✐ñò
❬✶❪✱ àáî íàÿâí✐ñòü íåïåðåðâíîãî ñåëåêòîðó ❬✷❪✳ ➶ äàí✐é ðîáîò✐ çà óìîâ çíàêó ✐ ðîñòó
òèïó ðåàêö✐ÿ✲äèôóç✐ÿ ìè âñòàíîâëþ➵ìî ãëîáàëüíó ðîçâ✬ÿçí✐ñòü â ôàçîâîìó ïðîñòîð✐
L2✳ ➘ëÿ â✐äïîâ✐äíî➝ ìíîãîçíà÷íî➝ ðîçâ✬ÿçóþ÷î➝ íàï✐âãðóïè ✭m✲íàï✐âïîòîêó✮ äîâåäåíî
✐ñíóâàííÿ â ôàçîâîìó ïðîñòîð✐ L2 ãëîáàëüíîãî àòðàêòîðó ✲ êîìïàêòíî➝ ✐íâàð✐àíòíî➝
ìíîæèíè✱ ùî ïðèòÿãó➵ âñ✐ òðà➵êòîð✐➝ ð✐âíîì✐ðíî ïî îáìåæåíèì ✭â L2✲ íîðì✐✮ ïî÷à✲
òêîâèì äàíèì✳ Ïîñòàíîâêà çàäà÷✐ ✐ îñíîâí✐ ðåçóëüòàòè ïîëÿãàþòü â íàñòóïíîìó✿ â
îáìåæåí✐é îáëàñò✐ Ω ⊂ Rd, d ≥ 1 â✐äíîñíî íåâ✐äîìî➝ ôóíêö✐➝ u = u(t, x), (t, x) ∈ Q =
(0,+∞)× Ω ðîçãëÿäà➵ìî íàñòóïíó ïî÷àòêîâî✲êðàéîâó çàäà÷ó





∂u
∂t

−△u ∈ f(u) + h(x),

u|∂Ω = 0,

u|t=0 = u0.

✭✶✮

Òóò h ∈ L2(Ω)✱ ìíîãîçíà÷íå â✐äîáðàæåííÿ f çàäîâîëüíÿ➵ óìîâè✿

f : R 7→ Cv(R)− íàï✐âíåïåðåðâíå çâåðõó [3], 0 ∈ f(0), ✭✷✮

✐ñíóþòü êîíñòàíòè C ≥ 0, α1, α2 > 0, p ≥ 2 òàê✐ ùî ∀ s ∈ R ∀ξ ∈ f(s)

− C − α1|s|p ≤ ξ · s ≤ C − α2|s|p. ✭✸✮

➪óäåìî ðîçãëÿäàòè çàäà÷ó ✭✶✮ â ôàçîâîìó ïðîñòîð✐ X = L2(Ω)✱ íîðìó ✐ ñêàëÿðíèé
äîáóòîê â ÿêîìó áóäåìî ïîçíà÷àòè ‖ ·‖, (·, ·)✳ ➘ëÿ u0 ∈ X, T > 0 ðîçâ✬ÿçîê ✭✶✮ íà [0, T ]
áóäåìî ðîçóì✐òè â ñåíñ✐ íàñòóïíîãî îçíà÷åííÿ✳

❰çíà÷åííÿ ✶✳ Ôóíêö✐þ u = u(t, x), (t, x) ∈ QT = (0, T ) × Ω áóäåìî íàçèâàòè
✭ñëàáêèì✮ ðîçâ✬ÿçêîì ✭✶✮ íà (0, T )✱ ÿêùî ✐ñíó➵ l ∈ Lq(QT )✱ 1

q
+ 1

p
= 1✱ òàêà ùî u ✲

ñëàáêèé ðîçâ✬ÿçîê çàäà÷✐ 



∂u
∂t

−△u = l + h,

u|∂Ω = 0,

u|t=0 = u0,

✭✹✮

l(t, x) ∈ f(u(t, x) ìàéæå ñêð✐çü íà QT . ✭✺✮

Òå✱ ùî u ✲ ñëàáêèé ðîçâ✬ÿçîê çàäà÷✐ ✭✹✮ îçíà÷à➵✱ ùî u ∈ L2(0, T ;H1
0 (Ω)) ✐ ∀v ∈

C∞
0 (Ω) ∀η ∈ C∞

0 (0, T )

−
T∫

0

(u, v)ηt +

T∫

0

(∇u,∇v)η =

T∫

0

∫

Ω

(l(t, x) + h(x))v(x)η(t)dxdt. ✭✻✮

➬ ✭✻✮ ✐ òåîðåì âêëàäåííÿ âèâîäèìî✱ ùî u ∈ C([0, T ];H−s(Ω))✱ s = max{1, n(1
2
− 1

p
)}✱

çîêðåìà óìîâà u|t=0 = u0 ìà➵ ñåíñ✳
Òåîðåìà ✶✳ ➬à óìîâ ✭✷✮✱✭✸✮ äëÿ âñ✐õ u0 ∈ X, T > 0 çàäà÷à ✭✶✮ ìà➵ ðîçâ✬ÿçîê íà

(0, T ) â ñåíñ✐ ❰çíà÷åííÿ ✶✱ ïðè÷îìó öåé ðîçâ✬ÿçîê íàëåæèòü Lp(QT )✳

✹✺



➶ ñèëó Òåîðåìè ✶ êîðåêòíî îçíà÷åíå â✐äîáðàæåííÿ G : R+ ×X 7→ 2X

G(t, u0) = {u(t)|u(·)− ðîçâ✬ÿçîê ✭✶✮, u ∈ Lploc(R+;L
p(Ω))}. ✭✼✮

Òåîðåìà ✷✳ M ✲ íàï✐âïîò✐ê ✭✼✮✱ ïîðîäæåíèé ðîçâ✬ÿçêàìè çàäà÷✐ ✭✶✮✱ ìà➵ ñò✐é✲
êèé ãëîáàëüíèé àòðàêòîð Θ✳ ✃ð✐ì òîãî✱ ÿêùî h ∈ L∞(Ω)✱ òî ìíîæèíà Θ ➵ îáìå✲
æåíîþ â L∞(Ω)✳

Ðîáîòà âèêîíàíà çà ï✐äòðèìêè ❮àö✐îíàëüíîãî ôîíäó äîñë✐äæåíü Óêðà➝íè✱ ïðî✲
åêò ◆♦✳ ✷✵✷✸✳✵✸✴✵✵✼✹ ✧❮åñê✐í÷åííîâèì✐ðí✐ åâîëþö✐éí✐ ð✐âíÿííÿ ✐ç áàãàòîçíà÷íîþ òà
ñòîõàñòè÷íîþ äèíàì✐êîþ✧✳

❬✶❪ ❉❡♥❦♦✇s❦✐ ❩✳✱ ▼♦rt♦❧❛ ❙✳ ❆s②♠♣t♦t✐❝ ❜❡❤❛✈✐♦r ♦❢ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥s t♦ ❝♦♥tr♦❧
♣r♦❜❧❡♠s ❢♦r s②st❡♠s ❞❡s❝r✐❜❡❞ ❜② ❞✐✛❡r❡♥t✐❛❧ ✐♥❝❧✉s✐♦♥s ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ♣❛rt✐❛❧ ❞✐✲
✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ✴✴ ❏✳ ❖♣t✐♠✳ ❚❤❡♦r② ❆♣♣❧✳ ✶✾✾✸✱ ✈♦❧✳ ✼✽✳

❬✷❪ ❋❡❦❡t❛ P✳✱ ❑❛♣✉st②❛♥ ❖✳✱ ❑❛♣✉st✐❛♥ ❖✳✱ ❑♦r♦❧ ■✳ ●❧♦❜❛❧ ❛ttr❛❝t♦rs ♦❢ ♠✐❧❞ s♦❧✉t✐♦♥s
s❡♠✐✢♦✇ ❢♦r s❡♠✐❧✐♥❡❛r ♣❛r❛❜♦❧✐❝ ❡q✉❛t✐♦♥ ✇✐t❤♦✉t ✉♥✐q✉❡♥❡ss ✴✴ ❆♣♣❧✳ ▼❛t❤✳ ▲❡tt✳ ✷✵✷✸✱
✈♦❧✳ ✶✸✺✳

❬✸❪ ❆✉❜✐♥ ❏✳✲P✳✱ ❋r❛♥❦♦✇s❦❛ ❍✳ ❙❡t✲❱❛❧✉❡❞ ❆♥❛❧②s✐s✳ ❇✐r❦❤❛✉s❡r✱ ✶✾✾✵✳

❡✲♠❛✐❧✿ ❦❛♣✉st②❛♥❅❦♥✉✳✉❛✱ st❛♥③❤②ts❦②✐❅❦♥✉✳✉❛✱ ✐✉❧✐✐❛❢❡❞♦r❡♥❦♦❅❦♥✉✳✉❛

✹✻



Ðîçâ✬ÿçîê çàäà÷✐ ñèíòåçó äëÿ çáóðåíî➝ äâîâèì✐ðíî➝ êàíîí✐÷íî➝ ñèñòåìè
➶àëåð✐é ✃îðîáîâ✱ Òåòÿíà Ðåâ✐íà

Õàðê✐âñüêèé íàö✐îíàëüíèé óí✐âåðñèòåò ✐ìåí✐ ➶✳ ❮✳ ✃àðàç✐íà✱ Õàðê✐â✱ Óêðà➝íà

Ðîçãëÿíåìî êàíîí✐÷íó ñèñòåìó ✭❞♦✉❜❧❡ ✐♥❡❣r❛t♦r✮
{
ẋ1 = x2,
ẋ2 = u

✭✶✮

ïðè îáìåæåííÿõ íà êåðóâàííÿ |u| ≤ 1.
➬àäà÷à ñèíòåçó ïîëÿãà➵ â çíàõîäæåíí✐ îáìåæåíîãî êåðóâàííÿ u = u(x) òàêîãî✱ ùî

òðà➵êòîð✐ÿ çàìêíåíî➝ ñèñòåìè✱ ÿêà ïî÷èíà➵òüñÿ ó äîâ✐ëüí✐é ïî÷àòêîâ✐é òî÷ö✐ x0 ∈ R2✱
çàê✐í÷ó➵òüñÿ ó ïî÷àòêó êîîðäèíàò â äåÿêèé ñê✐í÷åííèé ìîìåíò ÷àñó T (x0). ➘ëÿ
ðîçâ✬ÿçêó ö✐➵➝ çàäà÷✐ ✃îðîáîâèì ➶✳ ■✳ ó ✶✾✼✾ ðîö✐ áóâ çàïðîïîíîâàíèé ìåòîä ôóí✲
êö✐➝ êåðîâàíîñò✐ ❬✶❪✳ ❒è ñóòòåâî ñïèðà➵ìîñÿ íà âèïàäîê✱ êîëè ôóíêö✐ÿ êåðîâàíîñò✐ ➵
÷àñîì ðóõó ✭s❡tt❧✐♥❣✲t✐♠❡ ❢✉♥❝t✐♦♥✮✳ ➬àãàëüíèé ïä✐õ✐ä äî ðîçâ✬ÿçêó çàäà÷✐ ñèíòåçó äëÿ
äîâ✐ëüíî➝ ë✐í✐éíî➝ ñèñòåìè áóâ çàïðîïîíîâàíèé ó ❬✷❪✳

Òåîðåìà ✶✳ ✭✃îðîáîâ ➶✳ ■✱ Ñêëÿð ➹✳ ❒✳ ❬✷❪✮ ❮åõàé ν ≥ 1. Ïðè x 6= 0 âèçíà÷èìî
ôóíêö✐þ êåðîâàíîñò✐ Θ = Θ(x) ÿê ➵äèíèé äîäàòí✐é ðîçâ✬ÿçîê ð✐âíÿííÿ

2a0Θ
3+ν = x21(2 + ν)2(3 + ν) + 2x1x2(2 + ν)(3 + ν)Θ + 2x22(2 + ν)Θ2 ✭✷✮

➶èçíà÷èìî ôóíêö✐þ êåðîâàíîñò✐ â òî÷ö✐ íóëü ð✐âí✐ñòþ Θ(0) = 0. Ïîçíà÷èìî Q =
{x : Θ(x) ≤ c}. Òîä✐ ïðè äîñòàòíüî ìàëèõ çíà÷åííÿõ êîåô✐ö✐åíòà a0 : 0 < a0 ≤ af
êåðóâàííÿ

u(x1, x2) = −x1(2 + ν)(3 + ν)

2Θ2
− x2(2 + ν)

Θ
, ✭✸✮

äå Θ = Θ(x1, x2) ✲ ➵äèíèé äîäàòí✐é ðîçâ❵ÿçîê ð✐âíÿííÿ ✭✷✮✱ ðîçâ✬ÿçó➵ äëÿ ñèñòåìè
✭✶✮ çàäà÷ó ëîêàëüíîãî ïîçèö✐éíîãî ñèíòåçó òà çàäîâîëüíÿ➵ îáìåæåííþ |u(x)| ≤ 1.
✃ð✐ì òîãî✱ âèêîíó➵òüñÿ ð✐âí✐ñòü Θ̇(x) = −1, òîáòî ôóíêö✐ÿ êåðîâàíîñò✐ Θ(x) ➵
÷àñîì ðóõó ✐ç äîâ✐ëüíî➝ ïî÷àòêîâî➝ òî÷êè x ∈ Q â ïî÷àòîê êîîðäèíàò✳

Ó ðîáîò✐ ❬✷❪ íàâîäèòüñÿ äîñèòü ñêëàäíèé ñïîñ✐á çíàéäåííÿ a0 äëÿ äîâ✐ëüíî➝ ë✐í✐é✲
íî➝ êåðîâàíî➝ ñèñòåìè✳

➬àâäàííÿ äàííîãî äîñë✐äæåííÿ ïîëÿãà➵ ó íàñòóïíîìó

✶✳ ➬íàéòè a0. ➶✐äïîâ✐äü✿ a0 =
1

cν−1(2 + ν)
.

✷✳ ➘îâåñòè✱ ùî ë✐í✐➝ ð✐âíÿ ôóíêö✐➝ Θ ïðè Θ = 1 ✕ åë✐ïñè✱ ÿê✐ âêëàäåí✐ îäèí â îäíîãî
ç✐ çá✐ëüøåííÿì ïàðàìåòðó ν.

➘àë✐ äîñë✐äèìî çàäà÷ó ñèíòåçó äëÿ çáóðåíî➝ äâîâèì✐ðíî➝ êàíîí✐÷íî➝ ñèñòåìè ç
íåïåðåðâíèì îáìåæåíèì íåâ✐äîìèì çáóðåííÿì✳ ❰òæå✱ ñèñòåìà ìà➵ âèãëÿä

{
ẋ1 = (1 + p(t, x1, x2))x2,
ẋ1 = u,

✭✹✮

äå t ≥ 0, (x1, x2) ∈ Q ⊂ R2, Q ✲ öå îê✐ë íóëÿ❀ u ∈ R ✲ êåðóâàííÿ✱ ÿêå çàäîâ✐ëü✲
íÿ➵ îáìåæåííþ |u| ≤ 1. ❒è ââàæà➵ìî✱ ùî ôóíêö✐ÿ p(t, x1, x2) íåâ✐äîìà íåïåðåðâíà
ôóíêö✐ÿ òà p1 < p(t, x1, x2) < p2, ïðè÷îìó p1 < 0, p2 > 0.

➬àâäàííÿ äàííîãî äîñë✐äæåííÿ ïîëÿãà➵ ó íàñòóïíîìó
✶✳ ×è ìîæíà çàñòîñîâóâàòè êåðóâàííÿ ✭✸✮ äëÿ ðîçâ✬ÿçêó çàäà÷✐ ñèíòåçó äëÿ ñèñòåìè
ç✐ çáóðåííÿì ✭✹✮❄

✹✼



✷✳ ßêùî òàê✱ òî çíàéòè îáìåæåííÿ íà çáóðåííÿ p1, p2. ×è ìîæíà îäíå ç ñòðîãèõ
îáìåæåíü íà çáóðåííÿ çì✐íèòè íà íåñòðîãå îáìåæåííÿ❄
✸✳ ➬íàéòè îáìåæåííÿ íà ÷àñ ðóõó ç äîâ✐ëüíî➝ ïî÷àòêîâî➝ òî÷êè ó ïî÷àòîê êîîðäèíàò✳

Òåîðåìà ✷✳ ❮åõàé ν ≥ 1, 0 < γ1 < 1, γ2 > 1, c > 0 òà ôóíêö✐ÿ êåðîâàíîñò✐
Θ = Θ(x1, x2) âèçíà÷åíà ÿê ➵äèíèé äîäàòí✐é êîð✐íü ð✐âíÿííÿ ✭✷✮✳ ❮åõàé Q = {x :
Θ(x) ≤ c},

p01 = max{(1−γ1)p̃01; (1−γ2)p̃02}, p02 = min{(1−γ1)p̃02; (1−γ2)p̃01}, p̃01 = −1, p̃02 =
ν

2 + ν
.

✭✺✮
Òîä✐ äëÿ âñ✐õ p1 ≤ p(t, x1, x2) ≤ p2, òàêèõ✱ ùî [p1; p2] ⊂ (p01; p

0
2], òðà➵êòîð✐ÿ çà✲

ìêíåíî➝ ñèñòåìè ç êåðóâàííÿì ✭✸✮✱ ÿêà ïî÷èíà➵òüñÿ ç äîâ✐ëüíî➝ ïî÷àòêîâî➝ òî✲
÷êè x(0) = x0 ∈ Q, çàê✐í÷ó➵òüñÿ ó ïî÷àòêó êîîðäèíàò çà ñê✐í÷åííèé ÷àñ T =
T (x0, p1, p2), ÿêèé çàäîâ✐ëüíÿ➵ îáìåæåííþ

Θ(x0)/γ2 ≤ T (x0, p1, p2) ≤ Θ(x0)/γ1. ✭✻✮

➬àóâàæåííÿ✳ ✶✳ Ïðè ν = 1 â îáîõ òåîðåìàõ ñèíòåç ãëîáàëüíèé✳
✷✳ Ñê✐í÷åíí✐ñòü ÷àñó ðóõó ✭s❡tt❧✐♥❣✲t✐♠❡ ❢✉♥❝t✐♦♥✮ âèïëèâà➵ ç íåð✐âíîñò✐ íà ïîõèäíó

ôóíêö✐➝ êåðîâàíîñò✐ â ñèëó çáóðåíî➝ ñèñòåìè ❬✷❪ −γ2 ≤ Θ̇ ≤ −γ1.
✸✳ ❒îæíà áðàòè p2 = p02. ➘îâåäåííÿ öüîãî ôàêòó ✐ñòîòíî ñïèðà➵òüñÿ íà ïðèí✲

öèï ✐íâàð✐àíòíîñò✐ ❐à Ñàëÿ ❬✺❪✳ ➶ ïîïåðåäí✐õ ðîáîòàõ ❬✸✱ ✹❪ îáèäâ✐ íåð✐âíîñò✐ áóëè
ñòðîãèìè✳

✹✳ Ð✐çíèöÿ p02−p01 ìîíîòîííî ñïàäà➵ çà γ1 òà ìîíîòîííî çðîñòà➵ çà γ2 òà íàéøèðøèé
✐íòåðâàë ✕ öå p̃02− p̃01. ✃ð✐ì öüîãî✱ ïðàâà ✐ ë✐âà ÷àñòèíà íåð✐âíîñò✐ íà ÷àñ ðóõó ✭s❡tt❧✐♥❣✲
t✐♠❡ ❢✉♥❝t✐♦♥✮ T (x0, p1, p2) ✭✻✮ òàêîæ ìîíîòîííî ñïàäà➵ çà γ1 òà ìîíîòîííî çðîñòà➵ çà
γ2. ßêùî γ1 ❛♥❞ γ2 ✧áëèçüê✐✧äî ✶✱ òî çíà÷åííÿ p01 òà p02 çàäàí✐ ✭✺✮ ✧áëèçüê✐✧äî ✵✳ ➶
öüîìó âèïàäêó îö✐íêà íà ÷àñ ðóõó ✭✻✮ ✧áëèçüêà✧äî Θ(x0). ➬ ✐íøîãî áîêó✱ íàéøèðøèé
✐íòåðâàë (p̃01; p̃

0
1) äîñòèãà➵òüñÿ ÿêùî γ1 → 0, γ2 → ∞, àëå îö✐íêà íà ÷àñ ðóõó ✭s❡tt❧✐♥❣✲

t✐♠❡ ❢✉♥❝t✐♦♥✮ âèðîäæåíà✿ 0 ≤ T (x0) ≤ ∞.
✺✳ ➘ëÿ çíàõîäæåííÿ òðà➵êòîð✐➝✱ ÿêà ïî÷èíà➵òüñÿ ó çàäàí✐é ïî÷àòêîâ✐é òî÷ö✐ x0 =

(x01, x
0
2) ∈ Q, îáèðà➵ìî p1 ≤ p(t, x1, x2) ≤ p2, ïîò✐ì çíàõîäèìî ➵äèíèé äîäàòí✐é êîð✐íü

ð✐âíÿííÿ ✭✷✮ Θ0 = Θ(x01, x
0
2). ❮åõàé θ(t) = Θ(x(t)). Øóêàíà òðà➵êòîð✐ÿ ➵ ðîçâ✬ÿçêîì

çàäà÷✐ ✃îø✐




ẋ1 = (1 + p(t, x1, x2))x2,

ẋ2 = −x1(2 + ν)(3 + ν)

2θ2(t)
− x2(2 + ν)

θ(t)
,

θ̇ = −2(1 + p(t, x1, x2)) x
2
1θ

2 − 2(1 + p(t, x1, x2))(2 + ν) x1x2θ + (1 + ν)(2 + ν)x22
2 x21θ

2 − 2(2 + ν) x1x2θ + (1 + ν)(2 + ν)x22
,

x1(0) = x01, x2(0) = x01, θ(0) = Θ0.
✭✼✮

Ðîáîòà âèêîíàíà çà ï✐äòðèìêè ãðàíòó â✐ä ôîíäó ✐ìåí✐ ❮✳ ■✳ ➚õ✐➵çåðà✳

❐✐òåðàòóðà

❬✶❪ ✃îðîáîâ ➶✳ ➮✳ ❰áùèé ïîäõîä ê ðåøåíèþ çàäà÷è ñèíòåçà îãðàíè÷åííûõ óïðàâ✲
ëåíèé â çàäà÷å óïðàâëÿåìîñòè ✴✴❒àòåìàòè÷åñêèé ñáîðíèê✳ ✖ ✶✾✼✾✳ ✖ ✶✵✾✳ ✖ ➑✳
✹ ✭✽✮✳ ✖ Ñ✳ ✺✽✷✲✻✵✻✳
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❬✷❪ ✃îðîáîâ ➶✳ ➮✳✱ Ñêëÿð ➹✳ ❒✳ ❒åòîäû ïîñòðîåíèÿ ïîçèöèîííûõ óïðàâëåíèé è
äîïóñòèìûé ïðèíöèï ìàêñèìóìà ✴✴ ➘èôôåðåíöèàëüíûå óðàâíåíèÿ✳ ✕ ✶✾✾✵✳ ✕ Ò✳
✷✻✱ ➑ ✶✶✳ ✕ ❈✳ ✶✾✶✹ ✕ ✶✾✷✹✳

❬✸❪ ❑♦r♦❜♦✈ ❱✳■✳✱ ❘❡✈✐♥❛ ❚✳❱✳ ❖♥ ♣❡rt✉r❜❛t✐♦♥ r❛♥❣❡ ✐♥ t❤❡ ❢❡❡❞❜❛❝❦ s②♥t❤❡s✐s ♣r♦❜❧❡♠
❢♦r ❛ ❝❤❛✐♥ ♦❢ ✐♥t❡❣r❛t♦rs s②st❡♠✴✴ ■▼❆ ❏✳ ▼❛t❤✳ ❈♦♥tr♦❧ ❛♥❞ ■♥❢♦r♠❛t✐♦♥✳ ✕ ✷✵✷✶✳
✕ ✸✽✱ ◆♦✳ ✶✳ ✕ ♣♣✳ ✸✾✻✲✹✶✻✱ ❤tt♣s✿✴✴❞♦✐✳♦r❣✴✶✵✳✶✵✾✸✴✐♠❛♠❝✐✴❞♥❛❛✵✸✺

❬✹❪ ❑♦r♦❜♦✈ ❱✳ ❘❡✈✐♥❛ ❚✳ ❖♥ t❤❡ ❢❡❡❞❜❛❝❦ s②♥t❤❡s✐s ❢♦r ❛♥ ❛✉t♦♥♦♠♦✉s ❧✐♥❡❛r s②st❡♠
✇✐t❤ ♣❡rt✉r❜❛t✐♦♥s✳ ❏♦✉r♥❛❧ ♦❢ ❉②♥❛♠✐❝❛❧ ❛♥❞ ❈♦♥tr♦❧ ❙②st❡♠s✱ ✷✵✷✹ ✭❚♦ ❛♣♣❡❛r✮✳
❤tt♣s✿✴✴❞♦✐✳♦r❣✴✶✵✳✶✵✵✼✴s✶✵✽✽✸✲✵✷✹✲✵✾✻✾✵✲✹

❬✺❪ ▲❛❙❛❧❧❡ ❏✳ P✳ ❚❤❡ ❡①t❡♥t ♦❢ ❛s②♠♣t♦t✐❝ st❛❜✐❧✐t②✳ Pr♦❝❡❡❞✐♥❣s ♦❢ t❤❡ ◆❛t✐♦♥❛❧ ❆❝❛❞❡♠②
♦❢ ❙❝✐❡♥❝❡s✱ ✶✾✻✵❀ ✹✻✳✸✿ ✸✻✸✲✸✻✺✳

❡✲♠❛✐❧✿ ✈❛❧❡r✐✐❦♦r♦❜♦✈❅❣♠❛✐❧✳❝♦♠✱ t✳r❡✈✐♥❛❅❦❛r❛③✐♥✳✉❛
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➘îñë✐äæåííÿ äèôåðåíö✐àëüíî✲àëãåáðà➝÷íèõ ñèñòåì ç ç ✐ìïóëüñíîþ
ä✐➵þ òà äâîòî÷êîâèìè êðàéîâèìè óìîâàìè
✃îðîëü ■✳■✳✱ ×åïêàíè÷ ❰✳➶✳✱ Ñêâîðöîâ ■✳➶✳

Óæãîðîäñüêèé íàö✐îíàëüíèé óí✐âåðñèòåò✱ Óæãîðîä✱ Óêðà➝íà

Ó ðîáîò✐ ðîçãëÿäà➵òüñÿ àëãåáðî✲äèôåðåíö✐àëüíà ñèñòåìà ♣✐âíÿíü




dx
dt

= A(t)y + f(t, x, y), t 6= τi, x, f ∈ Rn, t, τi ∈ [a, b],

0 = g(t, x, y), y, g ∈ Rm,
(1)

ç ✐ìïóëüñíîþ ä✐➵þ

∆x|t=τi ≡ x(τi + 0)− x(τi) = Bix(τi) + bi, det(En +Bi) 6= 0, bi ∈ Rn, (2)

ï✐äïîðÿäêîâàíà ë✐í✐éíèì êðàéîâèì óìîâàì

Bu(a) + Cu(b) = d, (3)

äå A(t) = (ai,j(t))
n
i,j=1 ✕ (n × n)✲âèì✐ðíà ìàòðèöÿ ç íåïåðåðâíèìè êîåô✐ö✐➵íòàìè✱

f(t, x, y)✱ g(t, x, y) ✕ â✐äïîâ✐äíî n òà m✲âèì✐ðí✐ âåêòîð✲ôóíêö✐➝✱ f(t, x, y), g(t, x, y) ∈
C[a, b]❀ B, C ✕ (n × (n + m))✲âèì✐ðí✐ ñòàë✐ ìàòðèö✐✱ u = col(x, y) ∈ Rn+m✱ a ≤ τ1 <
. . . < τp ≤ b✱ d ✕ n✲âèì✐ðíèé ñòàëèé âåêòîð✳

➘ëÿ íåë✐í✐éíèõ àëãåáðî✲äèôåðåíö✐àëüíèõ ñèñòåì ✭✶✮ ç ✐ìïóëüñíîþ ä✐➵þ âèãëÿ✲
äó ✭✷✮✱ ï✐äïîðÿäêîâàíèõ êðàéîâèì óìîâàì ✭✸✮ îá➔ðóíòîâàíî çàñòîñóâàííÿ ÷èñåëüíî✲
àíàë✐òè÷íîãî ìåòîäó äîñë✐äæåííÿ ✐ñíóâàííÿ òà íàáëèæåíî➝ ïîáóäîâè ðîçâ✬ÿçê✐â✳ ➶ñòà✲
íîâëåíî íåîáõ✐äí✐ òà êîíñòðóêòèâí✐ äîñòàòí✐ óìîâè ✐ñíóâàííÿ ðîçâ✬ÿçê✐â✱ çíàéäåíî
îö✐íêè ïîõèáêè ïîáóäîâàíèõ ïîñë✐äîâíèõ íàáëèæåíü✳

❬✶❪✳ Ñàìîéëåíêî ➚✳❒✳✱ Ïåðåñòþê ❮✳➚✳ ➘èôôåðåíöèàëüíûå óðàâíåíèÿ ñ èìïóëüñíûì âî✲
çäåéñòâèåì✳ ✖ ✃✳✿ ➶èùà øêîëà✱ ✶✾✽✼✳ ✖ ✷✽✽ ñ✳

❬✷❪✳ Ñàìîéëåíêî ➚✳❒✳✱ Øê✐ëü ❒✳ ■✳✱ ßêîâåöü ➶✳Ï✳ ❐✐í✐éí✐ ñèñòåìè äèôåðåíö✐àëüíèõ ð✐â✲
íÿíü ç âèðîäæåííÿìè✳ ✖ ✃è➝â✿ ➶èùà øêîëà✱ ✷✵✵✵✱ ✷✾✹ ñ✳

❬✸❪✳ ✃îðîëü ■✳■✳ Ïðî ðîçâ✬ÿçí✐ñòü êðàéîâèõ çàäà÷ äëÿ âèðîäæåíèõ äèôåðåíö✐àëüíèõ ñè✲
ñòåì ç ✐ìïóëüñíîþ ä✐➵þ✴✴ ❮àóêîâèé â✐ñíèê ×åðí✐âåöüêîãî óí✐âåðñèòåòó✿ ➬á✐ðíèê íàóê✳ ïðàöü✳
✖ ✷✵✵✾✳ ✖ ➶èï✳ ✹✺✹✳ ❒àòåìàòèêà✳ ✖ Ñ✳ ✹✻✕✹✾✳

❡✲♠❛✐❧✿ ❦♦r♦❧✳✐❤♦r❅❣♠❛✐❧✳❝♦♠✱ ♦❧❡❦s❛♥❞r✳❝❤❡♣❦❛♥②❝❤❅✉③❤♥✉✳❡❞✉✳✉❛✱
✐❤♦r✳s❦✈♦rts♦✈❅✉③❤♥✉✳❡❞✉✳✉❛

✺✵



Ïðî äåÿê✐ êîíñòðóêö✐➝ ÷èñåë✱ ëàíöþãîâå çîáðàæåííÿ ÿêèõ
çàäîâîëüíÿ➵ óìîâè Õ✐í÷èíà✲❐åâ✐

Ðîñòèñëàâ ✃ðèâîøèÿ

✃ðîïèâíèöüêèé áóä✐âåëüíèé ôàõîâèé êîëåäæ✱ ✃ðîïèâíèöüêèé✱ Óêðà➝íà

❮åõàé [a1, a2, . . . , an, ...] ✖ êëàñè÷íå ëàíöþãîâå çîáðàæåííÿ ÷èñëà x ∈ (0; 1)✳ ßê
â✐äîìî ❬✷❪ äëÿ ìàéæå âñ✐õ ÷èñåë x = [a1; a2; ...; ak; ...] âèêîíóþòüñÿ óìîâè

a1 + a2 + ...+ an
n

→ +∞ (n→ +∞), ✭✶✮

lim
n→+∞

n
√
a1a2...an =

+∞∏

k=1

(
1 +

1

k(k + 1)

)log2(k)

≈ 2, 6854− ñòàëà Õ✐í÷èíà ✭✷✮

lim
n→+∞

n
1
a1

+ 1
a2

+ ...+ 1
an

=

(
+∞∑

n=1

log2(n+ 1)

n(n+ 1)

)−1

≈ 1, 7154. ✭✸✮

ßê áóëî ïîêàçàíî â ❬✹✱ ✸❪ äëÿ ìàéæå âñ✐õ ÷èñåë x = [a1; a2; ...; ak; ...] âèêîíó➵òüñÿ óìîâà

lim
n→+∞

1

n
#{1 ≤ j ≤ n; aj = l} = log2

(
1 +

1

l(l + 1)

)
∀l ∈ N. ✭✹✮

Òåîðåìà ✶✳ ❮åõàé al = log2

(
1 + 1

l(l+1)

)
äëÿ êîæíîãî íàòóðàëüíîãî l✳➘ëÿ ìàéæå

âñ✐õ ÷èñåë t ∈ (1; +∞) ÷èñëî✱ ïîñë✐äîâí✐ öèôðè ëàíöþãîâîãî ïðåäñòàâëåííÿ ÿêîãî
ìàþòü âèãëÿä

11...1︸ ︷︷ ︸
[a1t]

, 11...1︸ ︷︷ ︸
[a1t2]

, 22...2︸ ︷︷ ︸
[a2t2]

, ..., 11...1︸ ︷︷ ︸
[a1tn]

, ..., nn...n︸ ︷︷ ︸
[antn]

, ...

çàäîâîëüíÿ➵ óìîâè ✭✶✮✱ ✭✷✮✱ ✭✸✮✱ ✭✹✮✱ äå [x] ✖ ö✐ëà ÷àñòèíà ÷èñëà x✳

❐✐òåðàòóðà

❬✶❪ ❑❤✐♥t❝❤✐♥❡ ❆✳ ▼❡tr✐s❝❤❡ ❑❡tt❡♥❜r✉❝❤♣r♦❜❧❡♠❡✱ ❈♦♠♣♦s✐t✐♦ ▼❛t❤✳ ❋r❛♥❝❡✱ ✶✱ ✸✻✶✕✸✽✷ ✭✶✾✸✺✮✳

❬✷❪ ▲❡✈② P✳ ❙✉r ❧❡s ❧♦✐s ❞❡ ♣r♦❜❛❜✐❧✐t❡ ❞♦♥t ❞❡♣❡♥❞❡♥t ❧❡s q✉♦t✐❡♥ts ❝♦♠♣❧❡ts ❡t ✐♥❝♦♠♣❧❡ts ❞✉♥❡
❢r❛❝t✐♦♥ ❝♦♥t✐♥✉❡✱ ❇✉❧❧✳ ❙♦❝✳ ▼❛t❤✳ ❋r❛♥❝❡✱ ✺✼✱ ✶✼✽✕✶✾✹ ✭✶✾✷✾✮✳

❬✸❪ ❘②❧❧✲◆❛r❞③❡✇s❦✐ ❈✳ ❖♥ t❤❡ ❡r❣♦❞✐❝ t❤❡♦r❡♠s ■■ ✭❊r❣♦❞✐❝ t❤❡♦r② ♦❢ ❝♦♥t✐♥✉❡❞ ❢r❛❝t✐♦♥s✮✱ ❙t✉❞✐❛
▼❛t❤❡♠❛t✐❝❛ ✶✷✱ ✼✹✕✼✾ ✭✶✾✺✶✮✳

❡✲♠❛✐❧✿ ♠♦st✐❦✶✾❅❣♠❛✐❧✳❝♦♠

✺✶



❒åòîä ìîæëèâèõ íàïðÿìê✐â äëÿ äâîêðèòåð✐àëüíî➝ ìîäåë✐ ❒àðêîâ✐öà
➶àñèëü ✃óøí✐ð÷óê✱ ➶îëîäèìèð ✃óøí✐ð÷óê

×åðí✐âåöüêèé íàö✐îíàëüíèé óí✐âåðñèòåò ✐ìåí✐ Þð✐ÿ Ôåäüêîâè÷à✱ ×åðí✐âö✐✱
Óêðà➝íà

➪àãàòîêðèòåð✐àëüí✐ çàäà÷✐ îïòèì✐çàö✐➝ øèðîêî çàñòîñîâóþòüñÿ â åêîíîì✐ö✐✱ ✐íæå✲
íåð✐➝✱ ■Ò✱ åêîëîã✐➝✱ ô✐íàíñàõ✱ ëîã✐ñòèö✐ òà ✐íøèõ ãàëóçÿõ✱ îñê✐ëüêè á✐ëüø✐ñòü ðåàëüíèõ
ïðîöåñ✐â ✐ ð✐øåíü ïîòðåáóþòü îäíî÷àñíîãî âðàõóâàííÿ ê✐ëüêîõ âçà➵ìíî ñóïåðå÷ëèâèõ
êðèòåð✐➝â✳

➪✐ëüø✐ñòü â✐äîìèõ ï✐äõîä✐â äî ðîçâ✬ÿçóâàííÿ çàäà÷✐ áàãàòîêðèòåð✐àëüíî➝ îïòèì✐✲
çàö✐➝ áàçó➵òüñÿ íà ➝➝ çâåäåíí✐ äî çàäà÷✐ íåë✐í✐éíîãî ïðîãðàìóâàííÿ✳ ❰äíèì ç îñíîâíèõ
ìåòîä✐â òàêîãî òèïó ➵ ìåòîä çãîðòîê✱ â ÿêîìó âñ✐ êðèòåð✐➝ çãîðòàþòüñÿ â îäèí êðèòå✲
ð✐é✳ ➶èêîðèñòîâóþòüñÿ òàêîæ ìóëüòèïë✐êàòèâí✐ çãîðòêè✱ ìåòîäè ïîñòóïîê✱ ö✐ëüîâîãî
ïðîãðàìóâàííÿ òà ✐íø✐✳

➚ëå ç óñï✐õîì çàñòîñîâó➵òüñÿ é ✐íøèé ï✐äõ✐ä✱ â ÿêîìó íå ïðîâîäèòüñÿ ïîïåðåäí✐é
ïåðåõ✐ä äî çàäà÷✐ íåë✐í✐éíîãî ïðîãðàìóâàííÿ â ÿâíîìó âèãëÿä✐✳ Ôàêòè÷íî òàê✐ ìåòîäè
➵ óçàãàëüíåííÿì â✐äîìèõ ëîêàëüíèõ ✐ ãëîáàëüíèõ ìåòîä✐â íåë✐í✐éíîãî ïðîãðàìóâàííÿ
íà çàäà÷✐ ç ê✐ëüêîìà êðèòåð✐ÿìè✳

❰äíèì ç òàêèõ ìåòîä✐â ➵ ìåòîä ìîæëèâèõ íàïðÿìê✐â✱ çàïðîïîíîâàíèé ➬îéòåíäåé✲
êîì äëÿ ðîçâ✬ÿçóâàííÿ çàäà÷ îïóêëîãî ïðîãðàìóâàííÿ✳ Ïîäàëüø✐ ìîäèô✐êàö✐➝ öüîãî
ìåòîäó ñòîñóâàëèñÿ éîãî çàñòîñóâàííþ äëÿ ðîçâ✬ÿçóâàííÿ çàäà÷ íåë✐í✐éíîãî ïðîãðà✲
ìóâàííÿ✳ Ð✐çí✐ âåðñ✐➝ ìåòîäó â✐äð✐çíÿþòüñÿ ì✐æ ñîáîþ ÿê âèäîì äîïîì✐æíî➝ çàäà÷✐✱
òèïîì íîðìóþ÷èõ îáìåæåíü✱ âèáîðîì êðîêó ñïóñêó✱ òàê ✐ ð✐çíèìè ñïîñîáàìè áîðîòü✲
áè ç ✑çèãçàãîïîä✐áí✐ñòþ✑ ðóõó✳

Òàê✱ ÿêùî ìåòîä òðàêòóâàòè ÿê ìåòîä ì✐í✐ì✐çàö✐➝ äåÿêî➝ äîïîì✐æíî➝ ôóíêö✐➝✱ ÿêà
çàëåæèòü íå ò✐ëüêè â✐ä âèõ✐äíèõ ïðÿìèõ çì✐ííèõ✱ àëå é â✐ä îö✐íêè çâåðõó îïòèìàëü✲
íîãî çíà÷åííÿ ö✐ëüîâî➝ ôóíêö✐➝✱ òî ìîæíà óçàãàëüíèòè éîãî íà âèïàäîê ðîçâ✬ÿçóâàííÿ
çàäà÷ áàãàòîêðèòåð✐àëüíî➝ îïòèì✐çàö✐➝✳ ➚íàëîã✐÷íî ìîæíà óçàãàëüíèòè é ✐íø✐ ìåòî✲
äè íåë✐í✐éíîãî ïðîãðàìóâàííÿ ✕ øòðàôíèõ ôóíêö✐é✱ ë✐íåàðèçàö✐➝✱ öåíòð✐â✱ ôóíêö✐➝
❐àãðàíæà òîùî✳

➶ ðîáîò✐ âèêîðèñòàíî ìåòîä ìîæëèâèõ íàïðÿìê✐â äëÿ äâîêðèòåð✐àëüíî➝ ìîäåë✐
❒àðêîâ✐öà ïîáóäîâè îïòèìàëüíîãî ✐íâåñòèö✐éíîãî ïîðòôåëÿ✱ ùî áàëàíñó➵ ì✐æ ïðè✲
áóòêîâ✐ñòþ òà ðèçèêîì✳ ➶îíà äîçâîëÿ➵ ✐íâåñòîðó ìàêñèì✐çóâàòè î÷✐êóâàíèé äîõ✐ä
ïîðòôåëÿ ïðè ì✐í✐ì✐çàö✐➝ ðèçèêó ✭äèñïåðñ✐➝✮✳

❒✐í✐ì✐çóâàòè σ2
p = wTCov(σij)w

❒àêñèì✐çóâàòè µp =
n∑

i=1

wiµi

ïðè óìîâàõ✿
n∑

i=1

wi = 1

wi ≥ 0 ∀i
Òóò n ✖ ê✐ëüê✐ñòü àêòèâ✐â✱
µi ✲ î÷✐êóâàíèé äîõ✐ä àêòèâó i✱ äå i = 1, 2, . . . , n✱
wi ✲ ÷àñòêà êîøò✐â✱ âêëàäåíèõ â àêòèâ i ✭âàãè ïîðòôåëÿ✮✱
Cov(σij) ✲ êîâàð✐àö✐éíà ìàòðèöÿ ì✐æ äîõîäàìè àêòèâ✐â ✭ðèçèê àêòèâ✐â✮✱ äå σij ✲ êî✲
âàð✐àö✐ÿ ì✐æ äîõîäàìè àêòèâ✐â i òà j✳

✺✷



➶ ìåòîä✐ ìîæëèâèõ íàïðÿìê✐â âèêîðèñòîâó➵òüñÿ äîïîì✐æíà ôóíêö✐ÿ

max{wTCov(σij)w − σ2
p, µp −

n∑

i=1

wiµi, 1−
n∑

i=1

wi,

n∑

i=1

wi − 1,−wi}

îñîáëèâ✐✱ ó ïåâíîìó ðîçóì✐íí✐✱ òî÷êè ÿêî➝ íàëåæàòü ìíîæèí✐ îïòèìàëüíèõ çà Ñëåé✲
òåðîì ðîçâ✬ÿçê✐â äâîêðèòåð✐àëüíî➝ çàäà÷✐✳

❒åòîä ìîæëèâèõ íàïðÿìê✐â äåùî ïîñòóïà➵òüñÿ çà òî÷í✐ñòþ ðîçâ✬ÿçêó ✐íøèì ìåòî✲
äàì✳ ➚ëå â✐í íå âèìàãà➵ äîñèòü òî÷íèõ ïî÷àòêîâèõ íàáëèæåíü äëÿ ðîçâ✬ÿçóâàííÿ çà✲
äà÷ ✐ äîçâîëÿ➵ äåùî çìåíøèòè îá✬➵ì îá÷èñëåíü✳ Ðåçóëüòàòè✱ îäåðæàí✐ ïðè ðîçâ✬ÿçóâàíí✐
çàäà÷ ìåòîäîì ìîæëèâèõ íàïðÿìê✐â ìîæóòü áóòè äîáðèìè ïî÷àòêîâèìè íàáëèæåí✲
íÿìè äëÿ ïîäàëüøèõ ðîçðàõóíê✐â ✐íøèìè ìåòîäàìè✳

❐✐òåðàòóðà

❬✶❪ ➹ðèãîðê✐â ➶✳ Ñ✳✱ ✃óøí✐ð÷óê ➶✳ ➱✳ ➪àãàòîêðèòåð✐àëüíà îïòèì✐çàö✐éíà ìîäåëü ç íåë✐í✐é✲
íèì åêîëîãî✕åêîíîì✐÷íèì ì✐æãàëóçåâèì áàëàíñîì✱ ➴êîíîì✐÷íà ê✐áåðíåòèêà✳ ✷✵✵✸✳ ✕ ✸✲✹
✭✷✶✲✷✷✮✳ ✕ Ñ✳ ✹✸✲✺✵✳

✺✸



➶èêîðèñòàííÿ äðîáîâîãî áðîóí✐âñüêîãî ðóõó â ðåàëüíèõ çàäà÷àõ
➶îëîäèìèð ✃óøí✐ð÷óê

×åðí✐âåöüêèé íàö✐îíàëüíèé óí✐âåðñèòåò ✐ìåí✐ Þð✐ÿ Ôåäüêîâè÷à✱ ×åðí✐âö✐✱
Óêðà➝íà

Ôðàêòàëüíèé äðîáîâèé ïðîöåñ ➶✐íåðà ✭Ô➘Ï➶✮ ➵ óçàãàëüíåííÿì ñòàíäàðòíîãî
ïðîöåñó ➶✐íåðà ✭â✐äîìîãî òàêîæ ÿê áðîóí✐âñüêèé ðóõ✮ ✐ âèêîðèñòîâó➵òüñÿ äëÿ ìî✲
äåëþâàííÿ ñêëàäíèõ âèïàäêîâèõ ïðîöåñ✐â ✐ç ôðàêòàëüíèìè âëàñòèâîñòÿìè✳ ➶✐í ➵
âèïàäêîâèì ïðîöåñîì✱ ÿêèé îá✬➵äíó➵ âëàñòèâîñò✐ äðîáîâîãî áðîóí✐âñüêîãî ðóõó òà
ôðàêòàëüíîñò✐ ✐ ìîæå áóòè îïèñàíèé ÿê✿

WH(t) =

∫ t

−∞

(t− s)H−1/2dW (s)

äå W (s) ✖ ñòàíäàðòíèé ïðîöåñ ➶✐íåðà ✭áðîóí✐âñüêèé ðóõ✮✱ à H ✖ ïàðàìåòð Õåðñòà✳
Öåé ïðîöåñ ìà➵ òàê✐ âëàñòèâîñò✐✿ ñàìîïîä✐áí✐ñòü ✭çì✐íà ìàñøòàáó ÷àñó íå çì✐íþ➵

ñòàòèñòè÷íèõ âëàñòèâîñòåé ïðîöåñó✮✱ àâòîêîðåëÿö✐ÿ ✭ïðèñóòíÿ äîâãîñòðîêîâà çàëå✲
æí✐ñòü✱ ùî âèçíà÷à➵òüñÿ ïàðàìåòðîì H✮✱ íå✲❒àðêîâñüê✐ñòü ✭íà â✐äì✐íó â✐ä ñòàíäàð✲
òíîãî ïðîöåñó ➶✐íåðà✱ öåé ïðîöåñ íå ➵ ❒àðêîâñüêèì✱ òîáòî éîãî ìàéáóòí➵ íå çàëåæèòü
ëèøå â✐ä ïîòî÷íîãî ñòàíó✱ à òàêîæ â✐ä óñ✐➵➝ ✐ñòîð✐➝ ïðîöåñó✮✳

Ôðàêòàëüíèé äðîáîâèé ïðîöåñ ➶✐íåðà âèêîðèñòîâó➵òüñÿ â ð✐çíèõ ãàëóçÿõ✱ âêëþ✲
÷àþ÷è ô✐íàíñîâó ìàòåìàòèêó✱ ô✐çèêó òà ✐íø✐ íàóêîâ✐ äèñöèïë✐íè✱ äå ïîòð✐áíå ìîäå✲
ëþâàííÿ ñêëàäíèõ ñèñòåì ✐ç ôðàêòàëüíèìè òà äîâãîñòðîêîâèìè çàëåæíîñòÿìè✳

➘ëÿ ìîäåëþâàííÿ Ô➘Ï➶ ìîæíà âèêîðèñòîâóâàòè òàê✐ ìåòîäè òà ï✐äõîäè✿ ìå✲
òîä ñóì ôðàêö✐éíèõ ïîõ✐äíèõ✱ ìåòîä ñåð✐éíîãî ï✐äñóìîâóâàííÿ✱ ìåòîä ❒îíòå✲✃àðëî✱
➶åéâëåòíèé ï✐äõ✐ä✱ ìåòîä øâèäêîãî ïåðåòâîðåííÿ Ôóð✬➵✳ ❰ñíîâíîþ ìåòîþ ➵ îòðèìà✲
ííÿ òðà➵êòîð✐é öüîãî ïðîöåñó äëÿ ïîäàëüøîãî àíàë✐çó ÷è çàñòîñóâàííÿ â ìîäåëÿõ✳

❒åòîä ñóì ôðàêö✐éíèõ ïîõ✐äíèõ áàçó➵òüñÿ íà äèñêðåòèçàö✐➝ ïðîöåñó òà âèêîðè✲
ñòàíí✐ ï✐äñóìîâóâàííÿ ôðàêö✐éíèõ ïîõ✐äíèõ✳ Ôîðìóëà äèñêðåòíîãî ôðàêòàëüíîãî
äðîáîâîãî ïðîöåñó ➶✐íåðà✿

WH(tk) =
k−1∑

j=0

aj∆W (tk − tj)

äå ∆W (tk− tj) ✖ ïðèðîñòè ñòàíäàðòíîãî áðîóí✐âñüêîãî ðóõó✱ à êîåô✐ö✐➵íòè aj âèçíà✲
÷àþòüñÿ ÷åðåç ïàðàìåòð Õåðñòà H✳ ✃îåô✐ö✐➵íòè aj ìîæóòü áóòè âèçíà÷åí✐ ÿê✿

aj =
(j + 1)H−0.5 − jH−0.5

Γ(H + 0.5)

òóò Γ ✖ ãàììà✲ôóíêö✐ÿ✳
➶ ïðîöåñ✐ äîñë✐äæåííÿ áóëî ïðîâåäåíî ïðàêòè÷íó ðåàë✐çàö✐þ Ô➘Ï➶✳ ➶ðàõîâó✲

âàëèñü òàê✐ àñïåêòè ïðè ðåàë✐çàö✐➝✿ äèñêðåòèçàö✐ÿ ✭îáåðà➵òüñÿ ïåâíèé êðîê ÷àñó
äëÿ äèñêðåòèçàö✐➝ ïðîöåñó✮✱ ãåíåðàö✐ÿ íîðìàëüíèõ âèïàäêîâèõ âåëè÷èí ✭âèêîðèñòî✲
âóþòüñÿ ãåíåðàòîðè âèïàäêîâèõ ÷èñåë äëÿ ñòâîðåííÿ áðîóí✐âñüêîãî ðóõó✮✳ Ïàðà✲
ìåòð Õåðñòà ✭çàäà➵òüñÿ çíà÷åííÿì ïàðàìåòðà H â✐äïîâ✐äíî äî ïîòðåá ó ìîäåëþâàíí✐
✲ ñàìîïîä✐áí✐ñòü✱ äîâãîñòðîêîâà ïàì✬ÿòü òîùî✳ Ïàðàìåòð Õåðñòà âèáðàíèé ð✐âíèì
H = 0, 5✳

Ôðàêòàëüíèé äðîáîâèé ïðîöåñ ➶✐íåðà ✐ ìîäåëþâàííÿ äðîáîâîãî áðîóí✐âñüêîãî ðó✲
õó ìàþòü øèðîêå çàñòîñóâàííÿ â ð✐çíèõ ãàëóçÿõ íàóêè✱ òåõí✐êè òà ô✐íàíñ✐â✳ ➬îêðå✲
ìà✱ äðîáîâèé áðîóí✐âñüêèé ðóõ âèêîðèñòîâó➵òüñÿ äëÿ ìîäåëþâàííÿ äèíàì✐êè ö✐í íà

✺✹



ô✐íàíñîâ✐ àêòèâè✱ ùî ìîæå áóòè êîðèñíèì äëÿ ïðîãíîçóâàííÿ ö✐í àêö✐é✱ îáë✐ãàö✐é✱
âàëþòíèõ êóðñ✐â òà ✐íøèõ ô✐íàíñîâèõ ✐íñòðóìåíò✐â✳ ➘ðîáîâèé ïðîöåñ ➶✐íåðà âèêî✲
ðèñòîâó➵òüñÿ äëÿ ìîäåëþâàííÿ ñêëàäíèõ ïðèðîäíèõ ÿâèù✱ òàêèõ ÿê êîëèâàííÿ òåì✲
ïåðàòóðè✱ ìîäåë✐ òóðáóëåíòíîñò✐✱ ðîçïîä✐ë çåìëåòðóñ✐â òà ✐íø✐ êë✐ìàòè÷í✐ ïðîöåñè✳
➚ òàêîæ äëÿ ìîäåëþâàííÿ ìåðåæåâîãî òðàô✐êó✱ ùî êîðèñíî äëÿ àíàë✐çó òðàô✐êó â
■íòåðíåò✐✱ ìîäåëþâàííÿ çàòðèìîê ó ìåðåæàõ ✐ ïðîãíîçóâàííÿ íàâàíòàæåííÿ✳

➘ðîáîâèé áðîóí✐âñüêèé ðóõ âèêîðèñòîâó➵òüñÿ äëÿ îïèñó àíîìàëüíî➝ äèôóç✐➝ â
ñêëàäíèõ ñåðåäîâèùàõ✱ òàêèõ ÿê ïîðèñò✐ ìàòåð✐àëè àáî á✐îëîã✐÷í✐ òêàíèíè✳ ➘îâãî✲
ñòðîêîâ✐ çàëåæíîñò✐ â åêîíîì✐÷íèõ äàíèõ ìîæóòü áóòè çìîäåëüîâàí✐ çà äîïîìîãîþ
ôðàêòàëüíèõ ïðîöåñ✐â✱ ùî äîçâîëÿ➵ êðàùå ðîçóì✐òè äèíàì✐êó åêîíîì✐÷íèõ ïîêàçíè✲
ê✐â✱ òàêèõ ÿê ➶➶Ï✱ ✐íôëÿö✐ÿ✱ áåçðîá✐òòÿ òîùî✳ Ôðàêòàëüí✐ ìîäåë✐ ìîæóòü áóòè âè✲
êîðèñòàí✐ äëÿ ìîäåëþâàííÿ ïîøèðåííÿ ✐íôîðìàö✐➝ àáî ïîâåä✐íêè êîðèñòóâà÷✐â ó ñî✲
ö✐àëüíèõ ìåðåæàõ✱ äå ÷àñòî ñïîñòåð✐ãàþòüñÿ íåë✐í✐éí✐ òà ñàìîïîä✐áí✐ ÿâèùà✳

Ôðàêòàëüí✐ âëàñòèâîñò✐ ìîæóòü áóòè âèêîðèñòàí✐ äëÿ àíàë✐çó á✐îëîã✐÷íèõ ñèãíà✲
ë✐â✱ òàêèõ ÿê ñåðöåâèé ðèòì àáî êîëèâàííÿ êîíöåíòðàö✐➝ ïåâíèõ ðå÷îâèí â îðãàí✐çì✐✳
Ôðàêòàëüí✐ ìîäåë✐ ìîæóòü äîïîìîãòè â ðîçóì✐íí✐ ïðîöåñ✐â ðîñòó ïóõëèí✱ îñê✐ëüêè
ö✐ ïðîöåñè ÷àñòî ìàþòü ñêëàäíó✱ ôðàêòàëüíó ïðèðîäó✳

❰òæå✱ ìîäåëþâàííÿ ôðàêòàëüíîãî äðîáîâîãî ïðîöåñó ➶✐íåðà ➵ ïîòóæíèì ✐íñòðó✲
ìåíòîì ó áàãàòüîõ ãàëóçÿõ✱ äå íåîáõ✐äíî âðàõîâóâàòè ñêëàäí✐✱ íåë✐í✐éí✐ çàëåæíîñò✐
òà ñàìîïîä✐áí✐ ñòðóêòóðè✳ ➶èêîðèñòîâóþ÷è ö✐ ìîäåë✐✱ ìîæíà îòðèìàòè ãëèáøå ðîçó✲
ì✐ííÿ ïðîöåñ✐â✱ ÿê✐ âàæêî îïèñàòè òðàäèö✐éíèìè ìåòîäàìè✳

❐✐òåðàòóðà
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➬àñòîñóâàííÿ ìåòîäó óñåðåäíåííÿ äî ✐íòåãðî✲äèôåðåíö✐àëüíî➝ çàäà÷✐
îïòèìàëüíîãî êåðóâàííÿ

Ðîêñîëàíà ❐àõâà✱ ➶✐êòîð✐ÿ ❒îãèëüîâà

✃è➝âñüêèé íàö✐îíàëüíèé óí✐âåðñèòåò ✐ìåí✐ Òàðàñà Øåâ÷åíêà✱ ✃è➝â✱ Óêðà➝íà
❮àö✐îíàëüíèé òåõí✐÷íèé óí✐âåðñèòåò Óêðà➝íè ✑✃è➝âñüêèé ïîë✐òåõí✐÷íèé

✐íñòèòóò ✐ìåí✐ ■✳ Ñ✐êîðñüêîãî✑

Ðîçãëÿäà➵òüñÿ íåë✐í✐éíà çàäà÷à îïòèìàëüíîãî êåðóâàííÿ ç✐ øâèäêîîñöèëþþ÷èìè
çì✐ííèìè✿ 



ẋ = X( t

ε
, x,

t
ε∫
0

ϕ( t
ε
, s, x(s))ds, u(t))

x(0) = x0,

✭✶✮

ç êðèòåð✐➵ì ÿêîñò✐

Jε[u] =

T∫

0

L(t, xε(t), u(t))dt+ φ(xε(T )) → inf . ✭✷✮

Òóò ε > 0 ✲ ìàëèé ïàðàìåòð✱ T > 0 ✲ çàäàíà ñòàëà✱ x ✲ ôàçîâèé âåêòîð â Rd✱
u(t) ✲ m ✲ âèì✐ðíèé âåêòîð êåðóâàííÿ✱ ÿêèé íàëåæèòü äåÿê✐é ìíîæèí✐ â Rm✳ ➘àë✐
x(t, u) ✲ ðîçâ✬ÿçîê çàäà÷✐ ✃îø✐ ✭✶✮✲✭✷✮✱ ÿêèé â✐äïîâ✐äà➵ êåðóâàííþ u(t)✳ ➶ ïîäàëüøîìó
çàëåæí✐ñòü ðîçâ✬ÿçêó â✐ä u áóäåìî îïóñêàòè ✐ ïîçíà÷àòè x(t)✳ ➶âåäåìî ôóíêö✐þ

ϕ1(t, x) =

t∫

0

ϕ(t, s, x)ds.

➬à óìîâè ✐ñíóâàííÿ ð✐âíîì✐ðíèõ ïî x ∈ Rd ✐ u ∈ Rm ñåðåäí✐õ

X0(x, u) = lim
T→∞

1

T

T∫

0

X(t, x, ϕ1(t, x), u)dt ✭✸✮

çàäà÷✐ îïòèìàëüíîãî êåðóâàííÿ ✭✶✮✲✭✷✮ ç✐ øâèäêîîñöèëþþ÷èì êîåô✐ö✐➵íòîì ñòàâè✲
òüñÿ ó â✐äïîâ✐äí✐ñòü íà â✐äð✐çêó [0, T ] á✐ëüø ïðîñòà çàäà÷à îïòìàëüíîãî êåðóâàííÿ

ξ̇ = X0(ξ, u(t)) ✭✹✮

ξ(0) = x0

ç êðèòåð✐➵ì ÿêîñò✐

J0[u] =

T∫

0

L(t, ξ(t), u(t))dt+ φ(ξ(T )) → inf . ✭✺✮

➘ëÿ çàäà÷✐ ✭✶✮✲✭✷✮ áóäåìî ââàæàòè✱ ùî âèêîíóþòüñÿ íàñòóïí✐ óìîâè✿

Óìîâà ✶✳ ➘îïóñòèìèìè êåðóâàííÿìè ➵ m✲âèì✐ðí✐ âåêòîð✲ôóíêö✐➝ u(·) òàê✐✱ ùî
u(·) ∈ U ✲ êîìïàêòí✐é ìíîæèí✐ â L2((0, T ))✳

Óìîâà ✷✳ Ôóíêö✐ÿ X(t, x, y, u) âèçíà÷åíà òà íåïåðåðâíà çà ñóêóïí✐ñòþ àðãóìåíò✐â
â îáëàñò✐ Q0 = {t ≥ 0, x ∈ D ⊂ Rd, y ∈ D1 ⊂ Rn, u ∈ U ⊂ Rm}✱ äå D ✐ D1 îáëàñò✐ â
Rd ✐ Rm â✐äïîâ✐äíî

✺✻



✶✮ X(t, x, y, u) çàäîâîëüíÿ➵ ïî x✱ y â Q0 óìîâó ë✐í✐éíîãî ðîñòó✱ òîáòî ✐ñíó➵ ñòàëà
M > 0✱ òàêà ùî

|X(t, x, y, u)| ≤M(1 + |x|+ |y|)
äëÿ áóäü✲ÿêèõ (t, x, y, u) ∈ Q0✳

✷✮ X(t, x, y, u) çàäîâîëüíÿ➵ â Q0 óìîâó ❐✐ïøèöà çà x ∈ D ⊂ Rd ✐ u ∈ Rm ç✐ ñòàëîþ
λ✱ òîáòî

|X(t, x, y, u)−X(t, x1, y1, u1)| ≤ λ(|x− x1|+ |y − y1|+ |u− u1|)

äëÿ äîâ✐ëüíèõ (t, x, y, u) ✐ (t, x1, y1, u1) â Q0✳

Óìîâà ✸✳ Ôóíêö✐ÿ ϕ(t, s, x) âèçíà÷åíà òà íåïåðåðâíà â îáëàñò✐ Q1 = {t ≥ 0, s ≥
0, x ∈ D} ✐ çàäîâîëüíÿ➵ óìîâó ❐✐ïøèöà ïî x

|ϕ(t, s, x1)− ϕ(t, s, x2)| ≤ µ(t, s)|x1 − x2|,

âèêîíó➵òüñÿ óìîâà äëÿ äåÿêî➝ ñòàëî➝

1

t

t∫

0

ds

s∫

0

µ(s, τ)dτ ≤ A,

äå A > 0✱ t ≥ 0✳

Óìîâà ✹✳ Ð✐âíîì✐ðíî â✐äíîñíî x ∈ D, u ∈ Rm ✐ñíó➵ ãðàíèöÿ ✭✸✮✳

Óìîâà ✺✳ Ôóíêö✐ÿ L(t, x, u) âèçíà÷åíà é íåïåðåðâíà çà ñóêóïí✐ñòþ àðãóìåíò✐â â
îáëàñò✐ Q2 = {t ∈ [0, T ], x ∈ Rd, u ∈ Rm}✱ ïðè÷îìó
✶✮ L(t, x, u) ð✐âíîì✐ðíî â✐äíîñíî t ∈ [0, T ] ✐ u ∈ Rm íåïåðåðâíà çà x ∈ Rd❀

✷✮ L(t, x, u) çàäîâîëüíÿ➵ çà çì✐ííîþ u â îáëàñò✐ Q2 óìîâó ❐✐ïøèöÿ ç êîíñòàíòîþ
λ > 0❀

✸✮ ôóíêö✐ÿ φ : Rd → R íåïåðåðâíà çà x✳

➶ ñèëó óìîâ ✶✮✲✷✮ ç Òåîðåìè ✸✳✶ ❬✶❪ ìà➵ìî✱ ùî äëÿ êîæíîãî äîïóñòèìîãî êåðóâàííÿ
u(t) ðîçâ✬ÿçîê çàäà÷✐ ✃îø✐ íà â✐äð✐çêó [0, T ]✳ ❮åõàé

J∗
ε = inf

u(·)∈U
Jε[u],

J∗
0 = inf J0[u].

❮àñòóïíà òåîðåìà âñòàíîâëþ➵ çâ✬ÿçîê ì✐æ îïòèìàëüíèìè êåðóâàííÿìè✱ òðà➵êòîð✐ÿ✲
ìè òà êðèòåð✐ÿìè ÿêîñò✐ òî÷íî➝ ✭✶✮✲✭✷✮ òà óñåðåäíåíî➝ ✭✹✮✲✭✺✮ çàäà÷✳

Òåîðåìà ✶✳ ❮åõàé âèêîíóþòüñÿ óìîâè ✶ ✲ ✹✳ Òîä✐ çàäà÷✐ ✭✶✮✲✭✷✮ ✐ ✭✹✮✲✭✺✮ ìàþòü
ðîçâ✬ÿçêè (x∗ε(t), u

∗
ε(t))✱(y

∗(t), u∗(t)) â✐äïîâ✐äíî✳ Ïðè öüîìó

✶✮ J∗
ε → J∗

0 ïðè ε→ 0❀

✷✮ äëÿ äîâ✐ëüíîãî η > 0 ✐ñíó➵ ε0 òàêå✱ ùî ïðè ε < ε0

|J∗
ε − Jε(u

∗)| < η, ✭✻✮

òîáòî îïòèìàëüíå êåðóâàííÿ óñåðåäíåíî➝ çàäà÷✐ ➵ ìàéæå îïòèìàëüíå äëÿ
òî÷íî➝❀

✺✼



✸✮ ✐ñíó➵ ïîñë✐äîâí✐ñòü εn → 0, n→ ∞✱ òàêà ùî

x∗εn(t) → y∗(t) ✭✼✮

ð✐âíîì✐ðíî íà [0, T ]✱ à
u∗εn(t) → u∗(t) ✭✽✮

â L2((0, T ))✳

ßêùî ïðè öüîìó óñåðåäíåíà çàäà÷à ✭✹✮✲✭✺✮ ìà➵ ➵äèíèé ðîçâ✬ÿçîê✱ òî çá✐æíîñò✐ ✭✷✮
✐ ✭✸✮ ìàþòü ì✐ñöå ïðè âñ✐õ ε→ 0✳

❐✐òåðàòóðà

❬✶❪ ❱✳ ▼♦❣②❧♦✈❛✱ ❘✳ ▲❛❦❤✈❛✱ ❱✳■✳❑r❛✈❡ts✬✳ ✧❚❤❡ ♣r♦❜❧❡♠ ♦❢ ♦♣t✐♠❛❧ ❝♦♥tr♦❧ ❢♦r s②st❡♠s ♦❢
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♥✐❛♥ ❧❛♥❣✉❛❣❡❪✳

❡✲♠❛✐❧✿ r♦❦s♦❧❛♥❛❧❛❦❤✈❛❅❦♥✉✳✉❛✱ ♠♦❣②❧♦✈❛✳✈✐❦t♦r✐❛❅❣♠❛✐❧✳❝♦♠
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■ñíóâàííÿ ðîçâ✬ÿçêó â çàäà÷✐ îïòèìàëüíîãî êåðóâàííÿ åâîëþö✐éíèìè
ôóíêö✐îíàëüíî✲äèôåðåíö✐àëüíèìè ð✐âíÿííÿìè íà ï✐âîñ✐

➚íäð✐é ❐àòèø✱ ❰ëüãà ✃✐÷ìàðåíêî✱
❰äåñüêèé íàö✐îíàëüíèé óí✐âåðñèòåò ✐ìåí✐ ■✳ ■✳ ❒å÷íèêîâà✱ ❰äåñà✱ Óêðà➝íà

■ñíóâàííÿ ðîçâ✬ÿçêó â çàäà÷✐ îïòèìàëüíîãî êåðóâàííÿ åâîëþö✐éíèìè

ôóíêö✐îíàëüíî✲äèôåðåíö✐àëüíèìè ð✐âíÿííÿìè íà ï✐âîñ✐

➚íäð✐é ❐àòèø✯✱ ❰ëüãà ✃✐÷ìàðåíêî✯✯

✯ ❛♥❞r✐✐✳❧❛t②s❤❅❣♠❛✐❧✳❝♦♠✱ ✯✯ ♦❧❣❛✳❦✐❝❤♠❛r❡♥❦♦❅❣♠❛✐❧✳❝♦♠
❰äåñüêèé íàö✐îíàëüíèé óí✐âåðñèòåò ✐ìåí✐ ■✳ ■✳ ❒å÷íèêîâà

Ðîçãëÿäà➵òüñÿ çàäà÷à îïòèìàëüíîãî êåðóâàííÿ äëÿ åâîëþö✐éíèõ ôóíêö✐îíàëüíî✲
äèôåðåíö✐àëüíèõ ð✐âíÿíü â áàíàõîâèõ ïðîñòîðàõ íà ï✐âîñ✐✳ ➬àäà÷à ðîçãëÿäà➵òüñÿ äî
ìîìåíòó âèõîäó ðîçâ✬ÿçê✐â ✐ç äåÿêî➝ îáëàñò✐ â áàíàõîâîìó ïðîñòîð✐ òà ìà➵ íàñòóïíèé
âèä✿

du

dt
= Au+ f1(t, ut) + f2(t, ut)z(t)u(t) = ϕ0(t), t ∈ [−h, 0] ✭✶✮

ç êðèòåð✐➵ì ÿêîñò✐

J [z] =

τ∫

0

(
e−jtG(t, ut) + B(t, z(t))

)
dt→ inf ✭✷✮

àáî

J [z] =

τ∫

0

(
e−jtG(t, ut) + ‖z(t)‖2

)
dt→ inf ✭✸✮

Òóò t ≥ 0✱ h > 0 ✖ ✐íòåðâàë çàï✐çíåííÿ✱ A ✖ ë✐í✐éíèé ✭íåîáìåæåíèé✮ îïåðàòîð
â áàíàõîâîìó ïðîñòîð✐ X(A : X → X) ç íîðìîþ ‖ · ‖✱ ut = u(t + Θ)✱ Θ ∈ [−h, 0]✱ ut
íàëåæèòü ïðîñòîðó C = C([−h, 0], X) íåïåðåðâíèõ ôóíêö✐é ✐ç ñòàíäàðòíîþ íîðìîþ
‖ϕ‖C = max

Θ∈[−h,0]
‖ϕ (Θ) ‖, D ✲ äåÿêà îáëàñòü â [−h,∞)×C✱ ∂D ✖ ➝➝ ìåæà ✐ D̄ = D∪∂D✱

τ ✖ ìîìåíò ïåðøîãî âèõîäó ðîçâ✬ÿçêó (t, ut) íà ∂D✳ ➶✐äîáðàæåííÿ f1✱ f2 âèçíà÷åíè✐
â D ✐ f1 : D → X✱ f2 : D → L(X,X)✱ äå L(X,X) ✖ ïðîñò✐ð ë✐í✐éíèõ îáìåæåíèõ
îïåðàòîð✐â✱ ÿê✐ ä✐þòü ✐ç X â X✱ ç íîðìîþ ‖ · ‖L✱ z(t) ✖ ïàðàìåòð êåðóâàííÿ✳

➘ëÿ çàäà÷ ✭✶✮✱✭✷✮ ✐ ✭✶✮✱✭✸✮ äîâåäåíå ✐ñíóâàííÿ îïòèìàëüíî➝ ïàðè✱ äîñòàòí✐ óìî✲
âè íîñÿòü êîåô✐ö✐➵íòíèé õàðàêòåð✳ ➶ñòàíîâëåí✐ âàð✐àö✐éí✐ ñï✐ââ✐äíîøåííÿ✿ äîâåäåíà
ñëàáêà çá✐æí✐ñòü îïòèìàëüíèõ êåðóâàíü✱ ñèëüíà çá✐æí✐ñòü îïòèìàëüíèõ òðà➵êòîð✐é✱
çá✐æí✐ñòü êðèòåð✐➝â ÿêîñò✐ çàäà÷ íà ñê✐í÷åííèõ ✐íòåðâàëàõ äî â✐äïîâ✐äíèõ îïòèìàëü✲
íèõ êåðóâàíü✱ îïòèìàëüíèõ òðà➵êòîð✐é ✐ êðèòåð✐ÿ ÿêîñò✐ çàäà÷✐ íà ï✐âîñ✐ ïðè çá✐ëü✲
øåíí✐ ✐íòåðâàëà✱ íà ÿêîìó ðîçãëÿæà➵òüñÿ çàäà÷à✳

❐✐òåðàòóðà

❬✶❪ ❍❛❧❡ ❏✳ ❚❤❡♦r② ♦❢ ❋✉♥❝t✐♦♥❛❧ ❉✐✛❡r❡♥t✐❛❧ ❊q✉❛t✐♦♥✳ ❙♣r✐♥❣❡r✲❱❡r❧❛❣✱ ◆❡✇ ❨♦r❦✲❍❡✐❞❡❧❜❡r❣✲
❇❡r❧✐♥✱ ✶✾✼✼✳

❬✷❪ ❑✐❝❤♠❛r❡♥❦♦ ❖✳✱ ❙t❛♥③❤②ts❦②✐ ❖✳ ❙✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥s ❢♦r t❤❡ ❡①✐st❡♥❝❡ ♦❢ ♦♣t✐♠❛❧ ❝♦♥tr♦❧s
❢♦r s♦♠❡ ❝❧❛ss❡s ♦❢ ❢✉♥❝t✐♦♥❛❧✲❞✐✛❡r❡♥t✐❛❧s ❡q✉❛t✐♦♥s✱ ◆♦♥❧✐♥❡❛r ❉②♥❛♠✐❝s ❛♥❞ ❙②st❡♠
t❤❡♦r②✱ ✷✵✶✽✱ ✶✽✭✷✮✱ ♣♣✳ ✶✾✻✲✷✶✶✳

❡✲♠❛✐❧✿ ❛♥❞r✐✐✳❧❛t②s❤❅❣♠❛✐❧✳❝♦♠✱ ♦❧❣❛✳❦✐❝❤♠❛r❡♥❦♦❅❣♠❛✐❧✳❝♦♠

✺✾



Ðîçâ✬ÿçóâàííÿ çàäà÷ ìàòåìàòè÷íî➝ ô✐çèêè ìåòîäîì ã✐áðèäíîãî
✐íòåãðàëüíîãî ïåðåòâîðåííÿ ➴éëåðà✲➪åññåëÿ íà ñåãìåíò✐

❰ëåã ❐åíþê✱ ❰ëüãà ❮✐ê✐ò✐íà✱ ❒èêîëà Øèíêàðèê

×åðí✐âåöüêèé íàö✐îíàëüíèé óí✐âåðñèòåò ✐ìåí✐ Þð✐ÿ Ôåäüêîâè÷à
×åðí✐âåöüêèé ë✐öåé ➑✶ ìàòåìàòè÷íîãî òà åêîíîì✐÷íîãî ïðîô✐ë✐â

➬àõ✐äíîóêðà➝íñüêèé íàö✐îíàëüíèé óí✐âåðñèòåò

❮à ñó÷àñíîìó åòàï✐ íàóêîâî✲òåõí✐÷íîãî ïðîãðåñó✱ îñîáëèâî ó çâ✬ÿçêó ç øèðîêèì
âèêîðèñòàííÿì êîìïîçèòíèõ ìàòåð✐àë✐â✱ ✐ñíó➵ íàãàëüíà ïîòðåáà ó âèâ÷åíí✐ ô✐çèêî✲
òåõí✐÷íèõ õàðàêòåðèñòèê òàêèõ ìàòåð✐àë✐â✱ ùî çíàõîäÿòüñÿ â ð✐çíèõ óìîâàõ åêñïëó✲
àòàö✐➝✱ ùî ìàòåìàòè÷íî ïðèçâîäèòü äî ðîçâ✬ÿçóâàííÿ ñèñòåìè ë✐í✐éíèõ ð✐âíÿíü ç ÷à✲
ñòèííèìè ïîõ✐äíèìè äðóãîãî ïîðÿäêó íà êóñêîâî✲îäíîð✐äíîìó ✐íòåðâàë✐ ç â✐äïîâ✐ä✲
íèìè ïî÷àòêîâèìè òà êðàéîâèìè óìîâàìè✳

❰äíèì ✐ç åôåêòèâíèõ ìåòîä✐â ïîáóäîâè ✐íòåãðàëüíèõ çîáðàæåíü àíàë✐òè÷íèõ ðîçâ✬ÿçê✐â
àëãîðèòì✐÷íîãî õàðàêòåðó çàäà÷ ìàòåìàòè÷íî➝ ô✐çèêè íåîäíîð✐äíèõ ñåðåäîâèù ➵ ìå✲
òîä ã✐áðèäíèõ ✐íòåãðàëüíèõ ïåðåòâîðåíü✱ ÿêèé ðîçâèâàâñÿ ïðîôåñîðîì ×åðí✐âåöüêî✲
ãî íàö✐îíàëüíîãî óí✐âåðñèòåòó ❐åíþêîì ❒èõàéëîì Ïàâëîâè÷åì✱ à òåïåð ïðîäîâæó➵
ðîçâèâàòèñÿ éîãî ó÷íÿìè ❬✶✲✹❪✳

Ðîçãëÿíåìî çàäà÷ó ïîáóäîâè îáìåæåíîãî â îáëàñò✐

D2 = {(t, r) : t > 0, r ∈ I2}, I2 = (0;R1) ∪ (R1;R2)

ðîçâ✬ÿçêó ë✐í✐éíî➝ ñèñòåìè äâîõ ð✐âíÿíü ç ÷àñòèííèìè ïîõ✐äíèìè

Lt[u1] + γ21u1 − a21B
∗
α1
[u1] = f1(t, r), r ∈ (0;R1),

Lt[u2] + γ22u2 − a22Bν,α2 [u2] = f2(t, r), r ∈ (R1;R2), ✭✶✮

ç â✐äïîâ✐äíèìè ïî÷àòêîâèìè óìîâàìè✱ êðàéîâèìè óìîâàìè òà óìîâàìè ñïðÿæåííÿ
❬✸✲✹❪✳

Òóò áåðóòü ó÷àñòü äèôåðåíö✐àëüí✐ îïåðàòîðè äðóãîãî ïîðÿäêó ➴éëåðà B∗
α1

òà
➪åññåëÿ Bν,α2 ❬✸❪✳

ßêùî Lt = d
dt
✱ òî ìè ìà➵ìî çàäà÷ó òåïëîïðîâ✐äíîñò✐ àáî äèôóç✐➝✱ ÿêùî Lt = d2

dt2
✱

òî ìà➵ìî çàäà÷ó äèíàì✐êè✳
Óñ✐ ïàðàìåòðè òà îïåðàòîðè✱ ÿê✐ áåðóòü ó÷àñòü ó ïîñòàíîâö✐ êðàéîâî➝ çàäà÷✐ äëÿ

ñèñòåìè ✭✶✮✱ îïèñàí✐ ó ïðàöÿõ ❬✶✱✷❪✳
Ó ïðåïðèíò✐ ❬✷❪ ïîáóäîâàí✐ ïðÿìå òà îáåðíåíå ã✐áðèäí✐ ✐íòåãðàëüí✐ ïåðåòâîðåííÿ

➴éëåðà✲➪åññåëÿ✱ ïîðîäæåí✐ íà ìíîæèí✐ I2 ã✐áðèäíèì äèôåðåíö✐àëüíèì îïåðàòîðîì
M(α) = θ(r)θ(R1 − r)a21B

∗
α1

+ θ(r−R1)θ(R2 − r)a22Bν,α2 , à òàêîæ äîâåäåíà òåîðåìà ïðî
îñíîâíó òîòîæí✐ñòü öüîãî îïåðàòîðà✳

Ïðÿìå ã✐áðèäíå ✐íòåãðàëüíå ïåðåòâîðåííÿ ➴éëåðà✲➪åññåëÿ íà äâîñêëàäîâîìó ñå✲
ãìåíò✐ ç òî÷êîþ ñïðÿæåííÿ çàïèñó➵òüñÿ ó âèãëÿä✐ îïåðàòîðíî➝ ìàòðèö✐✲ðÿäêà✳ ➶èõ✐✲
äíà ñèñòåìà òà ïî÷àòêîâ✐ óìîâè çàïèñóþòüñÿ â ìàòðè÷í✐é ôîðì✐✱ ✐ ìè çàñòîñîâó➵ìî
îïåðàòîðíó ìàòðèöþ✲ðÿäîê äî çàäàíî➝ çàäà÷✐ çà ïðàâèëîì ìíîæåííÿ ìàòðèöü✳ Ïðè
öüîìó âèêîðèñòîâó➵ìî êðàéîâ✐ óìîâè òà óìîâè ñïðÿæåííÿ✳

➶ ðåçóëüòàò✐ îòðèìó➵ìî çàäà÷ó ✃îø✐ äëÿ çâè÷àéíîãî äèôåðåíö✐àëüíîãî ð✐âíÿííÿ
ïåðøîãî ✭äëÿ çàäà÷✐ äèôóç✐➝✮ àáî äðóãîãî ✭äëÿ çàäà÷✐ äèíàì✐êè✮ ïîðÿäêó✳ Ðîçâ✬ÿçîê
òàêî➝ çàäà÷✐ áóäó➵òüñÿ ñòàíäàðòíèì ÷èíîì✳

❰áåðíåíå ã✐áðèäíå ✐íòåãðàëüíå ïåðåòâîðåííÿ ➴éëåðà✲➪åññåëÿ çàïèñó➵òüñÿ ó âèãëÿ✲
ä✐ îïåðàòîðíî➝ ìàòðèö✐✲ñòîâïöÿ✱ ✐ ìè çàñòîñîâó➵ìî éîãî äî ïîáóäîâàíîãî ðîçâ✬ÿçêó
çàäà÷✐ ✃îø✐✳ Ï✐ñëÿ çä✐éñíåííÿ ïåâíèõ åëåìåíòàðíèõ ïåðåòâîðåíü ìè îòðèìó➵ìî ➵äè✲
íèé ðîçâ✬ÿçîê âèõ✐äíî➝ çàäà÷✐✳

✻✵



Ïîáóäîâàí✐ ðîçâ✬ÿçêè êðàéîâèõ çàäà÷ ìàþòü àëãîðèòì✐÷íèé õàðàêòåð✱ ùî äîçâî✲
ëÿ➵ âèêîðèñòîâóâàòè ➝õ ÿê ó òåîðåòè÷íèõ äîñë✐äæåííÿõ✱ òàê ✐ â ÷èñëîâèõ ðîçðàõóí✲
êàõ✳

Ó ïðàö✐ ❬✸❪ ïîáóäîâàíî ðîçâ✬ÿçîê çàäà÷✐ äèíàì✐êè íà äâîñêëàäîâîìó ñåãìåíò✐
[0;R2] ç îäí✐➵þ òî÷êîþ ñïðÿæåííÿ ìåòîäîì ã✐áðèäíîãî ✐íòåãðàëüíîãî ïåðåòâîðåííÿ
➴éëåðà✲➪åññåëÿ✳

Ó ïðàö✐ ❬✹❪ ïîáóäîâàíî ðîçâ✬ÿçîê çàäà÷✐ äèôóç✐➝ íà äâîñêëàäîâîìó ñåãìåíò✐ [0;R2]
ç îäí✐➵þ òî÷êîþ ñïðÿæåííÿ ìåòîäîì ã✐áðèäíîãî ✐íòåãðàëüíîãî ïåðåòâîðåííÿ ➴éëåðà✲
➪åññåëÿ✳

❐✐òåðàòóðà

❬✶❪ ❐åíþê ❒✳Ï✳✱ Øèíêàðèê ❒✳■✳ ➹✐áðèäí✐ ✐íòåãðàëüí✐ ïåðåòâîðåííÿ ✭Ôóð✬➵✱ ➪åññåëÿ✱ ❐å✲
æàíäðà✮✳ ×àñòèíà ✶✳ Òåðíîï✐ëü✿ ➴êîíîì✳ ➘óìêà✱ ✷✵✵✹✳ ✸✻✽ ñ✳

❬✷❪ ❮✐ê✐ò✐íà ❰✳❒✳ ➹✐áðèäí✐ ✐íòåãðàëüí✐ ïåðåòâîðåííÿ òèïó ✭➴éëåðà✲➪åññåëÿ✮✳ ❐üâ✐â✱ ✷✵✵✽✳
✽✻ ñ✳ ✭Ïðåïðèíò✳ ❮➚❮ Óêðà➝íè✱ ■í✲ò ïðèêëàäíèõ ïðîáëåì ìàòåìàòèêè ✐ ìåõàí✐êè ✐ì✳
ß✳Ñ✳ Ï✐äñòðèãà÷à❀ ✵✶✲✵✽✮✳

❬✸❪ ➪ëàæåâñüêèé Ñ✳➹✳✱ ❐åíþê ❰✳❒✳✱ ❮✐ê✐ò✐íà ❰✳❒✳✱ Øèíêàðèê ❒✳■✳ ❒îäåëþâàííÿ äèíà✲
ì✐÷íèõ ïðîöåñ✐â ìåòîäîì ã✐áðèäíîãî ✐íòåãðàëüíîãî ïåðåòâîðåííÿ òèïó ➴éëåðà✲➪åññåëÿ
íà ñåãìåíò✐ ✴✴ Ïðèêëàäí✐ ïèòàííÿ ìàòåìàòè÷íîãî ìîäåëþâàííÿ✳ Ò✳✹✱ ➑ ✷✳✶✳ ✲ Õåðñîí✿
Õ❮ÒÓ✱ ✷✵✷✶✳ ✲ Ñ✳ ✷✺✲✸✶✳

❬✹❪ ❐åíþê ❰✳❒✳✱ ❮✐ê✐ò✐íà ❰✳❒✳✱ Øèíêàðèê ❒✳■✳ ❒îäåëþâàííÿ äèôóç✐éíèõ ïðîöåñ✐â ìåòî✲
äîì ã✐áðèäíîãî ✐íòåãðàëüíîãî ïåðåòâîðåííÿ òèïó ➴éëåðà✲➪åññåëÿ íà ñåãìåíò✐ ✴✴ Ïðè✲
êëàäí✐ ïèòàííÿ ìàòåìàòè÷íîãî ìîäåëþâàííÿ✳ Ò✳✻✱ ➑ ✷✳ ✲ Õåðñîí✿ Õ❮ÒÓ✱ ✷✵✷✸✳ ✲ Ñ✳
✼✻✲✽✶✳

❡✲♠❛✐❧✿ ♦✳❧❡♥②✉❦❅❝❤♥✉✳❡❞✉✳✉❛✱ ♦✳♥✐❦✐t✐♥❛✳❝❤✈❅❣♠❛✐❧✳❝♦♠✱ s❤②♥❦❛r②❦❴♠❅✉❦r✳♥❡t

✻✶



Ïðî äåÿê✐ ìåòðè÷í✐ ðåçóëüòàòè çàäàí✐ â òåðì✐íàõ ëàíöþãîâîãî
A2✲ïðåäñòàâëåííÿ ç àëôàâ✐òîì {0, 5; 1}

❰ëåã ❒àêàð÷óê

■íñòèòóò ìàòåìàòèêè ❮➚❮ Óêðà➝íè✱ ✃è➝â✱ Óêðà➝íà

➶✐äîìî ❬✶❪✱ ùî äëÿ êîæíîãî ÷èñëà t ∈ [0, 5; 1] ✐ñíó➵ ïîñë✐äîâí✐ñòü (an) êîæåí ÷ëåí
ÿêî➝ ð✐âíèé 0, 5 àáî 1 ✐ â✐äïîâ✐äíî t = [a1; ...; ak; ...] ✭êâàäðàòí✐ äóæêè ñèìâîë✐çóþòü
ëàíöþãîâèé äð✐á✮✳ ❰ñòàíí➵ çîáðàæåííÿ íàçèâà➵òüñÿ ëàíöþãîâèì A2✲çîáðàæåííÿì ç
àëôàâ✐òîì {0, 5; 1}✳ ➘åÿêà ç÷èñëåííà ìíîæèíà ✭A2✲á✐íàðíèõ✮ ÷èñåë â✐äð✐çêó [0, 5; 1]
ìà➵ â✐äïîâ✐äíî äâà A2✲çîáðàæåííÿ âèäó [a1; ...; an;

1
2
; (1

2
, 1)] = [a1; ...; an; 1; (1,

1
2
)], äå

êðóãë✐ äóæêè ñèìâîë✐çóþòü ïåð✐îä✳ ➬ ✐íøîãî áîêó âñ✐ ✐íø✐ ✭A2✲óíàðí✐✮ ÷èñëà â✐ä✲

ð✐çêó [0, 5; 1] ìàþòü ➵äèíå A2✲çîáðàæåííÿ✳ ❮åõàé
(
pn(x)
qn(x)

)
✖ ïîñë✐äîâí✐ñòü ï✐äõ✐äíèõ

äðîá✐â✱ ùî â✐äïîâ✐äàþòü ÷èñëó x✱ ∆n(x) ✖ ìíîæèíà âñ✐õ ÷èñåë✱ ïåðø✐ n öèôð ÿêèõ
ñï✐âïàäàþòü ç â✐äïîâ✐äíèìè n öèôðàìè ÷èñëà x ✭öèë✐íäð n✲ãî ðàíãó✮✳ ❮àñòóïíà òåî✲
ðåìà ➵ àíàëîãîì ðåçóëüòàò✐â ðîá✐ò ❬✷✱ ✹❪ â✐äïîâ✐äíî äî êëàñè÷íèõ ëàíöþãîâèõ äðîá✐â✳

Òåîðåìà ✶✳ Ïîçíà÷èìî

G = −Li2(−t)− Li2
(
− t

2

)
+ ln(x) · ln(x+ 1)− ln(x) · ln

(
x+2
2

)

ln
(
10
9

)
∣∣∣∣∣

1

0,5

≈ 0, 3337,

äå Li2(z) =
+∞∑
k=0

zk

k2
✖ ïîë✐ëîãàðèôì✳ ➘ëÿ ìàéæå âñ✐õ ÷èñåë x ∈ [0, 5; 1] âèêîíóþòüñÿ

óìîâè

lim
n→∞

n
√
qn = eG ≈ 1, 3961, lim

n→∞

n
√
λ(∆n) = lim

n→∞

n

√∣∣∣∣x−
pn(x)

qn(x)

∣∣∣∣ = e−2G ≈ 0, 5134.

❐✐òåðàòóðà

❬✶❪ ➘ìèòðåíêî Ñ✱ ✃þð÷åâ ➘✱ Ïðàöüîâèòèé ❒✳ ❐àíöþãîâå A2✲çîáðàæåííÿ ä✐éñíèõ ÷èñåë òà
éîãî ãåîìåòð✐ÿ✱ Óêð✳ìàò✳æóðíàë✱ ✻✶✱➑✹✱ ✹✺✷✕✹✻✸✱ ✭✷✵✵✾✮✳

❬✷❪ ❑❤✐♥t❝❤✐♥❡ ❆✳ ▼❡tr✐s❝❤❡ ❑❡tt❡♥❜r✉❝❤♣r♦❜❧❡♠❡✱ ❈♦♠♣♦s✐t✐♦ ▼❛t❤✳ ❋r❛♥❝❡✱ ✶✱ ✸✻✶✕✸✽✷ ✭✶✾✸✺✮✳

❬✸❪ ▲❡✈② P✳ ❙✉r ❧❡s ❧♦✐s ❞❡ ♣r♦❜❛❜✐❧✐t❡ ❞♦♥t ❞❡♣❡♥❞❡♥t ❧❡s q✉♦t✐❡♥ts ❝♦♠♣❧❡ts ❡t ✐♥❝♦♠♣❧❡ts ❞✉♥❡
❢r❛❝t✐♦♥ ❝♦♥t✐♥✉❡✱ ❇✉❧❧✳ ❙♦❝✳ ▼❛t❤✳ ❋r❛♥❝❡✱ ✺✼✱ ✶✼✽✕✶✾✹ ✭✶✾✷✾✮✳

❡✲♠❛✐❧✿ ♠❛❦♦❧♣❡t❅❣♠❛✐❧✳❝♦♠✱ ♠❛❦❛r❝❤✉❦❅✐♠❛t❤✳❦✐❡✈✳✉❛

✻✷



➴ðãîäè÷í✐ âëàñòèâîñò✐ îäí✐➵➝ äèíàì✐÷íî➝ ñèñòåìè çàäàíî➝ â òåðì✐íàõ
ëàíöþãîâîãî A2✲ïðåäñòàâëåííÿ ÷èñåë â✐äð✐çêó [0, 5; 1]
❰ëåã ❒àêàð÷óê✱ ➘ìèòðî Ñêàêóí✱ ➶àäèì Õàëåöüêèé

■íñòèòóò ìàòåìàòèêè ❮➚❮ Óêðà➝íè✱ ✃è➝â✱ Óêðà➝íà
Óêðà➝íñüêèé äåðæàâíèé óí✐âåðñèòåò ✐ìåí✐ ❒èõàéëà ➘ðàãîìàíîâà✱ ✃è➝â✱ Óêðà➝íà
Öåíòðàëüíîóêðà➝íñüêèé äåðæàâíèé óí✐âåðñèòåò ✐ìåí✐ ➶îëîäèìèðà ➶èííè÷åíêà✱

✃ðîïèâíèöüêèé✱ Óêðà➝íà

➶✐äîìî ❬✶❪✱ ùî êîæíå ÷èñëî t â✐äð✐çêó [0, 5; 1] çà âèêëþ÷åííÿì äåÿêî➝ ç÷èñëåí✲
íî➝ ìíîæèíè C äîïóñêà➵ ➵äèíå ëàíöþãîâå çîáðàæåííÿ âèãëÿäó t = [a1; ...; ak; ...]✱ äå
êîæåí ÷ëåí ïîñë✐äîâíîñò✐ (an) ð✐âíèé 0, 5 àáî 1✳ ×èñëà ìíîæèíè C íàçèâàþòüñÿ A2✲
á✐íàðíèìè ✐ ìàþòü âèãëÿä [a1; ...; an;

1
2
; (1

2
, 1)] = [a1; ...; an; 1; (1,

1
2
)], äå êðóãë✐ äóæêè

îçíà÷àþòü ïåð✐îä✳
❮à ìíîæèí✐ ëàíöþãîâèõ A2✲çîáðàæåíü ðîçãëÿíåìî îïåðàòîð

T ([a1; a2; ..., an; ...]) = [a2; a3; ...; an+1; ...],

ïðè÷îìó äëÿA2✲á✐íàðíèõ ÷èñåë áóäåìî âèêîðèñòîâóâàòè çîáðàæåííÿ ç ïåð✐îäîì (1
2
, 1)✳

❮åõàé η(·) ✖ ì✐ðà ❐åáåãà✲Ñò✐ëòü➵ñà✱ ùî â✐äïîâ✐äà➵ ôóíêö✐➝

f ∗(t) =
ln (x+ 1)− ln (x+ 2) + ln

(
5
3

)

ln
(
10
9

) .

Òåîðåìà ✶✳ Ïîçíà÷èìî

G = −Li2(−t)− Li2
(
− t

2

)
+ ln(x) · ln(x+ 1)− ln(x) · ln

(
x+2
2

)

ln
(
10
9

)
∣∣∣∣∣

1

0,5

≈ 0, 3337,

äå Li2(z) =
+∞∑
k=0

zk

k2
✖ ïîë✐ëîãàðèôì✳

➘èíàì✐÷íà ñèñòåìà W = ([0, 5; 1];B([0, 5; 1]); η(·);T ) åðãîäè÷íà ❬✷❪✱ òîáòî äëÿ
êîæíî➝ ìíîæèíè D ∈ B([0, 5; 1]) âèêîíó➵òüñÿ ð✐âí✐ñòü η(T−1(D)) = η(D) ✐ äëÿ
êîæíî➝ ✐íâàð✐àíòíî➝ ìíîæèíè Q ✭T−1(Q) = Q✮ âèêîíó➵òüñÿ óìîâà η(Q) ∈ {0; 1}✱
ïðè÷îìó åíòðîï✐ÿ ✭ìåòðè÷íà åíòðîï✐ÿ ❬✸❪✮ â✐äïîâ✐äíî➝ äèíàì✐÷íî➝ ñèñòåìè ð✐âíà

h(W ) = 2G ≈ 0, 6674.

❐✐òåðàòóðà

❬✶❪ ➘ìèòðåíêî Ñ✱ ✃þð÷åâ ➘✱ Ïðàöüîâèòèé ❒✳ ❐àíöþãîâå A2✲çîáðàæåííÿ ä✐éñíèõ ÷èñåë òà
éîãî ãåîìåòð✐ÿ✱ Óêð✳ìàò✳æóðíàë✱ ✻✶✱➑✹✱ ✹✺✷✕✹✻✸✱ ✭✷✵✵✾✮✳

❬✷❪ ❇✐❧❧✐❣s❧❡② P✳ ❊r❣♦❞✐❝ t❤❡♦r② ❛♥❞ ✐♥❢♦r♠❛t✐♦♥✱ ❲✐❧❡②✱ ✶✾✻✺✳ ✕ ✷✵✼ ♣✳

❬✸❪ ❑❛t♦❦ ❆✳✱ ❍❛ss❡❧❜❧❛tt ❇✳ ■♥tr♦❞✉❝t✐♦♥ t♦ t❤❡ ▼♦❞❡r♥ ❚❤❡♦r② ♦❢ ❉②♥❛♠✐❝❛❧ ❙②st❡♠s✱ ❈❛♠❜r✐✲
❞❣❡ ❯♥✐✈❡rs✐t② Pr❡ss✱ ✶✾✾✺✳ ✕ ✼✼✸ ♣✳

❡✲♠❛✐❧✿ ♠❛❦♦❧♣❡t❅❣♠❛✐❧✳❝♦♠✱ ♠❛❦❛r❝❤✉❦❅✐♠❛t❤✳❦✐❡✈✳✉❛✱ s❦❛❦✉♥❞✷✵✷✵❅❣♠❛✐❧✳❝♦♠✱
❝❤❛❧❡ts❦✐②✈❅♠❡t❛✳✉❛

✻✸



➚ñèìïòîòè÷íà ïîâåä✐íêà äåÿêèõ òèï✐â ðîçâ✬ÿçê✐â îäíîãî êëàñó ñèñòåì
äèôåðåíö✐àëüíèõ ð✐âíÿíü
❰ëåêñàíäð ❒àêñèìîâ

❰äåñüêèé íàö✐îíàëüíèé óí✐âåðñèòåò ✐ìåí✐ ■✳■✳❒å÷íèêîâà✱ ❰äåñà✱ Óêðà➝íà

Ðîçãëÿäà➵òüñÿ ñèñòåìà äèôåðåíö✐àëüíèõ ð✐âíÿíü
{
x′ = p1(t)x

σ1 + q1(t)e
λ1y = 0,

y′ = p2(t)x
σ2 + q2(t)e

λ2y = 0,
(1)

äå σi, λi, (i = 1, 2) ✕ äîäàòí✐ ñòàë✐✱ pi, qi : [a,+∞[−→]0,+∞[ (i = 1, 2) ✲ íåïåðåðâí✐
ôóíêö✐➝✳

Ðîçâ✬ÿçêîì ñèñòåìè ✭✶✮ íàçèâà➵òüñÿ ïàðà ôóíêö✐é (x(t), y(t))✱ âèçíà÷åíèõ íà ïðî✲
ì✐æêó [t0,+∞[ (t0 ≥ a)✱ ùî òîòîæíüî çàäîâîëüíÿ➵ ñèñòåìó✳ ➬ã✐äíî ç âèãëÿäîì ñè✲
ñòåìè ✭✶✮ êîæíà êîìïîíåíòè áóäü✲ÿêîãî ðîçâ✬ÿçêó ✭x(t), y(t)) ñèñòåìè ✭✶✮ òàêà✱ ùî
âèêîíó➵òüñÿ îäíà ç äâîõ óìîâ

(I) lim
t→+∞

x(t) = c > 0, àáî (II) lim
t→+∞

x(t) = 0;

(I) lim
t→+∞

y(t) = d > 0, àáî (II) lim
t→+∞

y(t) = 0.

➶ ðîáîò✐ äîñë✐äæóþòüñÿ ïèòàííÿ ïðî ✐ñíóâàííÿ ó ñèñòåì✐ ✭✶✮ ✐ àñèìïòîòè÷íó ïî✲
âåä✐íêó ïðè t→ +∞ ðîçâ✬ÿçê✐â íàñòóïíèõ òèï✐â

(I, I); (II, II); (I, II); (II, I),

äå ïåðøà öèôðà ó äóæêàõ âêàçó➵ ïîâåä✐íêó ïåðøî➝ êîìïîíåíòè ðîçâ✬ÿçêó ñèñòåìè
✭✶✮✱ à äðóãà ✲ äðóãî➝ êîìïîíåíòè ðîçâ✬ÿçêó✳

Ó âèïàäêó ñèñòåìè ç✐ ñòåïåíåâèìè íåë✐í✐éíîñòÿìè✱ à ñàìå ñèñòåìè âèäó
{
x′ = p1(t)x

σ1 + q1(t)y
λ1 = 0,

y′ = p2(t)x
σ2 + q2(t)y

λ2 = 0,

äå σi, λi, (i = 1, 2) ✕ äîäàòí✐ ñòàë✐✱ pi, qi : [a,+∞[−→]0,+∞[ (i = 1, 2) ✲ íåïåðåðâí✐
ôóíêö✐➝✱ äàí✐ ïèòàííÿ ðàí✐øå âèð✐øóâàëèñü â ðîáîòàõ ❬✶❪✱❬✷❪✳

✶✳ ❏❛r♦s✱ ❏✳✱ ❑✉s❛♥♦✱ ❚✳✱ ❊①✐st❡♥❝❡ ❛♥❞ ♣r❡❝✐s❡ ❛s②♠♣t♦t✐❝ ❜❡❤❛✈✐♦r ♦❢ str♦♥❣❧② ♠♦♥♦t♦♥❡
s♦❧✉t✐♦♥s ♦❢ s②st❡♠s ♦❢ ♥♦♥❧✐♥❡❛r ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s✱ ❉✐✛❡r✳ ❊q✉✳ ❆♣♣❧✳ ✺ ✭✷✵✶✸✮✱ ✶✽✺✕✷✵✹✳

✷✳ ❊✈t✉❦❤♦✈✱ ❱✳ ▼✳✱ ❱❧❛❞♦✈❛✱ ❊✳ ❙✳✱ ❆s②♠♣t♦t✐❝ r❡♣r❡s❡♥t❛t✐♦♥s ♦❢ s♦❧✉t✐♦♥s ♦❢ ❡ss❡♥t✐❛❧❧②
♥♦♥❧✐♥❡❛r ❝②❝❧✐❝ s②st❡♠s ♦❢ ♦r❞✐♥❛r② ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s✱ ❉✐✛❡r✳ ❊q✉✳ ✹✽ ✭✷✵✶✷✮✱ ✻✸✵✲✻✹✻✳

❡✲♠❛✐❧✿ ✷✶✻✷✷✸✼❅❣♠❛❧✳❝♦♠

✻✹



Ñòîõàñòè÷í✐ åâîëþö✐éí✐ ð✐âíÿííÿ ó íåñê✐í÷åííîâèì✐ðíèõ ïðîñòîðàõ

❰ëüãà ❒àðòèíþê✱ ❰ëåêñàíäð Ñòàíæèöüêèé

×åðí✐âåöüêèé íàö✐îíàëüíèé óí✐âåðñèòåò ✐ìåí✐ Þð✐ÿ Ôåäüêîâè÷à✱ ×åðí✐âö✐✱ Óêðà➝íà
✃è➝âñüêèé íàö✐îíàëüíèé óí✐âåðñèòåò ✐ìåí✐ Òàðàñà Øåâ÷åíêà✱ ✃è➝â✱ Óêðà➝íà

Ðîáîòà ïðèñâÿ÷åíà ðîçãëÿäó çàãàëüíèõ ïèòàíü ñòîñîâíî ñòîõàñòè÷íèõ ð✐âíÿíü ó íåñê✐í✲
÷åííîâèì✐ðíèõ ïðîñòîðàõ✳ ❼õ ÷àñòèííèì âèïàäêîì ➵ ñòîõàñòè÷í✐ äèôåðåíö✐àëüí✐ ð✐âíÿííÿ ó
÷àñòèííèõ ïîõ✐äíèõ✱ ùî âèñòóïàþòü ìàòåìàòè÷íèìè ìîäåëÿìè áàãàòüîõ ðåàëüíèõ ïðîöåñ✐â✳

Ó ñàì✐é çàãàëüí✐é ïîñòàíîâö✐ òàê✐ ð✐âíÿííÿ ìàþòü íàñòóïíèé âèãëÿä✳
❮åõàéH ➵ ñåïàðàáåëüíèì ã✐ëüáåðòîâèì àáî áàíàõîâèì ïðîñòîðîì✱ ✐ íåõàé çàäàíî àáñòðàêòíå
â✐äîáðàæåííÿ F : [0, T ]×H×U → H, äå T > 0 ✐ U äåÿêèé ïðîñò✐ð ➹✐ëüáåðòà✳ Òîä✐ ñòîõàñòè÷íå
åâîëþö✐éíå ð✐âíÿííÿ ìà➵ âèãëÿä

dX(t)

dt
= F (t,X(t), Ẇ (t)), ✭✶✮

äå Ẇ (t), t ∈ [0, T ] ➵ U− çíà÷íèì á✐ëèì øóìîì✱ à W (t) ➵ U− çíà÷íèì öèë✐íäðè÷íèì
ïðîöåñîì áðîóí✐âñüêîãî ðóõó íà äåÿêîìó éìîâ✐ðí✐ñíîìó ïðîñòîð✐ (Ω, F, P ). ❰ñê✐ëüêè Ẇ (t)
➵ ãàóñ✐âñüêèì ïðîöåñîì ç íåçàëåæíèìè çíà÷åííÿìè ✐ç íåñê✐í÷åííîþ äèñïåðñ✐➵þ✱ òî ïðàâà
÷àñòèíà ✭✶✮ çàçíà➵ âèïàäêîâèõ çáóðåíü äóæå ñêëàäíî➝ ïðèðîäè ✐ íå ï✐ääà➵òüñÿ âèâ÷åííþ
ñó÷àñíèìè ìàòåìàòè÷íèìè ìåòîäàìè✳ ßê ïðàâèëî✱ ðîçãëÿäà➵òüñÿ ë✐íåàðèçîâàíà âåðñ✐ÿ ✭✶✮
îòðèìàíà ðîçêëàäîì F â îêîë✐ 0 ∈ U çà ôîðìóëîþ Òåéëîðà✿

dX

dt
= F (t,X, 0) + ∂3F (t,X, 0)W, ✭✷✮

∂3− ÷àñòèííà ïîõ✐äíà â✐ä F ïî òðåò✐é çì✐íí✐é✳
Ïîêëàâøè òåïåð A(t, x) := F (t, x, 0), B(t, x) := ∂3F (t,X, 0)
îòðèìó➵ìî îá✬➵êò íàøîãî ðîçãëÿäó

dX(t) = A(t,X)dt+B(t, x)dW (t). ✭✸✮

➶ ðîáîò✐ ðîçãëÿäàþòüñÿ ð✐çí✐ ï✐äõîäè äî îçíà÷åííÿ ðîçâ✬ÿçêó ✭ì✬ÿêèé✱ ñëàáêèé✱ ñèëü✲
íèé✮✱ îáãîâîðþ➵òüñÿ ➝õ âçà➵ìîçâ✬ÿçîê✱ ïðèâåäåí✐ â✐äïîâ✐äí✐ òåîðåìè ✐ñíóâàííÿ✳

➘ëÿ êîíêðåòíèõ âèãëÿä✐â ïðîñòîð✐â òà íåë✐í✐éíèõ â✐äîáðàæåíü A ✐ B îáãîâîðþþòüñÿ
êîíêðåòí✐ ð✐âíÿííÿ✱ ùî ➵ ìàòåìàòè÷íèìè ìîäåëÿìè ð✐çíèõ ïðîöåñ✐â ïðèðîäîçíàâñòâà ✭ð✐â✲
íÿííÿ ðåàêö✐➝ äèôóç✐➝✱ ð✐âíÿííÿ ➪þðãåðñà✱ ð✐âíÿííÿ ❮àâ✬➵✲Ñòîêñà✱ ð✐âíÿííÿ ïîðèñòèõ ñåðå✲
äîâèù✱ ð✐âíÿííÿ òîíêèõ ïë✐âîê òà ✐íø✐✮✳ ➬àãàëüíà ôîðìà ïåðåðàõîâàíèõ ð✐âíÿíü ✐ç ôàçîâèì
ïðîñòîðîì ôóíêö✐é ξ → x(ξ), äå ξ ∈ D ⊂ Rd íàñòóïíà

dX(t)(ξ) = A(t)X(t)(ξ), DξX(t)(ξ), D2
ξ (X(t)(ξ))dt+

+B(t,X(t)(ξ), DξX(t)(ξ), D2
ξ (X(t)(ξ))dW (t),

ùî ➵ ÷àñòèííèì âèïàäêîì ð✐âíÿííÿ òèïó ✭✸✮✳

Ðîáîòà âèêîíàíà çà ï✐äòðèìêè ❮àö✐îíàëüíîãî ôîíäó äîñë✐äæåíü Óêðà➝íè✱ ïðîåêò ➑✷✵✷✸✳✵✸✴✵✵✼✹
✧❮åñê✐í÷åííîâèì✐ðí✐ åâîëþö✐éí✐ ð✐âíÿííÿ ✐ç áàãàòîçíà÷íîþ òà ñòîõàñòè÷íîþ äèíàì✐êîþ✧✳

❐✐òåðàòóðà

❬✶❪ ❲✳ ▲✐♥✱ ▼✳ ❘♦❝❦♥❡r✳ ❙t♦❝❤❛st✐❝ P❛rt✐❛❧ ❉✐✛❡r❡♥t✐❛❧ ❊q✉❛t✐♦♥s✿ ❆♥ ✐♥tr♦❞✉❝t✐♦♥✱ ❙♣r✐♥❣❡r✱
❈❤❛♠ ❍❡✐❞❡❧❜❡r❣ ◆❡✇ ❨♦r❦ ❉♦r❞r❡❝❤t ▲♦♥❞♦♥✱ ✷✵✶✺✱ ✷✻✼ ♣✳

❡✲♠❛✐❧✿ ♦✳♠❛rt②♥②✉❦❅❝❤♥✉✳❡❞✉✳✉❛✱ st❛♥③❤②ts❦②✐❅❦♥✉✳✉❛

✻✺



Ïîáóäîâà ìàòðèö✐ ðåçóëüòàò✐â êîìàíäè✳ ■ãðîâà ä✐ÿ àòàêóâàëüíèé óäàð

Ñåðã✐é ❒àðòèíþê✱ ➶ÿ÷åñëàâ Öóðêàí

×åðí✐âåöüêèé íàö✐îíàëüíèé óí✐âåðñèòåò ✐ìåí✐ Þð✐ÿ Ôåäüêîâè÷à✱ ×åðí✐âö✐✱ Óêðà➝íà

Ïîáóäîâà ìàòåìàòè÷íî➝ ìîäåë✐ êîìàíäíèõ ä✐é çà ñòàòèñòè÷íèìè äàíèìè✱ ç✐áðàíèìè çà
äîïîìîãîþ ïðîãðàìíîãî çàáåçïå÷åííÿ ❉❛t❛❱♦❧❧❡② ❬✶❪✱ äàñòü çìîãó ñóòò➵âî âïëèíóòè íà äî✲
ñÿãíåííÿ êîìàíäíèõ ðåçóëüòàò✐â ó ñó÷àñíîìó âîëåéáîë✐✳ ➚íàë✐òè÷íà òðåíåðñüêà ãðóïà✱ ìà✲
þ÷è äîñòóï äî ìàòåìàòè÷íî➝ ìîäåë✐ êîìàíäíî➝ ãðè✱ çìîæå âèêîðèñòîâóâàòè ➝➝ äëÿ àíàë✐çó
✐íäèâ✐äóàëüíèõ ä✐é ãðàâö✐â✱ îö✐íþâàòè ➝õ ñèëüí✐ òà ñëàáê✐ ñòîðîíè✱ åôåêòèâí✐ñòü âèêîíàí✲
íÿ ✐ãðîâèõ êîìïîíåíò ✐ âçà➵ìîä✐þ ç ïàðòíåðàìè✳ ✃ð✐ì àíàë✐çó✱ öå äîçâîëèòü ïðîäóêòèâíî
áóäóâàòè òðåíóâàëüíèé ïðîöåñ äëÿ ï✐äâèùåííÿ åôåêòèâíîñò✐ êîìàíäíî➝ ãðè ❬✷❪✳

Ó ïîïåðåäí✐õ äîñë✐äæåííÿõ áóëî ðîçêîäîâàíî ôàéëè ñòàòèñòèêè òà ñôîðìîâàíî ñòðó✲
êòóðó áàçè äàíèõ äëÿ ïîäàëüøî➝ îáðîáêè ðåçóëüòàò✐â✳ ➘ëÿ ïðîâåäåííÿ äîñë✐äæåííÿ ç✐áðàíî
ôàéëè äàíèõ ìàò÷✐â ñåçîíó ✷✵✷✸✲✷✵✷✹ ðîê✐â äëÿ êîìàíä ➶èùî➝ ë✐ãè ×åìï✐îíàòó òà ✃óáêó
Óêðà➝íè ñåðåä æ✐íî÷èõ êîìàíä✳ ➪óëî ââåäåíî ïîíÿòòÿ ìàòðèö✐ ðåçóëüòàò✐â ✐ãðîâèõ ä✐é ❬✸❪✳

❒àòðèöÿ ðåçóëüòàò✐â ✕ öå ìàòðèöÿ ðîçì✐ðí✐ñòþ 3× 3✱ êîæåí ç åëåìåíò✐â ÿêî➝ â✐äïîâ✐äà➵
çîí✐ ✐ãðîâîãî ïîëÿ ó âîëåéáîë✐✱ à çíà÷åííÿ åëåìåíò✐â ìàòðèö✐ ✕ ê✐ëüêîñò✐ âèêîíàííÿ ✐ãðîâî➝
ä✐➝ â êîíêðåòí✐é çîí✐✿

A =




20 1 1
0 3 0
0 0 0


 â✐äïîâ✐äí✐ çîíè âîëåéáîëüíîãî ïîëÿ

4 3 2
7 8 9
5 6 1

.

Òîáòî ãðàâåöü âèêîíàâ ✷✵ àòàêóâàëüíèõ óäàð✐â ç ✹ çîíè ✐ãðîâîãî ïîëÿ✱ ✶ ç ✸✱ ✶ ç ✷ òà ✸ ç ✺
çîíè✳

❰òæå✱ äëÿ êîæíîãî ãðàâöÿ ñôîðìîâàí✐ ìàòðèö✐ ðåçóëüòàòó ✐ãðîâî➝ ä✐➝ ✑àòàêóâàëüíèé
óäàð✑✳ ➶✐äïîâ✐äíó ìàòðèöþ ïîçíà÷èìî A➑ãðàâöÿ ✭íàïðèêëàä✱ A9✮✳ ➘àíà ìàòðèöÿ ñêëàäà➵✲
òüñÿ ç ñóìè ìàòðèöü ðåçóëüòàòó ÿêîñò✐ ✐ãðîâî➝ ä✐é✿ âèãðàíèõ àòàêóþ÷èõ óäàð✐â A91✱ ïîìèë✲
êîâèõ àòàêóþ÷èõ óäàð✐â A92✱ ïîçèòèâíèõ óäàð✐â A93 òà íåãàòèâíèõ óäàð✐â A94✿

A9 = A91 +A92 +A93 +A94.




20 1 1
0 3 0
0 0 0


 =




3 1 0
0 0 0
0 0 0


+




2 0 0
0 0 0
0 0 0


+




2 0 0
0 0 0
0 0 0


+




13 0 1
0 3 0
0 0 0


 .

✃ð✐ì òîãî✱ äëÿ äåòàë✐çàö✐➝ íàïðÿìê✐â àòàêè äî êîæíîãî åëåìåíòà ìàòðèö✐ ðåçóëüòàò✐â
ïðèâ✬ÿçó➵òüñÿ ìàòðèöÿ ðåçóëüòàòó íàïðÿìêó àòàêè✿

A94dir =




1 0 2
1 0 0
3 7 6


 , A93dir =




0 1 0
0 0 0
0 0 0


 ,

A92dir =




0 0 0
0 0 0
0 0 1


 , A98dir =




0 0 0
0 0 0
1 1 1


 .

➶✐äíîñí✐ ìàòðèö✐ ðåçóëüòàòó ïîêàçóþòü ÿê✐ñòü àòàêóþ÷îãî óäàðó✿

A9%1 =




15 100 0
0 0 0
0 0 0


 , A9%2




10 0 0
0 0 0
0 0 0


 ,

A9%3 =




10 0 0
0 0 0
0 0 0


 , A9%4 =




65 0 100
0 100 0
0 0 0


 .

✻✻



➘ëÿ ïîáóäîâè ìàòðèö✐ ðåçóëüòàò✐â êîìàíäè ✐ãðîâî➝ ä✐➝ ✑àòàêóâàëüíèé óäàð✑ ìè âèêî✲
ðèñòîâó➵ìî ìàòðèö✐ ðåçóëüòàò✐â êîæíîãî ãðàâöÿ òà ðîçòàøóâàííÿ ãðàâö✐â íà ìàéäàí÷èêó✳
➹ðàâåöü ìîæå çàéìàòè ïîçèö✐þ àáî ïåðåäíüî➝ ë✐í✐➝ ✭çîíè ✷✱ ✸✱ ✹✮✱ àáî çàäíüî➝ ë✐í✐➝ ✭çîíè ✶✱
✻✱ ✺✮✳ ➶ çàëåæíîñò✐ â✐ä ðîçì✐ùåííÿ äî ðåçóëüòóþ÷î➝ ìàòðèö✐ âêëþ÷à➵ìî ñóìó â✐äïîâ✐äíèõ
åëåìåíò✐â ïåðøîãî ðÿäêà ìàòðèöü ðåçóëüòàò✐â ãðàâö✐â ïåðåäíüî➝ ë✐í✐➝ òà äðóãîãî òà òðåòüîãî
ðÿäê✐â äëÿ ãðàâö✐â çàäíüî➝ ë✐í✐➝✳

Ñôîðìîâàí✐ ìàòðèö✐ ðåçóëüòàò✐â àòàêóâàëüíèõ ä✐é äëÿ âñ✐õ ãðàâö✐â çà îñòàíí✐ ✺ îô✐ö✐é✲
íèõ ìàò÷✐â✿

A7 =




0 0 6
0 2 3
0 0 0


 , A9 =




96 3 12
0 14 0
0 0 0


 , A1 =




0 67 12
0 0 0
0 0 0


 ,

A8 =




34 0 69
0 3 32
0 0 0


 , A10 =




82 2 8
0 16 0
0 0 0


 , A2 =




2 48 16
1 0 0
0 0 0


 .

➘ëÿ ïðèêëàäó ðîçãëÿíåìî ðîçòàøóâàííÿ êîìàíäè ✭ïî íîìåðàõ ãðàâö✐â ✐ çîíàõ â✐äïîâ✐ä✲
íî✮✿

7 9 1 8 10 2.

Ðåçóëüòóþ÷à ìàòðèöÿ äëÿ äàíîãî ðîçòàøóâàííÿ✿ A1 =




130 70 93
1 18 3
0 0 0


 òîáòî ïåðøèé ðÿ✲

äîê ôîðìó➵òüñÿ ç â✐äïîâ✐äíèõ ðÿäê✐â ãðàâö✐â ç íîìåðàìè ✾✱ ✶✱ ✽ ✭ãðàâö✐ ïåðåäíüî➝ ë✐í✐➝✮✱
äâà íàñòóïí✐ ðÿäêè ✕ ç â✐äïîâ✐äíèõ ðÿäê✐â ãðàâö✐â ç íîìåðàìè ✼✱ ✶✵ òà ✷ ✭ãðàâö✐ çàäíüî➝ ë✐✲
í✐➝✮✳ Ïðè çì✐í✐ ðîçòàøóâàííÿ ìàòðèöÿ ðåçóëüòàòó êîìàíäè çì✐íþ➵òüñÿ â✐äïîâ✐äíî äî íîâîãî
ðîçòàøóâàííÿ ✭✾ ✶ ✽ ✶✵ ✷ ✼✮✿

A2 =




116 69 89
1 16 3
0 0 0


 .

➶ ðåçóëüòàò✐ îòðèìà➵ìî ✻ ìàòðèöü✱ äëÿ êîæíîãî ðîçòàøóâàííÿ✳ ➶✐äì✐òèìî✱ ùî òóò âðàõî✲
âàíî✱ ùî ãðàâöÿì çàäíüî➝ ë✐í✐➝ çàáîðîíåíî àòàêóâàëüíèé óäàð ç ïåðåäíüî➝ ë✐í✐➝✳ Ïîáóäîâàí✐
çà òàêèì ñàìèì ïðèíöèïîì ìàòðèö✐ ÿêîñò✐ àòàêóâàëüíîãî óäàðó òà â✐äíîñí✐ ìàòðèö✐ ÿêî✲
ñò✐ äàþòü çìîãó ïåðåäáà÷èòè íàé✐ìîâ✐ðí✐øó çîíó àòàêóâàëüíîãî óäàðó êîìàíäè✳ ❒àòðèö✐
íàïðÿìêó äëÿ êîìàíäè ôîðìóþòüñÿ àíàëîã✐÷íî òà â✐äîáðàæàþòü íàïðÿìîê àòàêè ç ïåâíî➝
çîíè✳

➘ëÿ ïîáóäîâà ìàòåìàòè÷íî➝ ìîäåë✐ êîìàíäè íåîáõ✐äíî ñôîðìóâàòè ìàòðèö✐ ðåçóëüòàòó
òà â✐äïîâ✐äí✐ ìàòðèö✐ íàïðÿìêó òà ÿêîñò✐ äëÿ âñ✐õ ✐ãðîâèõ ä✐é✳ ❰ñíîâíèìè ✐ãðîâèìè ä✐ÿìè
ó âîëåéáîë✐ ➵✿ ïîäà÷à ✭❙❡r✈❡✱ ïîçíà÷àòèìåìî ìàòðèö✐ ðåçóëüòàòó ❙✮✱ ïðèéîì ✭❘❡❝❡♣t✐♦♥ ✕
❘✮✱ àòàêà ✭❆tt❛❝❦ ✕ ❆✮✱ áëîê ✭❇❧♦❝❦ ✕ ❇✮✱ ïðèéîì àòàêè ✭❉✐❣ ✕ ❉✮✱ ïàñ ✭s❊t ✕ ❊✮✱ â✐ëüíèé
ì✬ÿ÷ ✭❋r❡❡ ❜❛❧❧ ✕ ❋✮✳ ➘ëÿ îá✬➵êòèâíîñò✐ ìîäåë✐ ïîáóäîâó äàíèõ ìàòðèöü âàðòî çä✐éñíþâàòè
çà ôàéëàìè ñòàòèñòèêè íå îäíîãî ìàò÷ó✱ à ùîíàéìåíøå ✸✲✹ ìàò÷✐â✳

➬àâäÿêè ïîáóäîâàíèì ìàòðèöÿì ðåçóëüòàò✐â ìîæíà àíàë✐çóâàòè ✐ãðîâó ä✐þ ✑àòàêóâàëü✲
íèé óäàð✑ êîìàíäè òà ïðîãíîçóâàòè ➝➝ ïî ÿêîñò✐ òà íàïðÿìêó✳ ➘ëÿ ïîêðàùåííÿ ÿê✐ñíèõ
ïîêàçíèê✐â êîìàíäè â ö✐ëîìó ìîæíà ñêîðèñòàòèñÿ ïîïåðåäí✐ì äîñë✐äæåííÿì ïî âèêîðèñòàí✲
íþ Ò✲êðèòåð✐þ ➶✐ëêîêñîíà äëÿ îö✐íêè ÿê✐ñíèé çì✐í ❬✹❪✳ ➬á✐ð äàíèõ ïî ïðîâåäåíèõ ìàò÷àõ
êîìàíä äàñòü çìîãó ïîñò✐éíî îíîâëþâàòè äàí✐ ãðàâö✐â òà ðîáèòè ➝õ àêòóàëüíèìè✳

❐✐òåðàòóðà
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r❡❢❡r❡❡✐♥❣✴❝♦❛❝❤✐♥❣✴❝♦❛❝❤✲r❡s♦✉r❝❡s✴✈♦❧❧❡②❜❛❧❧✲❛✉str❛❧✐❛✲❝♦❛❝❤✐♥❣✲♠❛♥✉❛❧

✻✼



❬✸❪ ❒àðòèíþê Ñåðã✐é✱ Öóðêàí ➶ÿ÷åñëàâ ✑Ïîáóäîâà ìàòåìàòè÷íî➝ ìîäåë✐ ãðàâöÿ ç âèêîðè✲
ñòàííÿì ìàòðèö✐ ðåçóëüòàò✐â✑✱ ➬➪■Ð❮➮✃ ÑÒ➚Ò➴➱✱ ✑❒àòåìàòèêà✳ ■íôîðìàö✐éí✐ òåõíî✲
ëîã✐➝✳ ❰ñâ✐òà✑✱ ➑✶✶ ✭✷✵✷✹✮✱ ì✳ ❐óöüê✱ Ñ✳ ✽✻✳

❬✹❪ ❒àðòèíþê Ñåðã✐é✱ Öóðêàí ➶ÿ÷åñëàâ✳ ❒àòåìàòè÷íà ìîäåëü îö✐íêè ÿê✐ñíèõ çì✐í âèêî✲
íàííÿ êîìàíäíèõ ä✐é íà îñíîâ✐ Ò✲êðèòåð✐þ ➶✐ëêîêñîíà✳ ➪óêîâèíñüêèé ìàòåì✳ æóðíàë✱
✷✵✷✸✱ Ò✳✶✶✱ ➑✷✱ ❈✳ ✶✲✼✳

❡✲♠❛✐❧✿ s✳♠❛rt②♥✐✉❦❅❝❤♥✉✳❡❞✉✳✉❛✱ ts✉r❦❛♥✳✈✐❛❝❤❡s❧❛✈✳✐❅❝❤♥✉✳❡❞✉✳✉❛

✻✽



❒îäåëþâàííÿ ïðîöåñ✐â çáîðó âðîæàþ â äèñêðåòíèõ ñèñòåìàõ

➶àñèëü ❒àöåíêî

×åðí✐âåöüêèé íàö✐îíàëüíèé óí✐âåðñèòåò ✐ìåí✐ Þð✐ÿ Ôåäüêîâè÷à✱ ×åðí✐âö✐✱ Óêðà➝íà

➪✐ëüø✐ñòü ìàòåìàòè÷íèõ ìîäåëåé åêîëîã✐➝ ôîðìóëþþòüñÿ ó âèãëÿä✐ äèôåðåíö✐àëüíèõ
òà ð✐çíèöåâèõ ð✐âíÿíü✳ Ï✐äõ✐ä✱ ùî áàçó➵òüñÿ íà àïàðàò✐ äèôåðåíö✐àëüíèõ ð✐âíÿíü✱ çàñòî✲
ñîâó➵òüñÿ äî ìîäåëþâàííÿ äèíàì✐êè ÷èñåëüíîñò✐ ïîïóëÿö✐é ✐ç ïåðåêðèâíèìè ïîêîë✐ííÿìè✳
❰äíàê✱ äëÿ áàãàòüîõ ïîïóëÿö✐é ïîñë✐äîâí✐ ïîêîë✐ííÿ íå ïåðåêðèâàþòüñÿ ✐ ð✐ñò ÷èñåëüíîñò✐
â✐äáóâà➵òüñÿ â äèñêðåòí✐ ìîìåíòè ÷àñó✳ ➘î òàêèõ ïîïóëÿö✐é ìîæíà â✐äíåñòè áàãàòî âèä✐â
êîìàõ✳ Òàê✐ ìîäåë✐ ïîâ✬ÿçóþòü ÷èñåëüí✐ñòü Nt+1 ó ìîìåíò ÷àñó t+ 1 ✐ç ÷èñåëüí✐ñòþ â ïîïå✲
ðåäí✐ ìîìåíòè✳ Öå ïðèçâîäèòü äî ðîçãëÿäó ð✐çíèöåâèõ ð✐âíÿíü✱ ÿê✐ â ïðîñò✐øîìó âèïàäêó
ìàþòü âèãëÿä

Nt+1 = F (Nt) , Nt ∈ R+, F : R+ → R+, R+ = [0,∞). ✭✶✮

❮à ïðàêòèö✐ ðîçâ✬ÿçîê ✭✶✮ ìîæíà çíàéòè øëÿõîì ✐òåðóâàííÿ ✭àíàë✐òè÷íèé ðîçâ✬ÿçîê✱
ÿê ïðàâèëî✱ íå ìîæíà çíàéòè✮✳ ➶ àíàë✐òè÷íîìó âèä✐ çíàõîäÿòü ñòàö✐îíàðí✐ òà ïåð✐îäè÷í✐
ðîçâ✬ÿçêè ð✐âíÿííÿ ✭✶✮ ✐ äîñë✐äæóþòü ➝õ íà ñò✐éê✐ñòü✳

❰ñê✐ëüêè â ñâî➝é ä✐ÿëüíîñò✐ ëþäèíà âèêîðèñòîâó➵ ð✐çí✐ ïðèðîäí✐ ðåñóðñè✱ òî âàæëèâèì
➵ ðàö✐îíàëüíå âèêîðèñòàííÿ â✐äíîâëþâàëüíîãî ðåñóðñó✳ ßêùî ç äåÿêî➝ ïîïóëÿö✐➝ â✐äëîâ✲
ëþ➵òüñÿ ïåâíà ê✐ëüê✐ñòü îñîáèí✱ òî ð✐âíÿííÿ ✭✶✮✱ ÿêå îïèñó➵ çì✐íó ÷èñåëüíîñò✐ ïîïóëÿö✐➝✱
íàáóâà➵ âèãëÿäó

Nt+1 = F (Nt)− C (Nt, α) , ✭✷✮

äå C (Nt, α) ✕ ✐íòåíñèâí✐ñòü â✐äëîâó✱ ïàðàìåòð α õàðàêòåðèçó➵ öþ ✐íòåíñèâí✐ñòü✳
Ó äàí✐é ðîáîò✐ ç✐ çáîðîì óðîæàþ ðîçãëÿäàþòüñÿ äèñêðåòíà ëîã✐ñòè÷íà ìîäåëü✱ ìîäåëü

Ð✐êåðà ❬✶❪ òà ìîäåë✐ Ñêåëëàìà✳
➘ëÿ äèñêðåòíîãî ëîã✐ñòè÷íîãî ð✐âíÿííÿ

Nt+1 = rNt (1−Nt)− c ✭✸✮

ç ïîñò✐éíîþ ✐íòåíñèâí✐ñòþ â✐äáîðó çíàéäåíî ñòàö✐îíàðí✐ ñòàíè✱ ïåð✐îäè÷í✐ ðîçâ✬ÿçêè ç ïåð✐✲
îäîì T = 2 òà T = 3 òà ïðîâåäåíî äîñë✐äæåííÿ ➝õ ñò✐éêîñò✐✳ ➬ðîáëåíî êîìï✬þòåðíèé àíàë✐ç
ðîçâ✬ÿçê✐â ð✐âíÿííÿ ✭✸✮ ïðè ð✐çíèõ çíà÷åííÿõ r✱ c✳

➘ëÿ ìîäåë✐ Ð✐êåðà ç✐ çáîðîì óðîæàþ

Nt+1 = Nt exp

(
r

(
1− Nt

k

))
− c ✭✹✮

÷èñåëüíî çíàéäåí✐ ñòàíè ð✐âíîâàãè ÷èñåëüíîñò✐✳ Ïîêàçàíî✱ ùî ✐ñíó➵ íèæíÿ ìåæà✱ ïåðåéøîâ✲
øè ÿêó✱ ïðèðå÷ó➵ìî ïîïóëÿö✐þ íà âèìèðàííÿ✳

✃îìï✬þòåðíèé àíàë✐ç ð✐âíÿííÿ ✭✹✮ ïðè k = 10✱ r = 2.2✱ c = 0.5 äà➵ ✐ñíóâàííÿ ñò✐éêîãî
ïåð✐îäè÷íîãî ðîçâ✬ÿçêó ç ïåð✐îäîì T = 2 ✭N∗

1 = 4.838✱ N∗
2 = 14.561✮✳

×èñëîâèé àíàë✐ç ð✐âíÿííÿ ✭✹✮ ïðè k = 10✱ r = 3.2✱ c = 0.4 ïîêàçàâ✱ ùî ✐ñíóþòü äâà íå✲
ñò✐éêèõ ïåð✐îäè÷íèõ ðîçâ✬ÿçêè ç ïåð✐îäîì T = 3✳ Òîä✐ çà òåîðåìîþ Øàðêîâñüêîãî ð✐âíÿííÿ
✭✹✮ ìà➵ ïåð✐îäè÷í✐ ðîçâ✬ÿçêè áóäü✲ÿêîãî ïåð✐îäó✱ à çà òåîðåìîþ ▲✐ ❨♦r❦❡ ✐ñíóþòü õàîòè÷í✐
ðîçâ✬ÿçêè ✭ïðè k = 10✱ r = 3✱ c = 0.5✮✳

ßêùî êîåô✐ö✐➵íò ðîçìíîæåííÿ â ïîïóëÿö✐➝✱ òîáòî â✐äíîøåííÿ
Nt+1

Nt
âèáðàòè ó âèãëÿä✐

ìîíîòîííî ñïàäíî➝ ã✐ïåðáîë✐÷íî➝ ôóíêö✐➝✱ òî îäåðæó➵òüñÿ ìîäåëü Ñêåëëàìà✱ ÿêà ç✐ çáîðîì
óðîæàþ ç ïîñò✐éíîþ ✐íòåíñèâí✐ñòþ c ìà➵ âèãëÿä

Nt+1 =
aNt

1 + bNt
− c,

àáî

Nt+1 =
aN2

t

1 + bN2
t

− c, a, b, c > 0, t = 0, 1, 2, ...

✻✾



➘ëÿ öèõ ìîäåëåé ïîêàçàíî✱ ùî ìà➵ ì✐ñöå ìîíîòîííà ñòàá✐ë✐çàö✐ÿ ÷èñåëüíîñò✐✱ ïåð✐îäè÷í✐
ðîçâ✬ÿçêè â✐äñóòí✐✳

Ó ðåçóëüòàò✐ äîñë✐äæåíü âèÿâèëîñü✱ ùî ìîäåëü Ñêåëëàìà ìà➵ óçàãàëüíåííÿ✱ ÿê✐ äîïó✲
ñêàþòü ✐ñíóâàííÿ ïåð✐îäè÷íèõ ðîçâ✬ÿçê✐â ð✐çíîãî ïåð✐îäó✳

Òàêà ìîäåëü ç ì✬ÿêîþ ñòðàòåã✐➵þ çáîðó âðîæàþ ìà➵ âèãëÿä

Nt+1 =
αNt

β +N3
t

− kNt, α, β > 0, k ∈ (0, 1), t = 0, 1, 2, ...

➘ëÿ ö✐➵➝ ìîäåë✐ çíàéäåí✐ ñòàö✐îíàðí✐ òà ïåð✐îäè÷í✐ ðîçâ✬ÿçêè✳ Ïðîâåäåíî äîñë✐äæåííÿ ➝õ
ñò✐éêîñò✐ òà êîìï✬þòåðíèé àíàë✐ç ðîçâ✬ÿçê✐â✳

❐✐òåðàòóðà

❬✶❪ ❒àöåíêî ➶✳➹✳ ❒îäåëþâàííÿ ïðîöåñ✐â çáîðó âðîæàþ äëÿ ïîïóëÿö✐➝ ç íåïåðåêðèâíèìè
ïîêîë✐ííÿìè✳ ➪óêîâèíñüêèé ìàòåìàòè÷íèé æóðíàë✳ ✷✵✷✷✳ ✶✵✭✷✮✳ ✶✻✺✕✶✼✺✳

❡✲♠❛✐❧✿ ✈✳♠❛ts❡♥❦♦❅❝❤♥✉✳❡❞✉✳✉❛

✼✵



Ïðåäñòàâëåííÿ ä✐éñíèõ ÷èñåë çíàêîçì✐ííèìè ðÿäàìè Ïåððîíà òà éîãî ì✐ñöå

ñåðåä â✐äîìèõ ïðåäñòàâëåíü

❒èêîëà ❒îðîç

■íñòèòóò ìàòåìàòèêè ❮➚❮ Óêðà➝íè✱ ✃è➝â✱ Óêðà➝íà

❰çíà÷åííÿ ✶✳ ➬íàêîçì✐ííèì ðÿäîì Ïåððîíà áóäåìî íàçèâàòè ÷èñëîâèé ðÿä âèäó

∞∑

n=0

(−1)nr0r1 · · · rn
(q1 − 1)q1(q2 − 1)q2 · · · (qn − 1)qn(qn+1 − 1)

, ✭✶✮

äå (rn)
∞
n=0 ✖ äîâ✐ëüíà ïîñë✐äîâí✐ñòü íàòóðàëüíèõ ÷èñåë✱ N ∋ qn ≥ rn−1 + 1 äëÿ âñ✐õ n ∈ N✳

❐åìà ✶✳ Ðÿä ✭✶✮ ➵ àáñîëþòíî çá✐æíèì✱ à éîãî ñóìà ➵ ÷èñëîì ç ✐íòåðâàëó (0, 1)✳

❮åõàé çàäàíî ôóíêö✐➝ ϕn(x1, . . . , xn) : Nn → N äëÿ êîæíîãî n ∈ N òà ϕ0 = ❝♦♥st ∈ N✳
Ô✐êñîâàíó ïîñë✐äîâí✐ñòü ôóíêö✐é (ϕn)

∞
n=0 ïîçíà÷àòèìåìî P ✳

❰çíà÷åííÿ ✷✳ ❮åõàé ÷èñëî x ∈ (0, 1) ➵ ñóìîþ ðÿäó ✭✶✮✱ äå r0 = ϕ0 òà rn = ϕn(q1, . . . , qn)
äëÿ âñ✐õ n ∈ N✳ Òîä✐ ðîçêëàä ÷èñëà x â ðÿä ✭✶✮ áóäåìî íàçèâàòè éîãî P−✲ïðåäñòàâëåííÿì✳
Ñêîðî÷åíî ðÿä ✭✶✮ òà éîãî ñóìó x áóäåìî ïîçíà÷àòè ∆P−

q1q2...✳ ×èñëî qn áóäåìî íàçèâàòè
n✲îþ öèôðîþ P−✲ïðåäñòàâëåííÿ ÷èñëà x✳

❰çíà÷åííÿ ✸✳ ❮åïîðîæíþ ìíîæèíó ∆P−

c1...ck
=
{
x ∈ (0, 1) : x = ∆P−

c1...ckqk+1qk+2...

}
áóäåìî

íàçèâàòè P−✲öèë✐íäðîì ðàíãó k ç îñíîâîþ c1 . . . ck✳

❒íîæèíó ✐íô✐ìóì✐â òà ñóïðåìóì✐â âñ✐õ P−✲öèë✐íäð✐â ïîçíà÷èìî ISP
−
✳ Öÿ ìíîæèíà ➵

çë✐÷åííîþ òà âñþäè ù✐ëüíîþ â [0, 1]✳ ➷îäíå ÷èñëî ç ISP
−
íå ìà➵ ñâîãî P−✲ïðåäñòàâëåííÿ✳

Òåîðåìà ✶✳ ➘ëÿ äîâ✐ëüíî➝ ïîñë✐äîâíîñò✐ P êîæåí x ∈ (0, 1) \ ISP−
ìà➵ ➵äèíå P−✲ïðåä✲

ñòàâëåííÿ✱ òîáòî ✐ñíó➵ ➵äèíà ïîñë✐äîâí✐ñòü íàòóðàëüíèõ ÷èñåë (qn)
∞
n=1 òàêà✱ ùî

x =

∞∑

n=0

(−1)nr0r1 · · · rn
(q1 − 1)q1 · · · (qn − 1)qn(qn+1 − 1)

≡ ∆P−

q1q2...,

äå r0 = ϕ0✱ rn = ϕn(q1, . . . , qn) òà qn ≥ rn−1 + 1 äëÿ êîæíîãî n ∈ N✳

❮àñë✐äîê ✶✳ Öèë✐íäð ∆P−

q1...qn ➵ ìíîæèíîþ âèäó (a, b) \ ISP−
✳

Òåîðåìà ✷✳ ❮åõàé P−✲ïðåäñòàâëåííÿ âèçíà÷åíå ïîñë✐äîâí✐ñòþ P ôóíêö✐é (ϕn)
∞
n=0✳ Òîä✐

äëÿ êîæíîãî x ∈ (0, 1) \ ISP−
ìàþòü ì✐ñöå ðåêóðåíòí✐ ñï✐ââ✐äíîøåííÿ✿

r0 = ϕ0; q1(x) =
[r0
x

]
+ 1;

xk =

∣∣∣∣∣x−
k−1∑

n=0

(−1)nr0 · · · rn
(q1 − 1)q1 · · · (qn − 1)qn(qn+1 − 1)

∣∣∣∣∣ ;

rk = ϕk(q1, . . . , qk);

qk+1(x) =

[
r0 · · · rk

(q1 − 1)q1 · · · (qk − 1)qkxk

]
+ 1,

äå [x] ✖ ö✐ëà ÷àñòèíà ÷èñëà x✳

P−✲ïðåäñòàâëåííÿ ➵ óçàãàëüíåííÿì ïðåäñòàâëåíü ä✐éñíèõ ÷èñåë çíàêîçì✐ííèìè ðÿäàìè
❐þðîòà ❬✷❪✱ ðÿäàìè ❰ñòðîãðàäñüêîãî✕Ñåðï✐íñüêîãî✕Ï✐ðñà ❬✶✱ ✼❪✱ ❰ñòðîãðàäñüêîãî äðóãîãî
âèäó ❬✽❪✱ çíàêîçì✐ííîãî ❉❑❇✲ïðåäñòàâëåííÿ ❬✸❪✱ à òàêîæ ➵ çíàêîçì✐ííèì àíàëîãîì ïðåäñòàâ✲
ëåííÿ ä✐éñíèõ ÷èñåë äîäàòíèìè ðÿäàìè Ïåððîíà ❬✺❪ ✭óçàãàëüíåííÿ ðÿä✐â ❐þðîòà✱ ➴íãåëÿ✱
Ñèëüâåñòåðà òîùî✮✳ Ïðè öüîìó íà ñüîãîäí✐ P−✲ïðåäñòàâëåííÿ ➵ íàéá✐ëüø çàãàëüíèì ÷àñ✲
òêîâèì âèïàäêîì çíàêîçì✐ííèõ ðîçêëàä✐â ❰ïïåíãåéìà ❬✸✱ ✹❪✱ äëÿ ÿêîãî ìàéæå âñ✐ ÷èñëà ç
(0, 1) ìàþòü ñâî➵ â✐äïîâ✐äíå ïðåäñòàâëåííÿ✳

✼✶



❛❧t❡r♥❛t✐♥❣ ❖♣♣❡♥❤❡✐♠ ❡①♣❛♥s✐♦♥

P−✲r❡♣r❡s❡♥t❛t✐♦♥

r❡str✐❝t❡❞ ❛❧t❡r♥❛t✐♥❣ ❖♣♣❡♥❤❡✐♠ ❡①♣❛♥s✐♦♥ ✭❘❆❖❊✮

❛❧t❡r♥❛t✐♥❣
▲☎✉r♦t❤

❡①♣❛♥s✐♦♥

❛❧t❡r♥❛t✐♥❣
❊♥❣❡❧

❡①♣❛♥s✐♦♥

P✐❡r❝❡
❡①♣❛♥s✐♦♥

❛❧t❡r♥❛t✐♥❣
❙②❧✈❡st❡r
❡①♣❛♥s✐♦♥

❛❧t❡r♥❛t✐♥❣
❉❑❇✲

❡①♣❛♥s✐♦♥

➘àíà äîïîâ✐äü ïðèñâÿ÷åíà îñíîâàì òîïîëîãî✲ìåòðè÷íî➝ òåîð✐➝ P−✲ïðåäñòàâëåííÿ✱ à òà✲
êîæ çâ✬ÿçêàì P−✲ïðåäñòàâëåííÿ ç äîáðå â✐äîìèìè ïðåäñòàâëåííÿìè ä✐éñíèõ ÷èñåë çà äîïî✲
ìîãîþ çíàêîçì✐ííèõ ðÿä✐â✳

❐✐òåðàòóðà
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Òîïîëîã✐÷íà õàðàêòåðèçàö✐ÿ ð✐çíèõ òèï✐â êâàç✐ìåòðè÷íèõ ïðîñòîð✐â

➶îëîäèìèð ❒èõàéëþê

×åðí✐âåöüêèé íàö✐îíàëüíèé óí✐âåðñèòåò ✐ìåí✐ Þð✐ÿ Ôåäüêîâè÷à✱ ×åðí✐âö✐✱ Óêðà➝íà

❮àñòóïí✐ ïîíÿòòÿ äëÿ ÷àñòêîâî ìåòðè÷íèõ ïðîñòîð✐â áóëè óâåäåí✐ â ❬✶❪✱ àëå ìè òóò
ðîçãëÿíåìî ➝õ ó çàãàëüí✐ø✐é ñèòóàö✐➝ êâàç✐ìåòðè÷íèõ ïðîñòîð✐â✳

❰çíà÷åííÿ ✶✳ ✃âàç✐ìåòðè÷íèé ïðîñò✐ð (X, q) íàçèâà➵òüñÿ

✲ ñåêâåíö✐àëüíî ð✐âíîáåäðåíèì✱ ÿêùî lim
n→∞

q(y, xn) = q(y, x) äëÿ äîâ✐ëüíèõ y ∈ X ✐ çá✐✲

æíî➝ äî òî÷êè x ∈ X ïîñë✐äîâíîñò✐ òî÷îê xn ∈ X❀

✲ ñåêâåíö✐àëüíî ð✐âíîñòîðîíí✐ì✱ ÿêùî ïîñë✐äîâí✐ñòü òî÷îê yn ∈ X çá✐ãà➵òüñÿ äî òî✲
÷êè x ∈ X✱ ÿê ò✐ëüêè ✐ñíó➵ òàêà çá✐æíà äî x ïîñë✐äîâí✐ñòü òî÷îê xn ∈ X✱ ùî
lim
n→∞

q(yn, xn) = 0❀

✲ ñåêâåíö✐àëüíî ñèìåòðè÷íèì✱ ÿêùî ïîñë✐äîâí✐ñòü òî÷îê xn ∈ X çá✐ãà➵òüñÿ äî òî÷êè
x ∈ X✱ ÿê ò✐ëüêè lim

n→∞
q(xn, x) = 0❀

✲ ìåòðèêîïîä✐áíèì✱ ÿêùî lim
n→∞

q(xn, x) = 0 äëÿ äîâ✐ëüíî➝ çá✐æíî➝ äî òî÷êè x ∈ X

ïîñë✐äîâíîñò✐ òî÷îê xn ∈ X✳

ßê çàóâàæèëè àâòîðè â ❬✶❪✱ ïîêëàâøè xn = x äëÿ êîæíîãî n ∈ N â îçíà÷åíí✐ ñåêâåí✲
ö✐àëüíî ð✐âíîñòîðîííüîãî ïðîñòîðó (X, q)✱ ìè îäåðæèìî✱ ùî ïîñë✐äîâí✐ñòü òî÷îê yn ∈ X
çá✐ãà➵òüñÿ äî òî÷êè x ∈ X✱ ÿê ò✐ëüêè lim

n→∞
q(yn, x) = 0✱ òîáòî ìà➵ ì✐ñöå íàñòóïíà ✐ìïë✐êàö✐ÿ✳

Pr♦♣♦s✐t✐♦♥ ✶✳ ✃îæíèé ñåêâåíö✐àëüíî ð✐âíîñòîðîíí✐é êâàç✐ìåòðè÷íèé ïðîñò✐ð ➵ ñåêâåí✲
ö✐àëüíî ñèìåòðè÷íèì✳

Ðàçîì ç òèì✱ àâòîðè â ❬✶✱ ◗✉❡st✐♦♥ ✽✳✺❪ ñôîðìóëþâàëè òàêå ïèòàííÿ✳

Ïèòàííÿ ✶✳ ßêèìè ➵ ïîäàëüø✐ çâ✬ÿçêè ì✐æ ïîíÿòòÿìè ç îçíà÷åííÿ ✶ äëÿ ÷àñòêîâî ìå✲
òðè÷íèõ ïðîñòîð✐â❄

Ó ðîáîò✐ ❬✷❪ ôàêòè÷íî îäåðæàíî íàñòóïíèé ðåçóëüòàò✱ õî÷à â✐í ✐ ñôîðìóëüîâàíèé äëÿ
÷àñòêîâî ìåòðè÷íèõ ïðîñòîð✐â✱ àëå éîãî äîâåäåííÿ çàëèøà➵òüñÿ â✐ðíèì ✐ äëÿ êâàç✐ìåòðè✲
÷íèõ ïðîñòîð✐â✳

Òåîðåìà ✶✳ ❮åõàé (X, q) ✕ êâàç✐ìåòðè÷íèé ïðîñò✐ð✳ Òîä✐

✭✶✮ ÿêùî X ìåòðèêîïîä✐áíèé✱ òî X ñåêâåíö✐àëüíî ð✐âíîáåäðåíèé❀

✭✷✮ ÿêùî X ìåòðèêîïîä✐áíèé ✐ ñåêâåíö✐àëüíî ñèìåòðè÷íèé✱ òî X ñåêâåíö✐àëüíî ð✐âíî✲
ñòîðîíí✐é✳

➘ëÿ êâàç✐ìåòðè÷íîãî ïðîñòîðó (X, q) ÷åðåç τq ìè ïîçíà÷à➵ìî òîïîëîã✐÷íó ñòðóêòóðó✱
ïîðîäæåíó ö✐➵þ êâàç✐ìåòðèêîþ✱ ÷åðåç q−1 ✕ ñïðÿæåíó êâàç✐ìåòðèêó íà X✱ òîáòî q−1(x, y) =
q(y, x)✱ ✐ ÷åðåç dq ✕ ìåòðèêó q + q−1 íà X✳

❮àñòóïí✐ òîïîëîã✐÷í✐ õàðàêòåðèçàö✐➝ ð✐çíèõ òèï✐â êâàç✐ìåòðè÷íèõ ïðîñòîð✐â îäåðæàíî â
❬✸❪✳

Òåîðåìà ✷✳ ❮åõàé (X, q) ✕ êâàç✐ìåòðè÷íèé ïðîñò✐ð✳ Òîä✐ íàñòóïí✐ óìîâè åêâ✐âàëåíòí✐✿

✭✐✮ ïðîñò✐ð (X, q) ñåêâåíö✐àëüíî ð✐âíîáåäðåíèé❀

✭✐✐✮ êâàç✐ìåòðèêà q ➵ τq✲íåïåðåðâíîþ â✐äíîñíî äðóãî➝ çì✐ííî➝❀

✭✐✐✐✮ äëÿ äîâ✐ëüíèõ x ∈ X ✐ r > 0 çàìêíåíà êóëÿ B[x, r] = {y ∈ X : q(x, y) ≤ r} ➵ çàìêíåíîþ
ìíîæèíîþ✳

✼✸



ßêùî êâàç✐ìåòðèêà q ïîðîäæåíà äåÿêîþ ÷àñòêîâîþ ìåòðèêîþ p íà X✱ òî óìîâè (i)− (iii)
ð✐âíîñèëüí✐ òàêîæ òàê✐é óìîâ✐

✭✐✈✮ ÷àñòêîâà ìåòðèêà p ➵ íàð✐çíî τq✲íåïåðåðâíîþ✳

Òåîðåìà ✸✳ ❮åõàé (X, q) ✕ êâàç✐ìåòðè÷íèé ïðîñò✐ð✳ Òîä✐ íàñòóïí✐ óìîâè åêâ✐âàëåíòí✐✿

✭✐✮ ïðîñò✐ð (X, q) ñåêâåíö✐àëüíî ð✐âíîñòîðîíí✐é❀

✭✐✐✮ q(A,B) > 0 äëÿ äîâ✐ëüíèõ íåïîðîæí✐õ íåïåðåòèííèõ ó êâàç✐ìåòðè÷íîìó ïðîñòîð✐
(X, q) çàìêíåíî➝ ìíîæèíè A ✐ çë✐÷åííî êîìïàêòíî➝ ìíîæèíè B✳

Òåîðåìà ✹✳ ❮åõàé (X, q) ✕ êâàç✐ìåòðè÷íèé ïðîñò✐ð✳ Òîä✐ íàñòóïí✐ óìîâè åêâ✐âàëåíòí✐✿

✭✐✮ ïðîñò✐ð (X, q) ìåòðèêîïîä✐áíèé❀

✭✐✐✮ òîïîëîã✐ÿ τq ➵ ñèëüí✐øîþ✱ í✐æ òîïîëîã✐ÿ τq−1❀

✭✐✐✐✮ òîïîëîã✐ÿ τq çá✐ãà➵òüñÿ ç òîïîëîã✐➵þ τdq ❀

✭✐✈✮ êâàç✐ìåòðèêà q ➵ íåïåðåðâíîþ â✐äíîñíî òîïîëîã✐➝ äîáóòêó äâîõ ïðîñòîð✐â (X, τq)❀

✭✈✮ êâàç✐ìåòðèêà q ➵ τq✲íåïåðåðâíîþ â✐äíîñíî ïåðøî➝ çì✐ííî➝❀

✭✈✐✮ êâàç✐ìåòðèêà q ➵ τq✲íåïåðåðâíîþ â✐äíîñíî ïåðøî➝ çì✐ííî➝ ó âñ✐õ òî÷êàõ ä✐àãîíàë✐
∆ = {(x, x) : x ∈ X}❀

Òåîðåìà ✺✳ ❮åõàé (X, q) ✕ êâàç✐ìåòðè÷íèé ïðîñò✐ð✳ Òîä✐ íàñòóïí✐ óìîâè åêâ✐âàëåíòí✐✿

✭✐✮ ïðîñò✐ð (X, q) ñåêâåíö✐àëüíî ñèìåòðè÷íèé❀

✭✐✐✮ òîïîëîã✐ÿ τq−1 ➵ ñèëüí✐øîþ✱ í✐æ òîïîëîã✐ÿ τq❀

✭✐✐✐✮ òîïîëîã✐ÿ τq−1 çá✐ãà➵òüñÿ ç òîïîëîã✐➵þ τdq ❀

✭✐✈✮ êâàç✐ìåòðèêà q ➵ íåïåðåðâíîþ â✐äíîñíî òîïîëîã✐➝ äîáóòêó äâîõ ïðîñòîð✐â (X, τq−1)❀

✭✈✮ êâàç✐ìåòðèêà q ➵ τq−1✲íåïåðåðâíîþ â✐äíîñíî äðóãî➝ çì✐ííî➝❀

✭✈✐✮ êâàç✐ìåòðèêà q ➵ τq−1✲íåïåðåðâíîþ â✐äíîñíî äðóãî➝ çì✐ííî➝ ó âñ✐õ òî÷êàõ ä✐àãîíàë✐
∆ = {(x, x) : x ∈ X}❀

❮àñë✐äîê ✶✳ ✃âàç✐ìåòðè÷íèé ïðîñò✐ð (X, q) ìåòðèêîïîä✐áíèé ✐ ñåêâåíö✐àëüíî ñèìåòðè✲
÷íèé òîä✐ ✐ ò✐ëüêè òîä✐✱ êîëè íà X òîïîëîã✐➝ ïðîñòîð✐â (X, q)✱ (X, q−1) ✐ (X, dq) çá✐ãàþ✲
òüñÿ✳

❐✐òåðàòóðà
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❬✸❪ ❒èðîíèê ➶✳✱ ❒èõàéëþê ➶✳ Ð✐çí✐ òèïè êâàç✐ìåòðè÷íèõ ✐ ÷àñòêîâî ìåòðè÷íèõ ïðîñòî✲
ð✐â✱ ➪óê✳ ìàò✳ æóðí✳ ✭✷✵✷✸✮✱ Ò✳✶✶✱ ➑✷✱ Ñ✳✷✶✶✲✷✷✹✳
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❰äíà ñòàö✐îíàðíà çàäà÷à äèôðàêö✐➝ ïðóæíî➝ õâèë✐ íà ñôåðè÷íîìó äåôåêò✐

❰ëåã ❮àçàðåíêî✱ ➚íæåëà Ñòåõóí✱ ➚íàòîë✐é ßðîâèé

❰äåñüêà äåðæàâíà àêàäåì✐ÿ áóä✐âíèöòâà ✐ àðõ✐òåêòóðè✱ ❰äåñà✱ Óêðà➝íà
❰äåñüêèé íàö✐îíàëüíèé óí✐âåðñèòåò ✐ìåí✐ ■✳ ■✳ ❒å÷íèêîâà✱ ❰äåñà✱ Óêðà➝íà

❒åòîþ ðîáîòè ➵ àïðîáàö✐ÿ ìåòîäó ðîçðèâíèõ ðîçâ✬ÿçê✐â íà äèíàì✐÷íèõ çàäà÷àõ äèôðà✲
êö✐➝ ïðóæíèõ õâèëü íà ñôåðè÷íèõ îá✬➵êòàõ✳ ➘ëÿ öüîãî ñë✐ä ïîáóäóâàòè ðîçðèâíèé ðîçâ✬ÿçîê
õâèëüîâîãî ð✐âíÿííÿ ❬✶✱ ✷❪✱ à ïîò✐ì ✐ òðèâèì✐ðíèõ ð✐âíÿíü ðóõó ïðóæíîãî ñåðåäîâèùà äëÿ
âêàçàíîãî äåôåêòó ❬✹❪✳ Ïîò✐ì✱ âèêîðèñòîâóþ÷è îòðèìàíå ðîçðèâíå ð✐øåííÿ ð✐âíÿíü ðóõó
ïðóæíîãî ñåðåäîâèùà✱ çâåñòè çàäà÷✐ ïðóæíèõ õâèëü íà ñôåðè÷íîìó äåôåêò✐ äî ✐íòåãðàëü✲
íèõ ð✐âíÿíü✱ â òîìó ÷èñë✐ ✐ çàäà÷✐ äèôðàêö✐➝ õâèëü ñêðó÷óâàííÿ✳ Ðîçðîáèòè åôåêòèâíèé
ìåòîä íàáëèæåíîãî ð✐øåííÿ ✐íòåãðàëüíîãî ð✐âíÿííÿ çàäà÷✐ äèôðàêö✐➝ õâèëü ñêðó÷óâàí✲
íÿ íà íåðóõîìîìó ✭ðóõîìîìó✮ ñôåðè÷íîìó òîíêîìó âêëþ÷åíí✐ ✭ñåãìåíò òîíêî➝ àáñîëþòíî
æîðñòêî➝ ñôåðè÷íî➝ îáîëîíêè✮✳

❒åòîäè äîñë✐äæåííÿ áàçóþòüñÿ íà â✐äîìîìó ôàêò✐ ❬✸❪ ïðî çâåäåííÿ çàäà÷ êîëèâàíü ïðó✲
æíîãî ñåðåäîâèùà äî âèçíà÷åííÿ òðüîõ ôóíêö✐é✱ ÿê✐ çàäîâîëüíÿþòü õâèëüîâèì ð✐âíÿííÿì
ó ñôåðè÷í✐é ñèñòåì✐ êîîðäèíàò✳ ■ òîìó✱ äëÿ áóäóâàííÿ ðîçðèâíîãî ð✐øåííÿ ð✐âíÿíü ðóõó
ïðóæíîãî ñåðåäîâèùà✱ íåîáõ✐äíî ñïî÷àòêó ïîáóäóâàòè ðîçðèâíå ð✐øåííÿ õâèëüîâîãî ð✐âíÿ✲
ííÿ äëÿ ñôåðè÷íîãî äåôåêòó ❬✷❪✳ ➶îíî áóäó➵òüñÿ çà äîïîìîãîþ óçàãàëüíåíî➝ ñõåìè ìåòîäó
✐íòåãðàëüíèõ ïåðåòâîðåíü ❬✶❪✳ Ïîò✐ì✱ âèêîðèñòîâóþ÷è ìåòîä íåîáõ✐äíî âèð✐øóâàòè ó êëàñ✐
ôóíêö✐é ç íå✐íòåãðîâàíèìè îñîáëèâîñòÿìè ❬✹❪✳ Ùîá ïîáóäóâàòè òàêå ð✐øåííÿ ìåòîäîì ✐íòå✲
ãðàëüíèõ ìíîãî÷ëåí✐â✱ áóëî äîâåäåíî ✐ âèêîðèñòàíî íîâå ñïåêòðàëüíå ñï✐ââ✐äíîøåííÿ äëÿ
ìíîãî÷ëåí✐â ßêîá✐ ç íå✐íòåãðîâàíèìè âàãîâèìè ôóíêö✐ÿìè✳ Ïðè öüîìó ✐íòåãðàëè â✐ä ôóí✲
êö✐é ç íå✐íòåãðîâàíèìè îñîáëèâîñòÿìè ðîçóì✐þòüñÿ â óçàãàëüíåíîìó ✭ðåãóëÿðèçîâàíîìó✮
çì✐ñò✐✳

❮àóêîâà íîâèçíà ðîáîòè ïîëÿãà➵ â íàñòóïíîìó✿
✶✳ Ïîáóäîâàíî ðîçðèâíèé ðîçâ✬ÿçîê õâèëüîâîãî ð✐âíÿííÿ òà òðèâèì✐ðíèõ ð✐âíÿíü ðóõó

òåîð✐➝ ïðóæíîñò✐ äëÿ ñôåðè÷íîãî äåôåêòó✳
✷✳ ➬ä✐éñíåíî çâåäåííÿ çàäà÷ äèôðàêö✐➝ ïðóæíèõ õâèëü äîâ✐ëüíî➝ ïðèðîäè íà ñôåðè÷íî✲

ìó äåôåêò✐ äî îäíîâèì✐ðíèõ ✐íòåãðî✲äèôåðåíö✐àëüíèõ ✭✐íòåãðàëüíèõ✮ ð✐âíÿíü â òåðì✐íàõ
ïåðåòâîðåííÿ Ôóð✬➵ ïî êóòó ϕ :

RΦ′
n(r, θ)

∣∣
r=R−0

+∇nΨ2n (R− 0, θ) = −Ru0r (R, θ) ,

∇n

{
Φn (R− 0, θ)−

[
r2Ψ2n(r, θ)

]′∣∣∣
r=R−0

}
= Rζ0n (R, θ) ,

∇nΨ1n (R− 0, θ) = −ζ0∗n (R, θ) , 0 ≤ θ ≤ ω,

äå Φn (r, θ)✕ ôóíêö✐ÿ✱ ÿêà âèçíà÷à➵ õâèëþ ðîçøèðåííÿ❀ Ψin (r, θ) , i = 1, 2✕ôóíêö✐➝✱ ùî îïèñó✲
þòü õâèë✐ çñóâó❀ u0rn (R, θ) , ζ

0
n (R, θ) , ζ

0∗
n (R, θ)✕ çñóâ ✐ íàïðóæåííÿ✱ â✐äïîâ✐äíî✱ ÿê✐ âèêëèêà➵

ñòàö✐îíàðíà ïðóæíà õâèëÿ✱ ùî ïàäà➵ íà âêëþ÷åííÿ✳
✸✳ Ïîáóäîâàíî åôåêòèâíå íàáëèæåíå ð✐øåííÿ çàäà÷✐ äèôðàêö✐➝ õâèëü ñêðó÷óâàííÿ e−iξ cos θ =∑∞

k=0 Pk (cos θ) (2k + 1) ekπi/2Jk+1/2 (ξ) , íà àáñîëþòíî æîðñòêîìó íåðóõîìîìó ñôåðè÷íîìó
âêëþ÷åíí✐ ç âèêîðèñòàííÿì íîâîãî ñïåêòðàëüíîãî ñï✐ââ✐äíîøåííÿ äëÿ ìíîãî÷ëåí✐â ßêîá✐ ç
íå✐íòåãðîâàíîþ âàãîþ✿

Yj −
∞∑

l=0

Yldjl√
NjNlσjσl

=
Fj√
Njσj

, j = 0, 1, . . . ,

äå✿
Yj =

√
NjσjXj+1; 2σl = Γ(l + 1/2)Γ(l + 3/2)[l!(l + 1)!]−1;

Nα,β
l = Γ(α+ l + 1)Γ(β + l + 1)[2(α+ β + 2l + 1)l!Γ(α+ β + 2l + 1)]−1; N

0,1/2
l ≡ Nl;

djl =

∞∑

k=0

∆k(ξ)I
k,j
1/2,0,0(β)I

k,l+1
−3/2,0,0(β); I

k,n
q,p,r(β) =

∞∑

i=0

(−1)i(−i− r)nβ
2(i+r)ci

(i+ r)!−1n!Γ(2 + n+ i+ r + q)
;

✼✺



ci =
i∑

m=0

(
(−k)m
m!

)2 (1/2 + k + p)i−m
(i−m)!

,

∆k(ξ) =

π∫

0

sin[(k + 1/2)θ]

(−1)k
∂

∂θ
Υ0

(
2ξ cos

θ

2

)
dθ;

Υ0(z) = Jν(z) − iH0(z); H0(z)✕ ïåðøà ôóíêö✐ÿ Ñòðóâå❀ ñàì✐ êîåô✐ö✐➵íòè ∆k(ξ) ìîæíà îá✲
÷èñëèòè✱ âèêîðèñòîâóþ÷è â✐äîì✐ ñòåïåíåâ✐ ðîçêëàäàííÿ äëÿ ôóíêö✐é ➪åññåëÿ òà Ñòðóâå✱ à
òàêîæ òàáëè÷íèõ ✐íòåãðàë✐â❀

βFj =
Ak(ξ)

√
π

23/2

∞∑

k=0

[
4iξIk,j1/2,2,1 (β)− 2Ik,j1/2,1,0 (β) + 2Ik,j1/2,1,1 (β)

]

[
(2k + 1)ekπi/2Jk+1/2(ξ

)
]−1

; Ak(ξ) =
1−∆k(ξ)

2k + 1
.

❐✐òåðàòóðà
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Ïðî ïñåâäîêâàç✐íåïåðåðâí✐ñòü òà ➝➝ àíàëîãè

➶àñèëü ❮åñòåðåíêî

×åðí✐âåöüêèé íàö✐îíàëüíèé óí✐âåðñèòåò ✐ìåí✐ Þð✐ÿ Ôåäüêîâè÷à✱ ×åðí✐âö✐✱ Óêðà➝íà

Ïîíÿòòÿ êâàç✐íåïåðåðâíîñò✐✱ ÿêå áóëî ââåäåíå Ñ✳✃åìï✐ñòèì â ❬✶❪✱ îòðèìàëî áàãàòî àíà✲
ëîã✐â✳ ❰äíèì ç òàêèõ àíàëîã✐â ➵ ïñåâäîêâàç✐íåïåðåðâí✐ñòü✳ Öå ïîíÿòòÿ áóëî ââåäåíå â ❬✷❪✱
ùî ïðàâäà✱ ñïî÷àòêó âîíî ô✐ãóðóâàëî â äåÿêèõ ïðàöÿõ àâòîðà ✭äèâ✳✱ íàïðèêëàä✱ ❬✸❪✮ ï✐ä íà✲
çâîþ ✧òîïîëîã✐÷íà êë✐êîâ✐ñòü✧✳ ➘ëÿ äîâ✐ëüíèõ òîïîëîã✐÷íèõ ïðîñòîð✐âX òà Y â✐äîáðàæåííÿ
f : X → Y íàçèâà➵òüñÿ ïñåâäîêâàç✐íåïåðåðâíèì✱ ÿêùî äëÿ äîâ✐ëüíî➝ â✐äêðèòî➝ íåïîðîæíüî➝
ìíîæèíè U â X ✐ äîâ✐ëüíî➝ ìíîæèíè E â X✱ òàêèõ✱ ùî U ⊆ E✱ ✐ñíó➵ â✐äêðèòà íåïîðîæíÿ
ìíîæèíà G â X✱ òàêà✱ ùî G ⊆ U ✐ f(G) ⊆ f(E)✳ Ïñåâäîêâàç✐íåïåðåðâí✐ñòü ➵ ñëàáøîþ
óìîâîþ í✐æ êâàç✐íåïåðåðâí✐ñòü✱ òîáòî êîæíå êâàç✐íåïåðåðâíå â✐äîáðàæåííÿ ➵ ïñåâäîêâàç✐✲
íåïåðåðâíèì✳

➶ ïðàö✐ ❬✹❪ ß✳➪îðñ✐ê òà ➱✳➘îáîø ââåëè ïîíÿòòÿ ïðîñòî➝ íåïåðåðâíîñò✐✳ ➶✐äîáðàæåííÿ
f : X → Y ì✐æ òîïîëîã✐÷íèìè ïðîñòîðàìè X òà Y íàçèâà➵òüñÿ ïðîñòî íåïåðåðâíèì✱ ÿêùî
ïðîîáðàç áóäü✲ÿêî➝ â✐äêðèòî➝ ìíîæèíè ➵ ïðîñòî â✐äêðèòîþ ìíîæèíîþ✱ òîáòî ➵ îá✬➵äíàííÿì
â✐äêðèòî➝ òà í✐äå íå ù✐ëüíî➝ ìíîæèí✳ ßê áóëî ç✬ÿñîâàíî â ❬✷❪✱ ïñåâäîêâàç✐íåïåðåðâí✐ñòü òà
ïðîñòà êâàç✐íåïåðåðâí✐ñòü îçíà÷àþòü îäíó ✐ òó ñàìó âëàñòèâ✐ñòü â✐äîáðàæåíü✳

➶ çãàäàí✐ ðîáîò✐ ❬✹❪ áóëî âñòàíîâëåíî ðåçóëüòàòè ïðî äåêîìïîçèö✐þ íåïåðåðâíîñò✐ çà
ó÷àñòþ ïñåâäîêâàç✐íåïåðåðâíîñò✐✱ òî÷êîâî➝ ðîçðèâíîñò✐ òà ✐íøèõ àíàëîã✐â òî÷êîâî➝ ðîçðèâ✲
íîñò✐✳ ❮àãàäà➵ìî✱ ùî â✐äîáðàæåííÿ f : X → Y íàçèâà➵òüñÿ òî÷êîâî ðîçðèâíèì✱ ÿêùî éîãî
ìíîæèíà òî÷îê ðîçðèâó C(f) ➵ âñþäè ù✐ëüíîþ â X✳

Ñë✐ä â✐äçíà÷èòè ðîáîòó ❬✺❪✱ â ÿê✐é íàâåäåíî ðÿä äåêîìïîçèö✐éíèõ ðåçóëüòàò✐â äëÿ ð✐çíèõ
îñëàáëåíü íåïåðåðâíîñò✐ çà ó÷àñòþ òî÷êîâî➝ ðîçðèâíîñò✐✳

❒è äîñë✐äæó➵ìî çâ✬ÿçîê ì✐æ ïñåâäîêâàç✐íåïåðåðâí✐ñòþ òà òî÷êîâîþ ðîçðèâí✐ñòþ✳
Òâåðäæåííÿ ✶✳ ❮åõàé X ✕ áåð✐âñüêèé ïðîñò✐ð✱ ïðîñò✐ð Y çàäîâîëüíÿ➵ äðóãó àêñ✐î✲

ìó çë✐÷åííîñò✐ ✐ f : X → Y ✕ ïñåâäîêâàç✐íåïåðåðâíå â✐äîáðàæåííÿ✳ Òîä✐ â✐äîáðàæåííÿ f
òî÷êîâî ðîçðèâíå✳

➬àóâàæèìî✱ ùî óìîâà áåðîâîñò✐ ïðîñòîðó X ➵ ✐ñòîòíîþ â òâåðäæåíí✐ ✶✳
Òâåðäæåííÿ ✷✳ ■ñíó➵ òî÷êîâî ðîçðèâíà ôóíêö✐ÿ f : R → R✱ ÿêà íå ➵ ïñåâäîêâàç✐íåïå✲

ðåðâíîþ✳

✶✳ ❑❡♠♣✐st② ❙✳ ❙✉r ❧❡s ❢✉❝t✐♦♥s q✉❛s✐❝♦♥t✐♥✉❡s ✴✴ ❋✉♥❞✳ ▼❛t❤✳ ✕ ✶✾✸✷✳ ✕ ✶✾✳ ✕ P✳ ✶✽✹ ✲ ✶✾✼✳

✷✳ ◆❡st❡r❡♥❦♦ ❱✳ ❙❡♣❛r❛t❡ ❛♥❞ ❥♦✐♥t ♣r♦♣❡rt✐❡s ♦❢ s♦♠❡ ❛♥❛❧♦❣✉❡s ♦❢ ♣♦✐♥t✇✐s❡ ❞✐s❝♦♥t✐♥✉✐t②
✴✴ ❚❛tr❛ ▼t✳ ▼❛t❤✳ P✉❜❧✳ ✕ ✷✵✶✹✳ ✕ ✺✽✳ ✕ P✳ ✶✺✺ ✲ ✶✻✼✳

✸✳ ◆❡st❡r❡♥❦♦ ❱✳❖♥ t♦♣♦❧♦❣✐❝❛❧ ❝❧✐q✉✐s❤♥❡ss ✴✴ ■♥t❡r♥❛t✐♦♥❛❧ ❈♦♥❢❡r❡♥❝❡ ✏■♥✜♥✐t❡ ❉✐♠❡♥s✐♦♥❛❧
❆♥❛❧②s✐s ❛♥❞ ❚♦♣♦❧♦❣②✱ ▼❛② ✷✼ ✕ ❏✉♥❡ ✶✱ ✷✵✵✾✑ ✕ ■✈❛♥♦✲❋r❛♥❦✐✈s❦✱ ✷✵✵✾✳ ✕ P✳✶✵✼ ✲ ✶✵✽✳

✹✳ ❇♦rs✁✐❦ ❏✳✱ ❉♦❜♦✟s ❏✳ ❖♥ ❝❡rt❛✐♥ ❞❡❝♦♠♣♦s✐t✐♦♥s ♦❢ ❝♦♥t✐♥✉✐t② ✴✴ ❘❡♥❞✳ ■st✳ ▼❛t❤✳ ❯♥✐✈✳
❚r✐❡st❡ ✕ ✶✾✽✽✳ ✕ ✷✵✳ ✕ P✳ ✷✼✺ ✕ ✷✽✷✳

✺✳ Ñàôîíîâà ❰✳Ïðî òî÷êîâî ðîçðèâí✐ â✐äîáðàæåííÿ ç✐ çíà÷åííÿìè â ðåãóëÿðíèõ ïðîñîòàõ
✴✴ ➪óêîâèíñüêèé ìàòåìàòè÷íèé æóðíàë✳ ✕ ✷✵✶✽✳ ✕ ✻✱ ✶✲✷✳ ✕ Ñ✳ ✾✼ ✲ ✶✵✸✳

❡✲♠❛✐❧✿ ✈✳♥❡st❡r❡♥❦♦❅❝❤♥✉✳❡❞✉✳✉❛

✼✼



Ïðî ñóêóïíó êâàç✐íåïåðåðâí✐ñòü ìíîãîçíà÷íèõ â✐äîáðàæåíü

➶àñèëü ❮åñòåðåíêî✱ ❰ëåíà Ôîò✐é

×åðí✐âåöüêèé íàö✐îíàëüíèé óí✐âåðñèòåò ✐ìåí✐ Þð✐ÿ Ôåäüêîâè÷à✱ ×åðí✐âö✐✱ Óêðà➝íà

Ïîíÿòòÿ ãîðèçîíòàëüíî➝ êâàç✐íåïåðåðâíîñò✐✱ ÿêå ➵ óçàãàëüíåííÿì íà òîïîëîã✐÷í✐ ïðîñòî✲
ðè âëàñòèâîñò✐ (A) ç ❬✶❪✱ çàñòîñîâóâàëîñÿ â áàãàòüîõ ðåçóëüòàòàõ äëÿ îòðèìàííÿ ñóêóïíèõ
âëàñòèâîñòåé â✐äîáðàæåíü✳ Öå ñòîñóâàëîñÿ ÿê îäíîçíà÷íèõ â✐äîáðàæåíü✱ òàê ✐ ìíîãîçíà✲
÷íèõ✳

➶ ❬✷❪ áóëî ââåäåíî ñëàáêó ãîðèçîíòàëüíó êâàç✐íåïåðåðâí✐ñòü✱ ùî ➵ á✐ëüø øèðøèì ïîíÿò✲
òÿì í✐æ ãîðèçîíòàëüíà êâàç✐íåïåðåðâí✐ñòü✳ ➶✐äáðàæåííÿ f : X×Y → Z ì✐æ òîïîëîã✐÷íèìè
ïðîñòîðàìè X òà Y íàçèâà➵òüñÿ ñëàáêî ãîðèçîíòàëüíî ê✐âàç✐íåïåðåðâíèì✱ ÿêùî äëÿ äî✲
â✐ëüíèõ â✐äêðèòèõ íåïîðîæí✐õ ìíîæèí U â X ✐ V â Y òà ìíîæèíè A â X✱ ùî U ⊆ A✱ ✐ñíó➵
â✐äêðèòà íåïîðîæíÿ ìíîæèíà G â X✱ òàêà✱ ùî G ⊆ U ✐ f(G× V ) ⊆ f(A× V )✳

Ïåðåíîñÿ÷è ïîíÿòòÿ ñëàáêî➝ ãîðèçîíòàëüíî➝ êâàç✐íåïåðåðâíîñò✐ íà ìíîãîçíà÷í✐ â✐äîáðà✲
æåííÿ ìè îòðèìó➵ìî äâà ïîíÿòòÿ✳ ❒íîãîçíà÷íå â✐äîáðàæåííÿ F : X × Y → Z íàçèâà➵òüñÿ✿

❼ ñëàáêî ãîðèçîíòàëüíî êâàç✐íåïåðåðâíèì çíèçó â òî÷ö✐ (x0, y0) ∈ X × Y ✱ ÿêùî äëÿ
äîâ✐ëüíî➝ â✐äêðèòî➝ ìíîæèíè W â Z✱ òàêî➝✱ ùî W ∩ F (x0, y0) 6= ∅✱ äîâ✐ëüíèõ îêîë✐â U
òà V òî÷îê x òà y â✐äïîâ✐äíî â ïðîñòîðàõ X òà Y ✐ñíó➵ â✐äêðèòà íåïîðîæíÿ ìíîæèíà
G â X ✐ â✐äîáðàæåííÿ g : G→ V ✱ òàê✐✱ ùî G ⊆ U ✐ W ∩ F (x, g(x)) 6= ∅ äëÿ âñ✐õ x ∈ G❀

❼ ñëàáêî ãîðèçîíòàëüíî êâàç✐íåïåðåðâíèì çâåðõó â òî÷ö✐ (x0, y0) ∈ X × Y ✱ ÿêùî äëÿ
äîâ✐ëüíî➝ â✐äêðèòî➝ ìíîæèíè W â Z✱ òàêî➝✱ ùî F (x0, y0) ⊆ W ✱ äîâ✐ëüíèõ îêîë✐â U òà
V òî÷îê x òà y â✐äïîâ✐äíî â ïðîñòîðàõ X òà Y ✐ñíó➵ â✐äêðèòà íåïîðîæíÿ ìíîæèíà G
â X ✐ â✐äîáðàæåííÿ g : G→ V ✱ òàê✐✱ ùî G ⊆ U ✐ F (x, g(x)) ⊆W äëÿ âñ✐õ x ∈ G✳

Òóò ìè óçàãàëüíþ➵ìî äåÿê✐ ðåçóëüòàòè ç ❬✸❪✳
Òåîðåìà ✶✳ ❮åõàé X ✕ áåð✐âñüêèé ïðîñò✐ð✱ ïðîñò✐ð Y çàäîâîëüíÿ➵ äðóãó àêñ✐îìó çë✐✲

÷åííîñò✐✱ Z ✕ ìåòðèçîâíèé ñåïàðàáåëüíèé ïðîñò✐ð ✐ F : X × Y → Z ✕ ìíîãîçíà÷íå â✐ä✲
îáðàæåííÿ✳ ➶✐äîáðàæåííÿ F êâàç✐íåïåðåðâíå çíèçó çà ñóêóïí✐ñòþ çì✐ííèõ òîä✐ ✐ ò✐ëüêè
òîä✐✱ êîëè F ñëàáêî ãîðèçîíòàëüíî êâàç✐íåïåðåðâíå çâåðõó ✐ çíèçó òà F x êâàç✐íåïåðåðâíå
çíèçó äëÿ âñ✐õ x ç äåÿêî➝ çàëèøêîâî➝ ìíîæèíè â X✳

Òåîðåìà ✷✳ ❮åõàé X ✕ áåð✐âñüêèé ïðîñò✐ð✱ ïðîñò✐ð Y çàäîâîëüíÿ➵ äðóãó àêñ✐îìó çë✐✲
÷åííîñò✐✱ Z ✕ ìåòðèçîâíèé ñåïàðàáåëüíèé ïðîñò✐ð ✐ F : X × Y → Z ✕ êîìïàêòíîçíà÷íå
ìíîãîçíà÷íå â✐äîáðàæåííÿ✳ ➶✐äîáðàæåííÿ F êâàç✐íåïåðåðâíå çâåðõó çà ñóêóïí✐ñòþ çì✐í✲
íèõ òîä✐ ✐ ò✐ëüêè òîä✐✱ êîëè F ñëàáêî ãîðèçîíòàëüíî êâàç✐íåïåðåðâíå çâåðõó ✐ çíèçó òà
F x êâàç✐íåïåðåðâíå çâåðõó äëÿ âñ✐õ x ç äåÿêî➝ çàëèøêîâî➝ ìíîæèíè â X✳

✶✳ ❇☎♦❣❡❧ ❑✳ ☎❯❜❡r ♣❛rt✐❡❧❧ ❞✐✛❡r❡♥③✐❡r❜❛r❡ ❋✉♥❦t✐♦♥❡♥ ✴✴ ▼❛t❤✳ ❩✳ ✕ ✶✾✷✻✳ ✕ ✷✺✳ ✕ ❙✳ ✹✾✵✕✹✾✽✳

✷✳ ❮åñòåðåíêî ➶✳ Ñëàáêà ãîðèçîíòàëüíà êâàç✐íåïåðåðâí✐ñòü ✴✴ ❒àòåìàòè÷íèé â✐ñíèê ❮ÒØ✳
✕ ✷✵✵✽✳ ✕ ✺✱ ✕ Ñ✳ ✶✼✼ ✲ ✶✽✷✳

✸✳ ❋♦t✐❥ ❖✳✱ ▼❛s❧②✉❝❤❡♥❦♦ ❖✳✱ ◆❡st❡r❡♥❦♦ ❱✳ ❈❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ q✉❛s✐✲❝♦♥t✐♥✉✐t② ♦❢ ♠✉❧t✐✲
❢✉♥❝t✐♦♥s ♦❢ t✇♦ ✈❛r✐❛❜❧❡s ✴✴ ▼❛t❤✳ ❙❧♦✈❛❝❛✳ ✕ ✷✵✶✻✳ ✕ ✻✻✱ ✶✳ ✕ P✳ ✷✽✶ ✲ ✷✽✻✳

❡✲♠❛✐❧✿ ✈✳♥❡st❡r❡♥❦♦❅❝❤♥✉✳❡❞✉✳✉❛✱ ♦✳❢♦t✐❥❅❝❤♥✉✳❡❞✉✳✉❛

✼✽



➬àäà÷à ✃îø✐ äëÿ îäíîãî âèðîäæåíîãî ð✐âíÿííÿ✱ êîåô✐ö✐➵íòè ÿêîãî íå

çàëåæàòü â✐ä çì✐ííèõ âèðîäæåííÿ ✐ ìîæóòü çðîñòàòè

➹àëèíà Ïàñ✐÷íèê✱ ■ãîð ❒åäèíñüêèé

×åðí✐âåöüêèé íàö✐îíàëüíèé óí✐âåðñèòåò ✐ìåí✐ Þð✐ÿ Ôåäüêîâè÷à✱ ×åðí✐âö✐✱ Óêðà➝íà
❮àö✐îíàëüíèé óí✐âåðñèòåò ✏❐üâ✐âñüêà ïîë✐òåõí✐êà✑✱ ❐üâ✐â✱ Óêðà➝íà

❮åõàé n1✱ n2 ✕ çàäàí✐ íàòóðàëüí✐ ÷èñëà òàê✐✱ ùî n2 ≤ n1❀ n := n1 + n2❀ çì✐ííà x ∈ Rn

ñêëàäà➵òüñÿ ç äâîõ ãðóï çì✐ííèõ xl := (xl1, . . . , xlnl
) ∈ Rnl ✱ l ∈ {1, 2}✱ òàê ùî x := (x1, x2)✳

Ðîçãëÿäà➵òüñÿ â øàð✐ Π(0,T ] := (0, T ] × Rn ñê✐í÷åííî➝ òîâùèíè T > 0 çàäà÷à ✃îø✐ äëÿ
ð✐âíÿííÿ

(
∂t −

n2∑

j=1

x1j∂x2j −
n1∑

j,s=1

ajs(t, x1)∂x1j∂x1s −
n1∑

j=1

aj(t, x1)∂x1j − a0(t, x1)

)
u(t, x) = 0. ✭✶✮

Ð✐âíÿííÿ ✭✶✮ ➵ âèðîäæåíèì ð✐âíÿííÿì ✃îëìîãîðîâà äðóãîãî ïîðÿäêó✱ éîãî êîåô✐ö✐➵íòè
ajs✱ {j, s} ⊂ {1, ..., n}✱ aj ✱ j ∈ {1, ..., n}✱ ✐ a0 íå çàëåæàòü â✐ä çì✐ííèõ âèðîäæåííÿ x2j ✱
j ∈ {1, ..., n2}✳

➶ ❬✶❪ âèâ÷åíî êëàñè÷íèé ôóíäàìåíòàëüíèé ðîçâ✬ÿçîê çàäà÷✐ ✃îø✐ äëÿ ð✐âíÿííÿ ✭✶✮ ç
îáìåæåíèìè êîåô✐ö✐➵íòàìè✳ Ó äîïîâ✐ä✐ ðîçãëÿäàþòüñÿ çàäà÷à ✃îø✐ äëÿ ð✐âíÿííÿ✱ â ÿêî✲
ìó êîåô✐ö✐➵íòè ïðè |x1| → ∞ ìîæóòü çðîñòàòè✳ Ð✐ñò êîåô✐ö✐➵íò✐â ð✐âíÿííÿ òà ➝õ ïîõ✐äíèõ
ï✐äïîðÿäêîâó➵òüñÿ ðîñòó äåÿêî➝ ôóíêö✐➝ D : Rn1 → [1,∞)✱ à êîåô✐ö✐➵íòè ✐ ➝õ ïîõ✐äí✐ çà✲
äîâîëüíÿþòü ëîêàëüíó óìîâó ➹åëüäåðà ð✐âíîì✐ðíî ùîäî t ∈ [0, T ]✳ ➘åòàëüíà ✐íôîðìàö✐ÿ
ïðî ôóíäàìåíòàëüíèé ðîçâ✬ÿçîê çàäà÷✐ ✃îø✐✱ à ñàìå ïðî îö✐íêè ïîõ✐äíèõ çà çì✐ííîþ x1✱
äîçâîëÿ➵ îäåðæóâàòè äîñèòü òî÷í✐ ðåçóëüòàòè ïðî ðîçâ✬ÿçêè çàäà÷✐ ✃îø✐✳

❰òðèìàí✐ ðåçóëüòàòè ìîæóòü áóòè âèêîðèñòàí✐ äëÿ äîñë✐äæåííÿ çàäà÷✐ ✃îø✐ äëÿ âè✲
ðîäæåíîãî ð✐âíÿííÿ ✃îëìîãîðîâà ç✐ çðîñòàþ÷èìè êîåô✐ö✐➵íòàìè òà çàëåæíèìè â✐ä óñ✐õ
ïðîñòîðîâèõ çì✐ííèõ✳

✶✳ ■âàñèøåí Ñ✳➘✳✱ ❒åäèíñüêèé ■✳Ï✳ ✃ëàñè÷íèé ôóíäàìåíòàëüíèé ðîçâ✬ÿçîê âèðîäæåíîãî
ð✐âíÿííÿ ✃îëìîãîðîâà✱ êîåô✐ö✐➵íòè ÿêîãî íå çàëåæàòü â✐ä çì✐ííèõ âèðîäæåííÿ✴✴ ➪óêîâèí✲
ñüêèé ìàò✳ æóðí✳ ✕ ✷✵✶✹✳ ✕ ✷✱ ➑ ✷✕✸✳ ✕ Ñ✳ ✾✹✕✶✵✻✳

✷✳Ïàñ✐÷íèê ➹✳Ñ✳Ïðî ôóíäàìåíòàëüíèé ðîçâ✬ÿçîê óëüòðàïàðàáîë✐÷✲íîãî ð✐âíÿííÿ✱ êîåô✐✲
ö✐➵íòè ÿêîãî íå çàëåæàòü â✐ä çì✐ííèõ âèðîäæåííÿ ✐ ìîæóòü çðîñòàòè✴✴ ❒àòåð✐àëè ì✐æíàð✳
íàóê✳ êîíô✳ ✏Ïðèêëàäíà ìàòåìàò✳ òà ✐íô✳ òåõíîëîã✐➝✑✱ ïðèñâÿ÷åíî➝ ✻✵✲ð✐÷÷þ êàôåäðè ïðè✲
êëàäíî➝ ìàòåìàò✳ òà ✐íô✳ òåõíîëîã✐é✱ ✷✷✕✷✹ âåðåñíÿ ✷✵✷✷ ð✳ ✕ ×åðí✐âö✐✿ ×åðí✐âåöüêèé íàö✳
óí✲ò✱ ✷✵✷✷✳ ✕ Ñ✳ ✶✹✵✕✶✹✶✳

❡✲♠❛✐❧✿ ♣❛s✐❝❤♥②❦✳❣s❅❣♠❛✐❧✳❝♦♠✱ ✐❤♦r✳♣✳♠❡❞②♥s❦②✐❅❧♣♥✉✳✉❛

✼✾



➚íàë✐ç òà àïðîêñèìàö✐ÿ ñòîõàñòè÷íèõ äèôåðåíö✐àëüíèõ ð✐âíÿíü ç

çàï✐çíåííÿì

➹ðèãîð✐é Ïåòðèíà✱ ➶àñèëü ✃ðàâåöü

✃è➝âñüêèé íàö✐îíàëüíèé óí✐âåðñèòåò ✐ìåí✐ Òàðàñà Øåâ÷åíêà✱ ✃è➝â✱ Óêðà➝íà
Òàâð✐éñüêèé äåðæàâíèé àãðîòåõíîëîã✐÷íèé óí✐âåðñèòåò ✐ìåí✐ ➘ìèòðà ❒îòîðíîãî✱

Óêðà➝íà

Öÿ ðîáîòà ïðèñâÿ÷åíà ðîçðîáö✐ íîâèõ ìåòîä✐â íàáëèæåííÿ äëÿ ñòîõàñòè÷íèõ ñèñòåì ç
çàï✐çíåííÿì✱ ùî äîçâîëÿ➵ çàáåçïå÷èòè âèùó òî÷í✐ñòü òà êðàùó àäàïòèâí✐ñòü îö✐íîê ïîð✐â✲
íÿíî ç ✐ñíóþ÷èìè ìåòîäàìè✳ Ïîä✐áí✐ ðåçóëüòàòè áóëè îòðèìàí✐ â ðîáîò✐ ❬✶❪✱ äå îáãîâîðþþ✲
òüñÿ ï✐äõîäè äî àïðîêñèìàö✐➝ ôóíêö✐îíàëüíî✲äèôåðåíö✐àëüíèõ ð✐âíÿíü✳ ❮à â✐äì✐íó â✐ä öèõ
äîñë✐äæåíü✱ íàøà ðîáîòà ðîáèòü âíåñîê ó ðîçóì✐ííÿ ñïåöèô✐÷íèõ âèêëèê✐â✱ ïîâ✬ÿçàíèõ ç✐
ñòîõàñòè÷íèìè àñïåêòàìè ñèñòåì ✐ç çàï✐çíåííÿì✳

Ðîçãëÿäà➵òüñÿ ñèñòåìà ñòîõàñòè÷íèõ äèôåðåíö✐àëüíèõ ð✐âíÿíü ç ïîñò✐éíèì çàï✐çíåííÿì✿

dx = f(t, x(t), x(t− h))dt+ σ(t, x(t), x(t− h))dW (t), t ∈ [−h, T ), ✭✶✮

äå x ∈ Rn✱ h > 0 ✖ çàäàíå ÷èñëî✱ ùî õàðàêòåðèçó➵ çàï✐çíåííÿ✱ W (t) ✖ ñòàíäàðòíèé â✐íåð✐â✲
ñüêèé ïðîöåñ✱ f ✐ σ ✖ ôóíêö✐➝✱ ùî çàäîâîëüíÿþòü óìîâó ë✐í✐éíîãî ðîñòó òà óìîâó ❐✐ïøèöÿ✳
Òóò x(t) = ϕ(t), t ∈ [−h, 0] ✕ïî÷àòêîâà ôóíêö✐ÿ✳

Ïîðÿä ç ö✐➵þ ñèñòåìîþ ðîçãëÿäà➵òüñÿ íàáëèæåíà ñèñòåìà ç m ∈ N åëåìåíòàìè✿




dz0 = f(t, z0, zm)dt+ σ(t, z0, zm)dW (t),

dz1 =
m
h (z0 − z1)dt,

✳✳✳

dzm = m
h (zm−1 − zm)dt,

z0(0) = ϕ(0),

z1(0) = ϕ
(
− h
m

)
,

✳✳✳

zm(0) = ϕ(−h).

✭✷✮

❰çíà÷åííÿ ✶✳ ➪óäåìî ãîâîðèòè✱ ùî ñèñòåìà ñòîõàñòè÷íèõ äèôåðåíö✐àëüíèõ ð✐âíÿíü ✭áåç
çàï✐çíåííÿ✮✭✷✮ àïðîêñèìó➵ ñòîõàñòè÷íó ñèñòåìó ð✐âíÿíü ✐ç çàï✐çíåííÿì ✭✶✮✱ ÿêùî âèêî✲
íó➵òüñÿ ñï✐ââ✐äíîøåííÿ

Esupt∈[0,T ]

∣∣∣∣x
(
t− j

m

)
− zj(t)

∣∣∣∣
2

→ 0, j = 0,m,

ïðè m→ ∞✳

Òåîðåìà ✶✳ ❮åõàé ñèñòåìà ✭✶✮ çàäîâîëüíÿ➵ óìîâó ❐✐ïøèöÿ✳ Òîä✐ ðîçâ✬ÿçîê çàäà÷✐ ✃îø✐ äëÿ
ñèñòåìè çâè÷àéíèõ äèôåðåíö✐àëüíèõ ð✐âíÿíü ✭✷✮ àïðîêñèìó➵ ðîçâ✬ÿçîê ïî÷àòêîâî➝ çàäà÷✐
äëÿ ñèñòåìè äèôåðåíö✐àëüíî✲ð✐çíèöåâèõ ð✐âíÿíü ✭✶✮ ïðè m→ ∞ ✐ t ∈ [0, T ]✳

❐✐òåðàòóðà

❬✶❪ Ñõåìè àïðîêñèìàö✐➝ äèôåðåíö✐àëüíî✲ôóíêö✐îíàëüíèõ ð✐âíÿíü òà ➝õ çàñòîñóâàííÿ ✴ Ñ✳➚
■ë✐êà òà ✐í✳ ➪óêîâèíñüêèé ìàòåìàòè÷íèé æóðíàë✱ ✷✵✶✹✱ Ò✳ ✷✱ ➑✷✲✸✳ ñ✳ ✶✵✼✲✶✶✶✳

❡✲♠❛✐❧✿ ❣r♣❡tr②♥❛❅❣♠❛✐❧✳❝♦♠✱ ✈❛s②❧✳❦❛✈❡ts❅ts❛t✉✳❡❞✉✳✉❛
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Ïðî îäíå óçàãàëüíåííÿ äâîñèìâîëüíèõ ñèñòåì êîäóâàííÿ ÷èñåë ç äâîìà

îñíîâàìè

➶✐êòîð Ïëàêèäà✱ ❰ëåêñàíäð Ïðàöüîâèòèé

Óêðà➝íñüêèé äåðæàâíèé óí✐âåðñèòåò ✐ìåí✐ ❒èõàéëà ➘ðàãîìàíîâà✱ ✃è➝â✱ Óêðà➝íà

❮åõàé 1
2 ≤ g0 < 1✱ g0 + |g1| = 1✱ δ0 = 0✱ δ1 = g0✱ A = {0, 1} ✖ äâîñèìâîëüíèé àëôàâ✐ò✱

Ak = A×A× ...×A︸ ︷︷ ︸
k

✖ ìíîæèíà âïîðÿäêîâàíèõ k✲÷ëåííèõ íàáîð✐â✱ L = A∞ = A×A× ... ✖

ïðîñò✐ð ✭ìíîæèíà✮ ïîñë✐äîâíîñòåé ç íóë✐â òà îäèíèöü❀ f1 = 1✱ fk+1(x1, x2, ..., xk) ✖ ôóíêö✐ÿ
k✲çì✐ííèõ✱ ÿê✐ íàáóâàþòü çíà÷åíü ç àëôàâ✐òó A✱ k ∈ N ✳

➘ëÿ äîâ✐ëüíî➝ ïîñë✐äîâíîñò✐ (αn) ∈ L ðîçãëÿäà➵òüñÿ âèðàç

δα1 + δα2f2(α1)gα1 + δα3f3(α1, α2)gα1gα2 + ...

+ δαk
fk(α1, α2, ..., αk−1)gα1gα2 ...gαk−1

+ ... = ✭✶✮

= δα1 +
∞∑

k=2

δαk
fk(α1, α2, ..., αk−1)

k−1∏

i=1

gαi
= ∆α1α2...αn....

Ñèìâîë✐÷íèé çàïèñ ∆α1α2...αn... íàçèâà➵òüñÿ ∆✲çîáðàæåííÿì ñóìè ðÿäó ✭✶✮✳
❒íîæèíó çíà÷åíü òàêèõ âèðàç✐â ïîçíà÷èìî ÷åðåç E✳
❒íîæèíà✱ îçíà÷åíà ð✐âí✐ñòþ

∆c1...cm = {x : x = ∆c1...cmα1α2..., ai ∈ Ai},

íàçèâà➵òüñÿ öèë✐íäðîì ðàíãó m ç îñíîâîþ c1c2...cm ó ìíîæèí✐ E✳
❮àñ ö✐êàâëÿòü óìîâè ✭íåîáõ✐äí✐ òà äîñòàòí✐✮✱ çà ÿêèõ ìíîæèíà E ➵ ïðîì✐æêîì ✭â✐äð✐ç✲

êîì✮ ✐ ïðè öüîìó ñèñòåìà çîáðàæåííÿ ÷èñåë ìíîæèíè E çàñîáàìè äâîñèìâîëüíîãî àëôàâ✐òó
ìà➵ íóëüîâó íàäëèøêîâ✐ñòü✱ òîáòî êîæíå ÷èñëî ç ìíîæèíè E ìà➵ íå á✐ëüøå äâîõ çîáðàæåíü✳

➬àóâàæèìî✱ ùî îêðåì✐ äîñòàòí✐ óìîâè öüîãî äîáðå â✐äîì✐✱ à ñàìå✿
❛✮ ïðè g1 > 0 ✐ fk = 1 ìà➵ìî Q2✲çîáðàæåííÿ ÷èñåë ìíîæèíè E = [0; 1]❀
❜✮ ïðè g1 < 0 ✐ fk+1 = (−1)α1+α2+...+αk ìà➵ìî äâîñèìâîëüíó ñèñòåìó êîäóâàííÿ ÷èñåë

â✐äð✐çêà [12 ; 1]✱ ùî çàäà➵ â✐äîìå G2✲çîáðàæåííÿ✳
➶èÿâëÿ➵òüñÿ✱ ùî íå ✐ñíó➵ ✐íøèõ óìîâ çà ÿêèõ ñèñòåìà çîáðàæåííÿ ÷èñåë E = [a; b] ìà✲

òèìå íóëüîâó íàäëèøêîâ✐ñòü✳ Öå îñíîâíèé ðåçóëüòàò✱ ÿêèé áóäå îáãîâîðþâàòèñü ó äîïîâ✐ä✐✳

❐✐òåðàòóðà

❬✶❪ Ïðàöüîâèòèé ❒✳➶✳ ➘âîñèìâîëüí✐ ñèñòåìè êîäóâàííÿ ä✐éñíèõ ÷èñåë òà ➝õ çàñòîñóâàííÿ✳
✖ ✃è➝â✿ ❮àóêîâà äóìêà✱ ✷✵✷✷✳ ✕ ✸✶✻ ñ✳

❡✲♠❛✐❧✿ ♣❧❛❦②❞❛❅❣♠❛✐❧✳❝♦♠✱ ❛❧❡①❛♥❞r✳♣r❛ts✐♦✈②t②✐❅❣♠❛✐❧✳❝♦♠

✽✶



Ñëàáê✐ ðîçâ✬ÿçêè ñòîõàñòè÷íèõ ôóíêö✐îíàëüíî✲äèôåðåíö✐àëüíèõ ð✐âíÿíü

íåéòðàëüíîãî òèïó ó íåñê✐í÷åííîâèì✐ðíèõ ïðîñòîðàõ

❰ëåêñàíäð Ïðàâäèâèé✱ ➚íäð✐é Ñòàíæèöüêèé

✃è➝âñüêèé ❮àö✐îíàëüíèé Óí✐âåðñèòåò ✐ìåí✐ Òàðàñà Øåâ÷åíêà
■íñòèòóò ìàòåìàòèêè ❮➚❮ Óêðà➝íè✱ ✃è➝â✱ Óêðà➝íà

Ðîáîòà ïðèñâÿ÷åíà ✐ñíóâàííþ ✐ ➵äèíîñò✐ ñëàáêèõ ðîçâ✬ÿçê✐â ñòîõàñòè÷íèõ ôóíêö✐îíàëüíî✲
äèôåðåíö✐àëüíèõ ð✐âíÿíü íåéòðàëüíîãî òèïó ó íåñê✐í÷åííîâèì✐ðíèõ ïðîñòîðàõ✳

❮åõàé H,K, V ➵ ñåïàðàáåëüíèìè ã✐ëüáåðòîâèìè ïðîñòîðàìè òà V ⊂ H ⊂ V
′
ñêëàäàþòü

òð✐éêó ➹åëüôàíäà✳ Ðîçãëÿíåìî ð✐âíÿííÿ âèãëÿäó

d(u(t)− g(ut)) = (Au+ f(ut))dt+ σ(ut)dW (t), t ∈ [0, T ], ✭✶✮

u(t) = φ(t), t ∈ [−h, 0]. ✭✷✮

äå A ✲ ë✐í✐éíèé íåîáìåæåíèé îïåðàòîð â ïðîñòîð✐ H✱ øóì W (t) ➵ Q✲â✐íåð✐âñüêèì ïðî✲
öåñîì íà ïðîñòîð✐ K✳ ➘ëÿ áóäü✲ÿêîãî h > 0 ïîçíà÷èìî C := C([−h, 0], H)✱ òîä✐ f, g â✐ä✲
îáðàæåííÿ ç C â H✱ à σ â✐äîáðàæåííÿ ç C â L0

2 äå L0
2 := L(Q

1
2 (K), H) ✲ ïðîñò✐ð îïåðàòî✲

ð✐â ➹✐ëüáåðòà✲Øì✐äòà✳ Òóò ut(θ) = u(t + θ) äëÿ áóäü✲ÿêîãî θ ∈ [−h, 0] ✐ ïî÷àòêîâà óìîâà
φ : [−h, 0]× Ω −→ H✳

➶ ïîäàëüøîìó áóäåìî ïîçíà÷àòè íîðìó â H ÿê || · ||✱ íîðìó â V ÿê || · ||V ✱ ñóïðåìíó íîðìó
â C ÿê ||φ||C := supθ∈[−h,0] ||φ(θ)|| äëÿ áóäü✲ÿêîãî φ ∈ C✱ íîðìó â L0

2 ÿê || · ||L0
2
✐ ✐íòåãðàëüíó

íîðìó â LV2 ÿê ||ψ||2
LV
2

:=
∫ 0
−h ||ψ(θ)||2V dθ äëÿ áóäü✲ÿêîãî ψ ∈ LV2 ✳ Òàêîæ ïîçíà÷èìî (·, ·)

ñêàëÿðíèé äîáóòîê â H✱ 〈·, ·〉 ✲ äóàëüíèé ñêàëÿðíèé äîáóòîê â V ✳
❮à â✐äîáðàæåííÿ f, g, σ òà íà îïåðàòîð A íàêëàäåìî íàñòóïí✐ óìîâè

✶✳ A ✲ ë✐í✐éíèé✱ îáìåæåíèé îïåðàòîð V −→ V
′
✱ ñàìîñïðÿæåíèé✱ òâ✐ðíèé àíàë✐òè÷íî➝

íàï✐âãðóïè S(t) äëÿ âñ✐õ t > 0✱ g ä✐➵ ç C ∩ LV2 â V ✱ f ä✐➵ ç C ∩ LV2 â H✱ σ ä✐➵ ç C ∩ LV2
â L0

2✳

✷✳ A çàäîâîëüíÿ➵ óìîâó íåïåðåðâíîñò✐ ✐ êîåðöèòèâíîñò✐✱ σ çàäîâîëüíÿ➵ óìîâó ë✐í✐éíîãî
ðîñòó✱ f çàäîâîëüíÿ➵ óìîâó ñòåïåíåâîãî ðîñòó✱ g çàäîâîëüíÿ➵ óìîâó ë✐í✐éíîãî ðîñòó â
íîðìàõ || · || ✐ || · ||V ✳

✸✳ σ, g ë✐ïøèöåâ✐✱ f ✲ ëîêàëüíî ë✐ïøèöåâà✳

✹✳ f çàäîâîëüíÿ➵ ïåâí✐ óìîâè ìîíîòîííîñò✐✳

➬à óìîâ✱ âêàçàíèõ âèùå✱ îòðèìàíî òåîðåìó
Òåîðåìà ✭■ñíóâàííÿ✱ ➵äèí✐ñòü✮
➘ëÿ áóäü✲ÿêî➝ âèïàäêîâî➝ ôóíêö✐➝ φ ∈ C ∩ LV2 ùî çàäîâîëüíÿ➵ óìîâó

E
(
||φ||2γC + (

∫ 0

−h
||φ(θ)||2V dθ)γ

)
<∞,

çàäà÷à ✭✶✮✲✭✷✮ ìà➵ ➵äèíèé ñëàáêèé ðîçâ✬ÿçîê íà [0, T ] òàêèé✱ ùî

u ∈ C(Ω× [0, T ];H) ∩ L2(Ω× [0, T ];V ).

Ñëàáêèì ðîçâ✬ÿçêîì çàäà÷✐ ✭✶✮✲✭✷✮ ââàæà➵ìî òàêèé âèïàäêîâèé ïðîöåñ u(t) ∈ V ✱ ùî

✶✳ u(t) = φ(t), t ∈ [−h, 0]❀

✷✳ u ∈ L2(Ω× [0, T ], V )❀

✸✳ äëÿ êîæíîãî v ∈ V âèêîíó➵òüñÿ

(u(t)− g(ut), v) = (φ(0)− g(φ), v) +

∫ t

0
〈Au, v〉ds+

∫ t

0
(f(us), v)ds+

∫ t

0
(σ(us)dW (s), v),

äëÿ âñ✐õ t ∈ [0, T ] ìàéæå íàïåâíî✳

✽✷



Ðîáîòà âèêîíàíà çà ÷àñòêîâî➝ ï✐äòðèìêè ❮àö✐îíàëüíîãî ôîíäó äîñë✐äæåíü Óêðà➝íè✱
ïðîåêò ➑✷✵✷✸✳✵✸✴✵✵✼✹ ✧❮åñê✐í÷åííîâèì✐ðí✐ åâîëþö✐éí✐ ð✐âíÿííÿ ✐ç áàãàòîçíà÷íîþ ✐ ñòîõà✲
ñòè÷íîþ äèíàì✐êîþ✧✳

❐✐òåðàòóðà

❬✶❪ ▼✳ ❘♦❝❦❤♥❡r✱ ❘✳ ❩❤✉✱ ❳✳ ❩❤✉✳ ❊①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ s♦❧✉t✐♦♥s t♦ st♦❝❤❛st✐❝ ❢✉♥❝t✐♦♥❛❧
❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ✐♥ ✐♥✜♥✐t❡ ❞✐♠❡♥s✐♦♥s✴✴ ◆♦♥❧✐♥✳ ❆♥❛❧✳ ✷✵✶✷✱ ❱♦❧✳ ✶✷✺✱♥♦✳ ✹✱ ♣✳ ✸✺✽✲✸✾✼✳

❬✷❪ ❙✳ ▼❡❤r✐✱ ▼✳ ❙❝❤❡✉t③♦✇✱ ❆ ❙t♦❝❤❛st✐❝ ●r♦♥✇❛❧❧ ▲❡♠♠❛ ❛♥❞ ❲❡❧❧✲P♦s❡❞♥❡ss ♦❢ P❛t❤✲
❉❡♣❡♥❞❡♥t ❙❉❊s ❉r✐✈❡♥ ❜② ▼❛rt✐♥❣❛❧❡ ◆♦✐s❡✱ ❛r❳✐✈✿✶✾✵✽✳✶✵✻✹✻✈✶✱ ✭✷✵✶✾✮✳

❬✸❪ ❆✳❖✳❙t❛♥③❤②ts❦②✱ ❖♥ ✇❡❛❦ ❛♥❞ str♦♥❣ s♦❧✉t✐♦♥s ♦❢ ♣❛✐r❡❞ st♦❝❤❛st✐❝ ❢✉♥❝t✐♦♥❛❧ ❞✐✛❡r❡♥t✐❛❧
❡q✉❛t✐♦♥s ✐♥ ✐♥✜♥✐t❡✕❞✐♠❡♥t✐♦♥❛❧ s♣❛❝❡s✱❏♦✉r♥❛❧ ♦❢ ❖♣t✐♠✐③❛t✐♦♥✱ ❉✐✛❡r❡♥t✐❛❧ ❊q✉❛t✐♦♥s ❛♥❞
t❤❡✐r ❆♣♣❧✐❝❛t✐♦♥s✱❱♦❧✳ ✷✾ ✭✷✮✱♣♣✳✹✽✕✼✺✱ ✭✷✵✷✶✮✳

❡✲♠❛✐❧✿ ❛✇①r✈t❜❅❣♠❛✐❧✳❝♦♠✱ ❛✳st❛♥③❤②ts❦②✐❅❣♠❛✐❧✳❝♦♠
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Ðîçïîä✐ëè éìîâ✐ðíîñòåé íà ôðàêòàëüí✐é ñàìîïîä✐áí✐é êðèâ✐é ïàâóòèííîãî

òèïó✱ ïîâ✬ÿçàí✐é ç✐ Ñí✐æèíêîþ ✃îõà

❒èêîëà Ïðàöüîâèòèé✱ ■ðèíà ❐èñåíêî✱ Ñîô✐ÿ Ðàòóøíÿê

Óêðà➝íñüêèé äåðæàâíèé óí✐âåðñèòåò ✐ìåí✐ ❒èõàéëà ➘ðàãîìàíîâà✱ ■íñòèòóò
ìàòåìàòèêè ❮➚❮ Óêðà➝íè✱ ✃è➝â✱ Óêðà➝íà

❮åõàé A7 = {0, 1, ..., 6} ✖ àëôàâ✐ò✱ L7 = A7×A7× ... ✖ ïðîñò✐ð ïîñë✐äîâíîñòåé åëåìåíò✐â

àëôàâ✐òó❀ ∆7
α1(x)...αn(x)...

=
∞∑
n=1

αn(x)
7n ✖ ñ✐ìêîâå çîáðàæåííÿ ÷èñëà x ∈ [0; 1]❀ ε0, ε1, ε2, ε3, ε4, ε5

✖ êîðåí✐ 6✲ãî ñòåïåíÿ ç ✶✱ òîáòî εk = cos πk6 +i sin πk
6 ✱ ε6 = 0✱ (τn) ✖ ïîñë✐äîâí✐ñòü íåçàëåæíèõ

âèïàäêîâèõ âåëè÷èí✱ ÿê✐ íàáóâàþòü çíà÷åíü 0, 1, 2, 3, 4, 5, 6 ç éìîâ✐ðíîñòÿìè p0n✱ p1n✱ p2n✱ p3n✱
p4n✱ p5n✱ p6n â✐äïîâ✐äíî ✭pkn > 0✱ p0n + p1n + ...+ p6n = 1✮✳

Ðîçãëÿíåìî êîìïëåêñíîçíà÷íó âèïàäêîâó âåëè÷èíó ✭â✳â✳✮ τ =
∞∑
n=1

2ετn
3n . ❒íîæèíîþ Eτ

çíà÷åíü â✳â✳ τ ➵ ìíîæèíà êîìïëåêñíèõ ÷èñåë✱ ùî ➵ îáðàçàìè â✐äîáðàæåííÿ ïðîñòîðó L7 ó

ìíîæèíó êîìïëåêñíèõ ÷èñåë✱ ÿêå àíàë✐òè÷íî âèðàæà➵òüñÿ g((αn)) = 2
∞∑
n=1

εαn

3n ✳

Ðîçãëÿíåìî ôóíêö✐þ g(t)✱ îçíà÷åíó ð✐âí✐ñòþ

g(t = ∆7
α1α2...αn...) = 2

∞∑

n=1

εαn(t)

3n
= ∆g

α1α2...αn.... ✭✶✮

❐åãêî áà÷èòè✱ ùî îçíà÷åííÿ ôóíêö✐➝ g ó ñ✐ìêîâî✲ðàö✐îíàëüí✐é òî÷ö✐ íå ➵ êîðåêòíèì✱
îñê✐ëüêè g(∆7

α1α2...αm−1(0)
) 6= g(∆7

α1α2...[αm−1−1](6))✳ Öåé íåäîë✐ê ëåãêî óñóíóòè äîìîâëåí✐ñòþ
âèêîðèñòîâóâàòè ëèøå îäíå ç çîáðàæåíü àðãóìåíòà ✭íåõàé òå✱ ùî ì✐ñòèòü ïåð✐îä (0)✮✳

Òåîðåìà ✶✳ Ôóíêö✐ÿ g✱ êîðåêòíî îçíà÷åíà ð✐âí✐ñòþ ✭✺✮✱ íåïåðåðâíà ïî ìíîæèí✐ ñ✐ìêîâî✲
✐ððàö✐îíàëüíèõ òî÷îê ✐ ðîçðèâíà ó êîæí✐é ñ✐ìêîâî✲ðàö✐îíàëüí✐é òî÷ö✐✳ ➶ í✐é âîíà ìà➵
íåóñóâíèé ðîçðèâ✱ âåëè÷èíà ÿêîãî â òî÷ö✐ ∆7

c1c2...cm(0) äîð✐âíþ➵
2
3m ✳

Òåîðåìà ✷✳ ❒íîæèíîþ Eτ çíà÷åíü âèïàäêîâî➝ âåëè÷èíè τ ➵ ñàìîïîä✐áíîþ ôðàêòàëüíîþ

êðèâîþ G ïðîñòîðó R2 ✭êîìïëåêñíî➝ ïëîùèíè✮ ç✐ ñòðóêòóðîþ ñàìîïîä✐áíîñò✐ G =
6⋃

k=0

Gk✱

G
1
3∼ Gk, Gk = ϕk(G), äå ϕk(z) = 2εk

3 + 1
3z, ùî ➵ ìíîæèíîþ çíà÷åíü ôóíêö✐➝ g ä✐éñíîãî

àðãóìåíòà t = ∆7
α1α2...αn... ∈ [0; 1]∗✱ ÿêà àíàë✐òè÷íî âèðàæà➵òüñÿ ôîðìóëîþ ✭✺✮✳

Òåîðåìà ✸✳ ❒íîæèíà òèïó ➪åçèêîâè÷à✲➴ããëñòîíà M ⊂ G✱ äå
M =M [g; p0, p1, ..., p6] = {x : x = ∆g

α1α2...αn..., νj(x) = pj , j = 0, 6}
✶✮ ➵ ìíîæèíîþ ïîâíî➝ ì✐ðè m✱ ÿêùî pj = 1

7 ✱ j = 0, 6❀
✷✮ ➵ ìíîæèíîþ íóëüîâî➝ ì✐ðè m✱ ÿêùî ✐ñíó➵ pj 6= 1

7 ✳
❼➝ ôðàêòàëüíà ðîçì✐ðí✐ñòü ➹àóñäîðôà✲➪✐ëë✐íãñë✐ â✐äíîñíî éìîâ✐ðí✐ñíî➝ ì✐ðè m ✐ ïîêðèòò✐â

g✲öèë✐íäðàìè îá÷èñëþ➵òüñÿ α0(M) =
ln p

p0
0 p

p1
1 ...p

p6
6

− ln 7 .

Òåîðåìà ✹✳ ➶✳â✳ τ ìà➵ ÷èñòî äèñêðåòíèé ðîçïîä✐ë òîä✐ ✐ ëèøå òîä✐✱ êîëèM ≡
∞∏
n=1

max
k

{pkn} >
0. Ó âèïàäêó äèñêðåòíîñò✐ òî÷êîâèì ñïåêòðîì ðîçïîä✐ëó τ ➵ õâîñòîâîþ ìíîæèíîþ✱ ïðåä✲
ñòàâíèêîì ÿêî➝ ➵ àòîì z0 = ∆g

a1a2...an...✱ äå pann = max
k

pkn ç ìàêñèìàëüíîþ ìàñîþ M ✳

❮àñë✐äîê ✶✳ Ðîçïîä✐ë âèïàäêîâî➝ âåëè÷èíè τ ➵ íåïåðåðâíèì òîä✐ ✐ ò✐ëüêè òîä✐✱ êîëè
M = 0✳

❮àñë✐äîê ✷✳ Ðîçïîä✐ë íåïåðåðâíî➝ âèïàäêîâî➝ âåëè÷èíè τ ✱ áóäó÷è çîñåðåäæåíèì íà
íóëü✲ìíîæèí✐ ❐åáåãà✱ ➵ ñèíãóëÿðíèì ✭îðòîãîíàëüíèì äâîâèì✐ðí✐é ì✐ð✐ ❐åáåãà✮✳

❮àñë✐äîê ✸✳ ßêùî M > 0 ✐ ñåðåä åëåìåíò✐â ìàòðèö✐ ||pkn|| íåìà➵ íóë✐â✱ òî òî÷êîâèé
ñïåêòð ðîçïîä✐ëó τ ➵ âñþäè ù✐ëüíèì ó ìíîæèí✐ çíà÷åíü ðîçïîä✐ëó âèïàäêîâî➝ âåëè÷èíè τ ✳

✽✹



Òåîðåìà ✺✳ Ñïåêòðîì Sτ ðîçïîä✐ëó âèïàäêîâî➝ âåëè÷èíè τ ➵ ìíîæèíà
Q = {z ∈ Eτ : pαn(z)n > 0 ∀n ∈ N}.

❮àñë✐äîê ✹✳ ßêùî ñåðåä åëåìåíò✐â ìàòðèö✐ ||pkn|| íåìà➵ íóë✐â✱ òî ñïåêòðîì ðîçïîä✐ëó
âèïàäêîâî➝ âåëè÷èíè τ ➵ ôðàêòàëüíà êðèâà G ç ðîçì✐ðí✐ñòþ α0 = log3 7✳

➬àóâàæåííÿ ✶✳ ❰ñê✐ëüêè ðîçïîä✐ë â✳â✳ τ åêâ✐âàëåíòíèé ðîçïîä✐ëó âèïàäêîâî➝ âåëè÷èíè
ξ = ∆7

ξ1ξ2...ξn...
ç íåçàëåæíèìè îäíàêîâî ðîçïîä✐ëåíèìè öèôðàìè ñ✐ìêîâîãî çîáðàæåííÿ✿

P{ξn = j} = pj ✱ j = 0, 6✱ òî íîñ✐➵ì ðîçïîä✐ëó τ ➵ ìíîæèíà M [g; p0, p1, ..., p6] = {x : νi(x) =
pi, i = 0, 6}.

❮åõàé m ✖ ãåîìåòðè÷íà éìîâ✐ðí✐ñíà ì✐ðà íà G✳ ➘î öüîãî êëàñó â✐äíîñèòüñÿ ì✐ðà✱ ùî
â✐äïîâ✐äà➵ ðîçïîä✐ëó âèïàäêîâî➝ âåëè÷èíè τ ç éìîâ✐ðíîñòÿìè pkn = 1

7 ✳

Òåîðåìà ✻✳ Ðîçïîä✐ëè âèïàäêîâèõ âåëè÷èí τ ✐ τ ′✱ ÿê✐ âèçíà÷åí✐ ñòîõàñòè÷íèìè âåêòîðàìè
p̄ = (p0, p1, ..., p6) ✐ p̄′ = (p′0, p

′
1, ..., p

′
6) â✐äïîâ✐äíî✱ âçà➵ìíî îðòîãîíàëüí✐✱ ÿêùî p̄ 6= p̄′✱ ✐

åêâ✐âàëåíòí✐✱ ÿêùî p = p′✳

❡✲♠❛✐❧✿ ♣r❛ts✹✹✹✹❅❣♠❛✐❧✳❝♦♠✱ ✐✳♠✳❧②s❡♥❦♦❅✉❞✉✳❡❞✉✳✉❛✱ r❛t✉s❤✹✵✹❅❣♠❛✐❧✳❝♦♠
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❰äèí êîíòèíóàëüíèé êëàñ ôðàêòàëüíèõ ôóíêö✐é✱ îçíà÷åíèõ â òåðì✐íàõ

Q∗
s✲çîáðàæåííÿ ÷èñåë

❒èêîëà Ïðàöüîâèòèé✱ Ñâ✐òëàíà ➶àñüêåâè÷✱ ➶àëåíòèíà ❮àçàð÷óê

■íñòèòóò ìàòåìàòèêè ❮➚❮ Óêðà➝íè✱ Óêðà➝íñüêèé äåðæàâíèé óí✐âåðñèòåò ✐ìåí✐
❒èõàéëà ➘ðàãîìàíîâà✱ ✃è➝â✱ Óêðà➝íà

❮åõàé As ≡ {0, 1, ..., s − 1} ✕ s✲êîâèé àëôàâ✐ò✱ L ≡ A × A × ... ✕ ïðîñò✐ð ïîñë✐äîâíîñòåé
åëåìåíò✐â àëôàâ✐òó A❀ ||qin|| ✖ ñòîõàñòè÷íà ìàòðèöÿ òàêà✱ ùî 0 < qin < 1✱ q0n + q1n + ... +
qs−1n = 1✱ n ∈ N ✐

∞∏

n=1

max
i∈A

{qin} = 0. ✭✶✮

Òîä✐ â✐äîìî ❬✷❪✱ ùî äëÿ äîâ✐ëüíîãî x ∈ [0; 1] ✐ñíó➵ ïîñë✐äîâí✐ñòü (αn) ∈ L òàêà✱ ùî

x = βα11 +
∞∑

n=2

(βαnn

n−1∏

j=1

qαjj) ≡ ∆Q∗
s

α1α2...αn..., ✭✷✮

äå βαnn =
αn−1∑
i=0

qin✳ Ðîçêëàä ÷èñëà x â ðÿä ✭✷✮ íàçèâà➵òüñÿ Q∗
s✲ïðåäñòàâëåííÿì öüîãî ÷èñëà✱

à ñêîðî÷åíèé çàïèñ ∆
Q∗

s
α1α2...αn... ✖ éîãî Q∗

s✲çîáðàæåííÿì✳
■ñíóþòü ÷èñëà✱ ùî ìàþòü äâà çîáðàæåííÿ✳ Öå ÷èñëà âèäó

∆
Q∗

s

α1α2...αm−1αm(0) = ∆
Q∗

s

α1α2...αm−1[αm−1](s−1). ✭✸✮

➶îíè íàçèâàþòüñÿ Q∗
s✲á✐íàðíèìè✳ ❒íîæèíà òàêèõ ÷èñåë ➵ çë✐÷åííîþ✳ Ðåøòà ÷èñåë îäèíè✲

÷íîãî â✐äð✐çêà ìàþòü ➵äèíå çîáðàæåííÿ✳ ➶îíè íàçèâàþòüñÿ Q∗
s✲óíàðíèìè✳

❮åõàé a ✖ ô✐êñîâàíå ÷èñëî ç â✐äð✐çêà [0; 1]✱ ùî ìà➵ s✲êîâå çîáðàæåííÿ a = ∆s
a1a2...an... =

a1
s + a2

s2
+ ...+ an

sn + ..., äå (an) ∈ L.
❰ñíîâèì îá✬➵êòîì ðîçãëÿäó ➵ ôóíêö✐ÿ fa✱ îçíà÷åíà íà [0; 1] ð✐âí✐ñòþ✿

fa(x = ∆Q∗
s

α1α2...αn...) = ∆
Q∗

s

|a1−α1||a2−α2|...|an−αn|...
. ✭✹✮

❰ñê✐ëüêè ìà➵ ì✐ñöå íåð✐âí✐ñòü fa(∆
Q∗

s

α1...αn(0)
) 6= fa(∆

Q∗
s

α1...[αn−1](s−1)), òî äëÿ á✐ëüøîñò✐ ôóí✲
êö✐é äàíîãî êëàñó êîðåêòí✐ñòü îçíà÷åííÿ âèìàãà➵ äîìîâëåíîñò✐ âèêîðèñòîâóâàòè ëèøå îäíå
ç äâîõ çîáðàæåíü Q∗

s✲á✐íàðíèõ ÷èñåë✱ à ñàìå òå✱ ùî ì✐ñòèòü (0)✳

❐åìà ✶✳ ➘ëÿ áóäü✲ÿêîãî a = ∆s
a1a2...an... ∈ [0; 1] ✐ñíó➵ ÷èñëî b = ∆s

b1b2...bn...
∈ [0; 1] òàêå✱ ùî

fa(∆
Q∗

s
a1+b1

2
a2+b2

2
...an+bn

2
...
) = fb(∆

Q∗
s

a1+b1
2

a2+b2
2

...an+bn
2

...
).

Òåîðåìà ✼✳ Ôóíêö✐ÿ fa ➵ íåïåðåðâíîþ íà ìíîæèí✐ Q∗
s✲óíàðíèõ ÷èñåë✱ à íà ìíîæèí✐ Q∗

s✲
á✐íàðíèõ ÷èñåë ✖ ëèøå çà óìîâè a = 0 àáî a = 1✳ ❒íîæèíîþ çíà÷åíü Efa ôóíêö✐➝ fa✱

ïîðîäæåíî➝ ÷èñëîì a = ∆
Q∗

s
a1a2...an... ➵ ìíîæèíà âèäó

[Q∗
s;Vn] = {x = ∆Q∗

s
α1...αn..., αn ∈ Vn ≡ {0, 1, ...,max{s− 1− an, an}}}.

Òåîðåìà ✽✳ ❒íîæèíà f−1
a ð✐âíÿ y0 = ∆

Q∗
s

c1c2...cn... ôóíêö✐➝ fa✱ ïîðîäæåíî➝ ÷èñëîì a =
∆s
a1a2...an...✱ ➵

✶✮ ïîðîæíüîþ ìíîæèíîþ✱ ÿêùî cn = s− 1✱ an ∈ {1, 2, ..., s− 2}❀

✷✮ ñê✐í÷åííîþ ìíîæèíîþ✱ ÿêùî ëèøå äëÿ ñê✐í÷åííî➝ ê✐ëüêîñò✐ n ìà➵ ì✐ñöå
{
an + cn ∈ As,

an − cn ∈ As;

✽✻



✸✮ êîíòèíóàëüíîþ ìíîæèíîþ✱ ÿêùî äëÿ íåñê✐í÷åííî➝ ê✐ëüêîñò✐ n ìà➵ ì✐ñöå
{
an + cn ∈ As,

an − cn ∈ As.

Ó äîïîâ✐ä✐ ïðîïîíóþòüñÿ ðåçóëüòàòè äîñë✐äæåííÿ ñòðóêòóðíèõ✱ äèôåðåíö✐àëüíèõ òà
ôðàêòàëüíèõ âëàñòèâîñòåé ôóíêö✐➝ fa✳

❐✐òåðàòóðà

❬✶❪ Ïðàöüîâèòèé ❒✳➶✳ ➘âîñèìâîëüí✐ ñèñòåìè êîäóâàííÿ ä✐éñíèõ ÷èñåë òà ➝õ çàñòîñóâàííÿ✳
✖ ✃è➝â✿ ❮àóêîâà äóìêà✱ ✷✵✷✷✳ ✕ ✸✶✻ ñ✳

❬✷❪ Ïðàöüîâèòèé ❒✳ ➶✳ Ôðàêòàëüíèé ï✐äõ✐ä ó äîñë✐äæåííÿõ ñèíãóëÿðíèõ ðîçïîä✐ë✐â✳ ✃è➝â✿
➶èä✲âî ❮ÏÓ ✐ìåí✐ ❒✳Ï✳➘ðàãîìàíîâà✱ ✶✾✾✽✳ ✕ ✷✾✻ ñ✳

❡✲♠❛✐❧✿ ♥❛③❛r❝❤✉❦✈❛❧❡♥t②♥❛❅✐♠❛t❤✳❦✐❡✈✳✉❛✱ ♣r❛ts✹✹✹✹❅❣♠❛✐❧✳❝♦♠

✽✼



✃ðàéîâà çàäà÷à ç ✐ìïóëüñíèì âïëèâîì äëÿ ïàðàáîë✐÷íîãî ð✐âíÿííÿ ç

âèðîäæåííÿì

■âàí Ïóêàëüñüêèé✱ ➪îãäàí ßøàí

×åðí✐âåöüêèé íàö✐îíàëüíèé óí✐âåðñèòåò ✐ìåí✐ Þð✐ÿ Ôåäüêîâè÷à

❮åõàé η, t0, t1, . . . , tN+1 ✕ ô✐êñîâàí✐ ÷èñëà✱ 0 ≤ t0 < t1 < . . . < tN+1✱ η ∈ (t0, tN+1)✱ η 6= tλ✱
λ ∈ {1, ..., N}✱ Ω ✕ äåÿêà îáìåæåíà îáëàñòü
dimΩ ≤ n−1✱ D ✕ îáìåæåíà îáëàñòü â Rn ç ìåæåþ ∂D✱ dimD = n✱ Ω ⊂ D✱ Q = [t0, tN+1)×D✱
Q0 = {(t, x)|t ∈ [t0, tN+1), x ∈ Ω} ∪ {(t, x)|t = η, x ∈ Q}✳

Ðîçãëÿíåìî â îáëàñò✐ Q = [t0, tN+1) ×D çàäà÷ó çíàõîäæåííÿ ôóíêö✐➝ u(t, x)✱ ÿêà çàäî✲
âîëüíÿ➵ ïðè (t, x) ∈ Q \Q(0), t 6= tλ ð✐âíÿííÿ

[∂t −
∑

|k|=2b

ak(t, x)∂
k
x −

∑

|p|≤2b−1

ap(t, x)∂
p
x]u(t, x) = f0(t, x), ✭✶✮

óìîâè çà çì✐ííîþ t✿
u(t0 + 0, x) = ϕ0(x), x ∈ Rn \ Ω, ✭✷✮

u(tλ + 0, x)− u(tλ − 0, x) = bλu(tλ − 0, x) + ϕλ(x), x ∈ ((Π \D) ∩ (t = tλ)), ✭✸✮

à íà ìåæ✐ îáëàñò✐ Γ = [t0, tN+1)× ∂D êðàéîâ✐ óìîâè

lim
x−→z∈∂D

(B(µ)u− fµ)(t, x) ≡ lim
x−→z∈∂D

[
∑

|k|=rµ

bk(t, x)∂
k
xu+

+
∑

|p|≤rµ−1

b(µ)p (t, x)∂pxu− fµ(t, x)] = 0 ✭✹✮

Ñòåïåíåâ✐ îñîáëèâîñò✐ êîåô✐ö✐➵íò✐â ð✐âíÿííÿ ✭✶✮ ó òî÷ö✐ P (t, x) ∈ Q\Q(0) õàðàêòåðèçóâà✲

òèìóòü ôóíêö✐➝ s1(β
(1)
i , t) ✐ s2(β

(2)
i , x)✿ s1(β

(1)
i , t) = |t−η|β(1)

i ïðè |t−η| ≤ 1✱ s1(β
(1)
i , t) = 1 ïðè

|t− η| ≥ 1❀ s2(β
(2)
i , x) = ρ(x)β

(2)
i ïðè ρ(x) ≤ 1✱ s2(β

(2)
i , x) = 1 ïðè ρ(x) ≥ 1✱ ρ(x) = inf

z∈Ω
|x− z|✱

i ∈ {1, ..., n}✱ β(ν)i ∈ (−∞,∞)✱ ν ∈ {1, 2}✱ β(ν) = (β
(ν)
1 , . . . , β

(ν)
n )✱ β = {β(1), β(2)}✳

Ïîçíà÷èìî ÷åðåç Q(r) = [tr, tr+1) × D✱ r ∈ {0, 1, . . . , N}✱ q(ν)✱ γ(ν)✱ µ(ν)pi ✱ µ
(ν)
0 ✱ δ(ν)µ,pi ✱ δ

(ν)
µ ✱

i ∈ {1, ..., n} ✕ ä✐éñí✐ íåâ✐ä✬➵ìí✐ ÷èñëà✱ [l] ✕ ö✐ëà ÷àñòèíà ÷èñëà l✱ l > 0✱ {l} = l − [l]✱

P1(t
(1), x(1))✱ P2(t

(2), x(1))✱ Hi(t
(1), x(2)) ✕ äîâ✐ëüí✐ òî÷êè ✐ç Q✱ x(1) = (x

(1)
1 , . . . , x

(1)
n )✱ x(2) =

(x
(1)
1 , . . . , x

(1)
i−1, x

(2)
i , x

(1)
i+1, . . . , x

(1)
n )✳

❰çíà÷èìî ïðîñòîðè✱ â ÿêèõ âèâ÷à➵òüñÿ çàäà÷à ✭✶✮ ✕ ✭✹✮✳ C l(γ;β; q;Q) ✕ ìíîæèíà ôóíêö✐é
u : (t, x) ∈ Q✱ ÿê✐ ìàþòü íåïåðåðâí✐ ÷àñòèíí✐ ïîõ✐äí✐ â îáëàñò✐ Q(r)\Q(0) âèãëÿäó ∂jt ∂

k
xu✱

2bj + |k| ≤ [l]✱ äëÿ ÿêèõ ñê✐í÷åííà íîðìà

‖u; γ;β; q; Π‖l = sup
r

∑

2bj+|k|≤[l]

[ sup
P∈Q

(r)

S(q; s1; s2; 2bj + |k|; t, x)|∂jt ∂kxu(P )|]+

+ sup
r





∑

2bj+|k|=[l]




n∑

i=1

sup
(P1,Hi)∈Q

(r)

(
S(q; s1; s2; |l|; t(1), x̃)s1({l}(γ(1) − β

(1)
i ), t(1))×

×s2({l}(γ(2) − β
(2)
i ), x̃)|x(1)i − x

(2)
i |−{l}|∂jt ∂kxu(P1)− ∂jt ∂

k
xu(Hi)|

)
+

+ sup
(P1,P2)∈Q

(r)

(
S(q; s1; s2; |l|; t̃, x(1))s1({l}γ(1), t(1))s2({l}γ(2), x(1))×

×|t(1) − t(2)|−{ l
2b

}|∂jt ∂kxu (P1)− ∂jt ∂
k
xu (P2)

)]}
.

Òóò ïîçíà÷åíî✿ s1(a, t̃) = min{s1(a, t(1)), s1(a, t(2))}✱ s2(a, x̃) = min{s2(a, x(1)), s2(a, x(2))}✱
S(q; s1, s2; [l]; t, x) = s1(q

(1) + [l]γ(1), t)s2(q
(2) + [l]γ(2), x)×∏n

i=1 s1(−kiβ
(1)
i , t)s2(−kiβ(2)i , x)✳

✽✽



Ùîäî çàäà÷✐ ✭✶✮✲✭✹✮✱ ââàæà➵ìî âèêîíàíèìè óìîâè✿

à✮ êîåô✐ö✐➵íòè ð✐âíÿííÿ ✭✶✮ ak(t, x)
n∏

i=1

s1(kiβ
(1)
i , t)s2(kiβ

(2)
i , x) ∈

∈ Cα(γ;β; 0;Q)✱ ap(t, x)
n∏

i=1

s1(piµ
(1)
pi , t)s2(piµ

(2)
pi , x) ∈ Cα(γ;β; 0;Q)✱

1 ≤ |p| ≤ 2b− 1✱ a0(t, x)s1(µ
(1)
0 , t) s2(µ

(2)
0 , x) ∈ Cα(γ;β; 0;Q)✱

a0(t, x) ≤ K <∞ ✐ çàäà÷à

[∂t −
∑

|k|=2b

ak(t, x)

n∏

i=1

s1(kiβ
(1)
i , t)s2(kiβ

(2)
i , x)∂kx ]u(t, x) = f̃(t, x),

u(t0 + 0) = ϕ̃(x),

lim
x−→z∈∂D

[
∑

|k|=rµ

b
(µ)
k (t, x)

n∏

i=1

s1(kiβ
(1)
i , t)s2(kiβ

(2),x
i )∂kxu(t, x)− f̃µ(t, x)] = 0,

çàäîâîëüíÿ➵ â îáëàñò✐ Q ð✐âíîì✐ðíó óìîâó ïàðàáîë✐÷íîñò✐ òà óìîâó ß✳➪✳ ❐îïàòèíñüêîãî❀
á✮ ôóíêö✐➝ f0(t, x) ∈ Cα(γ;β; 2bγ;Q)✱ ϕ0 ∈ C2b+α(γ̃; β̃; 0;D)✱ γ̃ = (0, γ(2))✱ β̃ = (0, β(2))✱

ϕλ ∈ C2b+α(γ̃; β̃; 0;Q∩{t = tλ})✱ fµ(t, x) ∈ C2b−rµ+α(γ;β; rµγ;Q)✱ ∂D ∈ C2b+α✱ lim
x−→z∈∂D

(B(µ)ϕ0−
fµ)(0, x) = 0, lim

x−→z∈∂D
{[B(µ)ϕλ + (1 + bλ)fµ](tλ − 0, x)− fµ(tλ + 0, x)} = 0✱

γ(ν) = max{max
i
β
(ν)
i ,max

i,pi

pi(µ
(ν)
pi − β

(ν)
i )

2b− |p| ,max
i,µ,pi

pi(δ
(ν)
µ,pi − β

(ν)
i )

2µ− |p| ,
µ
(ν)
0

2b
,max

µ

δ
(ν)
µ

rµ
}✱ ν ∈ {1, 2}✳

Ïðàâèëüíà òàêà òåîðåìà✳

Òåîðåìà ✶✳ ❮åõàé äëÿ çàäà÷✐ ✭✶✮✕✭✹✮ âèêîíàí✐ óìîâè à✮✱ á✮✳ Òîä✐ ✐ñíó➵ ➵äèíèé ðîçâ✬ÿçîê
çàäà÷✐ ✭✶✮✕✭✹✮ ✐ç ïðîñòîðó C2b+α(γ;β; 0;Q) ✐ ñïðàâäæó➵òüñÿ íåð✐âí✐ñòü

‖u; γ;β; 0;Q‖2b+α ≤ c





N∑

r=1




N∏

λ=r

((1 + ‖bλ‖))[
b∑

µ=1

‖fµ; γ;β; rµγ;Q(r−1)‖2b−rµ+α+

+‖f ; γ;β; 2bγ;Qr−1‖α + ‖ϕr−1; γ̃; β̃; 0;Q ∩ {t = tr−1}‖2b+α)
]
+ ✭✺✮

+‖f ; γ;β; 2bγ;QN‖α + ‖ϕN ; γ̃; β̃; 0;Q ∩ {t = tN}‖2b+α+

+

b∑

µ=1

‖fµ; γ;β; rµγ;Q(N)‖2b−rµ+α



 .

➘ëÿ äîâåäåííÿ òåîðåìè âñòàíîâëþ➵òüñÿ ðîçâ✬ÿçí✐ñòü äîïîì✐æíèõ êðàéîâèõ çàäà÷ ç ãëàä✲
êèìè êîåô✐ö✐➵íòàìè✳ ➬ ìíîæèíè îäåðæàíèõ ðîçâ✬ÿçê✐â âèä✐ëÿ➵òüñÿ çá✐æíà ïîñë✐äîâí✐ñòü✱
ãðàíè÷íå çíà÷åííÿ ÿêî➝ ➵ ðîçâ✬ÿçêîì çàäà÷✐ ✭✶✮✕✭✹✮✳

❡✲♠❛✐❧✿ ❜✳②❛s❤❛♥❅❝❤♥✉✳❡❞✉✳✉❛

✽✾



Ôðàêòàëüíèé àíàë✐ç ôóíêö✐é✱ îçíà÷åíèõ â òåðì✐íàõ ëàíöþãîâîãî

As✲çîáðàæåííÿ

Ñîô✐ÿ Ðàòóøíÿê

■íñòèòóò ìàòåìàòèêè ❮➚❮ Óêðà➝íè✱ Óêðà➝íñüêèé äåðæàâíèé óí✐âåðñèòåò ✐ìåí✐
❒èõàéëà ➘ðàãîìàíîâà✱ ✃è➝â✱ Óêðà➝íà

❮åõàé As ≡ {e0, e1, ..., es−1} ✖ àëôàâ✐ò ✭íàá✐ð åëåìåíò✐â ei✱ òàêèõ ùî 0 < e0 < e1 < ... <
es−1✮✱ Ls ≡ As ×As × ... ✖ ïðîñò✐ð ïîñë✐äîâíîñòåé åëåìåíò✐â àëôàâ✐òó✳

❐àíöþãîâèì As✲äðîáîì íàçèâà➵òüñÿ íåñê✐í÷åííèé ëàíöþãîâèé äð✐á
1/a1 + 1/a2 + 1/a3 + ...+ 1/an + ... ≡ [0; a1, a2, a3, ..., an, ...]✱ (an) ∈ Ls✳

❰÷åâèäíî✱ ùî äëÿ ìíîæèíè E çíà÷åíü ëàíöþãîâèõ As✲äðîá✐â ìà➵ ì✐ñöå
min
an∈As

{E} = [0; (es−1, e0)] ≡ d0, max
an∈As

{E} = [0; (e0, es−1)] ≡ d1✳

❚❤❡♦r❡♠ ✶✳ ßêùî ei = ei−1 + d✱ i = 1, s− 1✱ äå d = d1 − d0✱ òî äëÿ äîâ✐ëüíîãî x ∈ [d0; d1]
✐ñíó➵ ïîñë✐äîâí✐ñòü (an) ∈ Ls✱ òàêà ùî

x = [0; a1, a2, ..., an, ...] ≡ ∆As
a1a2...an....

➬àïèñ ∆As
a1a2...an... íàçèâà➵òüñÿ ëàíöþãîâèì As✲çîáðàæåííÿì ÷èñëà x✳

Öèë✐íäðîì ðàíãó m ç îñíîâîþ c1...cm íàçèâà➵òüñÿ ìíîæèíà ∆As
c1...cm ÷èñåë â✐äð✐çêà [d0; d1]

òàêà✱ ùî
∆As
c1...cm = {x : x = ∆As

c1...cma1a2..., (an) ∈ Ls}.

Öèë✐íäð ∆As
c1...cm ➵ â✐äð✐çêîì ç ê✐íöÿìè ∆As

c1...cm(e0es−1)
✐ ∆As

c1c2...cm(es−1e0)
✭äå ë✐âèé✱ à äå

ïðàâèé ê✐íåöü✱ çàëåæèòü â✐ä ïàðíîñò✐ ✐ íåïàðíîñò✐ m✮✳
➬àóâàæèìî✱ ùî ïðè âèêîíàíí✐ óìîâ òåîðåìè ✶ ìàþòü ì✐ñöå ð✐âíîñò✐

sup∆As
c1c2...c2m−1ej = inf ∆As

c1c2...c2m−1ej+1
✱ j ∈ {0, ..., s− 2}✱ m ∈ N

sup∆As
c1c2...c2mej+1

= inf ∆As
c1c2...c2mej ✱ j ∈ {0, ..., s− 2}✱ m ∈ N ✳

Òîìó ✐ñíó➵ çë✐÷åííà ìíîæèíà ÷èñåë✱ ùî ìàþòü äâà As✲çîáðàæåííÿ✿
∆As

a1...am−1e0(e0es−1)
= ∆As

a1...am−1es−1(es−1e0)
✳

❼õ íàçèâàþòü As✲á✐íàðí✐✳ Ðåøòà ÷èñåë â✐äð✐çêà [d0; d1] ìàþòü ➵äèíå As✲çîáðàæåííÿ ✭As✲
óíàðí✐✮✳

➬àçíà÷èìî✱ ùî ÿêùî s = 2✱ à d = 1
2 ✱ òî As✲çîáðàæåííÿ ñï✐âïàäà➵ ç ëàíöþãîâèì A2✲

çîáðàæåííÿì✱ äëÿ ÿêîãî e0 ·e1 = 1
2 ✳ ❰ñòàíí➵ çîáðàæåííÿ ðîçãëÿäàëîñÿ â áàãàòüîõ ðîáîòàõ ❬✶✱

✶✱ ✷✱ ✹✱ ✺✱ ✻❪✱ à îòðèìàí✐ ðåçóëüòàòè òîïîëîãî✲ìåòðè÷íîãî àíàë✐çó çíàéøëè ñâî➝ çàñòîñóâàííÿ
â ð✐çíèõ ãàëóçÿõ ìàòåìàòèêè✱ çîêðåìà ó òåîð✐➝ ñèíãóëÿðíî íåïåðåðâíèõ âèïàäêîâèõ âåëè÷èí
òèïó ➘æåññåíà✲➶✐íòíåðà✳

❮åõàé çàäàíî äâ✐ ìíîæèíè As = {e0, e1, ..., es−1} ✐ A′
s = {e′0, e′1, ..., e′s−1}✱ åëåìåíòè ÿêèõ

çàäîâîëüíÿþòü óìîâè òåîðåìè ✶✳ Ðîçãëÿäà➵òüñÿ ôóíêö✐ÿ✱ îçíà÷åíà ð✐âí✐ñòþ

f(x = ∆As
α1α2...αn...) = ∆A′

s
α1α2...αn..., ✭✶✮

äå ∆As
α1α2...αn... ✐ ∆

A′
s

α1α2...αn... ✖ ëàíöþãîâ✐ As✲çîáðàæåííÿ✱ ïîðîäæåí✐ â✐äïîâ✐äíî åëåìåíòàìè
ìíîæèí As ✐ A′

s✳ ❰÷åâèäíî✱ ùî ôóíêö✐ÿ f ➵ êîðåêòíî îçíà÷åíîþ ð✐âí✐ñòþ ✭✶✮ íà ìíîæèí✐
As✲á✐íàðíèõ ÷èñåë✱ îñê✐ëüêè

f(∆As

α1...αn−1e0(e0es−1)
) = f(∆As

α1...αn−1es−1(es−1e0)
) ∀n ∈ N.

❚❤❡♦r❡♠ ✷✳ Ôóíêö✐ÿ f ✱ îçíà÷åíà ð✐âí✐ñòþ ✭✶✮✱ ➵ íåïåðåðâíîþ ñòðîãî çðîñòàþ÷îþ ôóíêö✐✲
➵þ✱ ïðè÷îìó ñèíãóëÿðíîþ ôóíêö✐➵þ✱ ÿêùî õî÷à á äëÿ îäíîãî åëåìåíòà àëôàâ✐òó ej 6= e′j✳

Ó äîïîâ✐ä✐ ïðîïîíóþòüñÿ ðåçóëüòàòè äîñë✐äæåííÿ ôðàêòàëüíèõ✱ ñòðóêòóðíèõ✱ òîïîëîãî✲
ìåòðè÷íèõ âëàñòèâîñòåé ôóíêö✐➝ f ✳

✾✵



❐✐òåðàòóðà

❬✶❪ ❉♠②tr❡♥❦♦ ❙✳❖✳✱ ❑②✉r❝❤❡✈ ❉✳❱✳✱ Pr❛ts✬♦✈②t②✐ ▼✳❱✳ A2✲❝♦♥t✐♥✉❡❞ ❢r❛❝t✐♦♥ r❡♣r❡s❡♥t❛t✐♦♥
♦❢ r❡❛❧ ♥✉♠❜❡rs ❛♥❞ ✐ts ❣❡♦♠❡tr② ✴✴ ❯❦r❛✐♥✐❛♥ ▼❛t❤❡♠❛t✐❝❛❧ ❏♦✉r♥❛❧✳ ✖ ✷✵✵✾✳ ✖ ➑✹✳ ✖
P✳ ✺✹✶✲✺✺✺✳ ❤tt♣s✿✴✴❞♦✐✳♦r❣✴✶✵✳✶✵✵✼✴s✶✶✷✺✸✲✵✵✾✲✵✷✸✻✲✼

❬✷❪ Pr❛ts✐♦✈②t②✐ ▼✳✱ ❑②✉r❝❤❡✈ ❉✳ Pr♦♣❡rt✐❡s ♦❢ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ ❞❡✜♥❡❞
❜② A2✲❝♦♥t✐♥✉❡❞ ❢r❛❝t✐♦♥ ✇✐t❤ ✐♥❞❡♣❡♥❞❡♥t ❡❧❡♠❡♥ts ✴✴ ❘❛♥❞♦♠ ❖♣❡r✳ ❙t♦❝❤❛st✐❝ ❊q✉❛t✐♦♥s✱
✷✵✵✾✱ ❱♦❧✳ ✶✼✳✱ ♥♦✳ ✶✳✖ P✳✾✶✕✶✵✶✳

❬✸❪ Pr❛ts✐♦✈②t②✐ ▼✳✱ ❈❤✉✐❦♦✈ ❆✳ ❈♦♥t✐♥✉♦✉s ❞✐str✐❜✉t✐♦♥s ✇❤♦s❡ ❢✉♥❝t✐♦♥s ♣r❡s❡r✈❡ t❛✐❧s ♦❢
❛♥ A2✲❝♦♥t✐♥✉❡❞ ❢r❛❝t✐♦♥ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ ♥✉♠❜❡rs ✴✴ ❘❛♥❞♦♠ ❖♣❡r❛t♦rs ❛♥❞ ❙t♦❝❤❛st✐❝
❊q✉❛t✐♦♥s✱ ✷✵✶✾✳ ❱♦❧✳ ✷✼✭✸✮✱ ♣♣✳ ✶✾✾✲✷✵✻✳

❬✹❪ Pr❛ts✐♦✈②t②✐ ▼✳❱✳✱ ▼❛❦❛r❝❤✉❦ ❖✳P✳✱ ❈❤✉✐❦♦✈ ❆✳❙✳ ❆♣♣r♦①✐♠❛t✐♦♥ ❛♥❞ ❡st✐♠❛t❡s ✐♥ t❤❡
♣❡r✐♦❞✐❝ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ r❡❛❧ ♥✉♠❜❡rs ♦❢ t❤❡ ❝❧♦s❡❞ ✐♥t❡r✈❛❧ ❬✵❀✶❪ ❜② ✲❝♦♥t✐♥✉❡❞ ❢r❛❝t✐♦♥s✳
✴✴❏♦✉r♥❛❧ ♦❢ ◆✉♠❡r✐❝❛❧ & ❆♣♣❧✐❡❞ ▼❛t❤❡♠❛t✐❝s✳ ✷✵✶✾✳ ✶ ✭✶✸✵✮✳ P♣✳ ✼✶✲✽✸✳

❬✺❪ Ïðàöüîâèòèé ❒✳➶✳ ➘âîñèìâîëüí✐ ñèñòåìè êîäóâàííÿ ä✐éñíèõ ÷èñåë òà ➝õ çàñòîñóâàííÿ✳
✖ ✃è➝â✿ ❮àóêîâà äóìêà✱ ✷✵✷✷✳ ✕ ✸✶✻ ñ✳

❬✻❪ Ïðàöüîâèòèé ❒✳➶✳✱ ✃þð÷åâ ➘✳➶✳ Ñèíãóëÿðí✐ñòü ðîçïîä✐ëó âèïàäêîâî➝ âåëè÷èíè✱ çî✲
áðàæåíî➝ ëàíöþãîâèì A2✲äðîáîì ç íåçàëåæíèìè åëåìåíòàìè ✴✴ Òåîð✐ÿ éìîâ✐ðíîñòåé
òà ìàòåìàòè÷íà ñòàòèñòèêà✳ ✷✵✵✾✳ ➶èï✳ ✽✶✳ Ñ✳ ✶✸✾ ✖ ✶✺✹✳

❡✲♠❛✐❧✿ r❛t✉s❤✹✵✹❅❣♠❛✐❧✳❝♦♠

✾✶



Ñï✐ëüí✐ êðàòí✐ ìàòðèöü òðåòüîãî ïîðÿäêó íàä êîìóòàòèâíèìè îáëàñòÿìè

áåçó ñòàá✐ëüíîãî ðàíãó ✶✱✺

➚íäð✐é Ðîìàí✐â

■ÏÏ❒❒ ✐ì✳ ß✳Ñ✳ Ï✐äñòðèãà÷à ❮➚❮ Óêðà➝íè✱ ❐üâ✐â✱ Óêðà➝íà

❮åõàé R ✕ êîìóòàòèâíà îáëàñòü ➪åçó ñòàá✐ëüíîãî ðàíãó ✶✱✺ ❬✸❪✳ Mn(R) ✕ ê✐ëüöå n × n
ìàòðèöü íàä R✳ ➬ã✐äíî ç òåîðåìîþ ✶ ✐ç ïðàö✐ ❬✷❪ R ✕ îáëàñòü åëåìåíòàðíèõ ä✐ëüíèê✐â ❬✹❪✱
òîáòî êîæíà ìàòðèöÿ D íàä R ìà➵ âëàñòèâ✐ñòü êàíîí✐÷íî➝ ä✐àãîíàëüíî➝ ðåäóêö✐➝✱ òîáòî

D ∼ Ψ = diag(d1, . . . , dn),

äå di|di+1✱ i = 1, . . . , n − 1✳ ➬àóâàæèìî✱ ùî ñèìâîë ✧∼✧ïîçíà÷à➵ åêâ✐âàëåíòí✐ñòü ìàòðèöü✱
à ïîçíà÷åííÿ a|b îçíà÷à➵✱ ùî åëåìåíò a ä✐ëèòü åëåìåíò b✳ ❒àòðèöþ Ψ = diag(d1, . . . , dn)
íàçèâàþòü êàíîí✐÷íîþ ä✐àãîíàëüíîþ ôîðìîþ✱ à åëåìåíòè d1, . . . , dn ✕ ✐íâàð✐àíòíèìè ìíî✲
æíèêàìè ìàòðèö✐ D✳

Ó ðîáîò✐ ❬✺❪ âêàçàí✐ äåÿê✐ âëàñòèâîñò✐ íàéìåíøèõ ñï✐ëüíèõ êðàòíèõ ìàòðèöü íàä êîìó✲
òàòèâíîþ îáëàñòþ ãîëîâíèõ ✐äåàë✐â✳ ➬îêðåìà✱ âêàçàí✐ óìîâè ïîä✐ëüíîñò✐ ✐íâàð✐àíòíèõ ìíî✲
æíèê✐â äâîõ ìàòðèöü òà ✐íâàð✐àíòíèõ ìíîæíèê✐â ➝õ íàéìåíøîãî ñï✐ëüíîãî êðàòíîãî✳ Òàê✐
äîñë✐äæåííÿ áóëè ïðîäîâæåí✐ â ðîáîò✐ ❬✶❪✱ â ÿê✐é âèâ÷àþòüñÿ âëàñòèâîñò✐ ñï✐ëüíèõ êðàòíèõ
ìàòðèöü✳ ➚ ñàìå✱ äëÿ ìàòðèöü äðóãîãî ïîðÿäêó ïîêàçàíî âçà➵ìîçâ✬ÿçîê ì✐æ ➝õ ñï✐ëüíè✲
ìè ïðàâèìè êðàòíèìè íàä êîìóòàòèâíîþ îáëàñòþ ãîëîâíèõ ✐äåàë✐â✳ Ïðèðîäíüî âèíèêà➵
ïîòðåáà äîñë✐äæåííÿ òàêèõ âëàñòèâîñòåé äëÿ øèðøèõ êëàñ✐â ìàòðèöü✳ Ó ö✐é ïðàö✐✱ äëÿ íå✲
îñîáëèâèõ ìàòðèöü òðåòüîãî ïîðÿäêó✱ çà ïåâíèõ îáìåæåíü íà êàíîí✐÷í✐ ä✐àãîíàëüí✐ ôîðìè✱
âêàçàíî âçà➵ìîçâ✬ÿçîê ì✐æ ➝õ ñï✐ëüíèìè ïðàâèìè êðàòíèìè íàä êîìóòàòèâíèìè îáëàñòÿìè
➪åçó ñòàá✐ëüíîãî ðàíãó ✶✱✺✳

❮åõàé A,B ∈M3(R) ✕ íåîñîáëèâ✐ ìàòðèö✐ íàä R✱ ÿê✐ ìàþòü êàíîí✐÷í✐ ä✐àãîíàëüí✐ ôîðìè

A ∼ E = diag(1, ε, ε), B ∼ ∆ = diag(1, δ, δ),

â✐äïîâ✐äíî✳
Ñèìâîëîì [a, b] ïîçíà÷àòèìåìî íàéìåíøå ñï✐ëüíå êðàòíå åëåìåíò✐â a òà b✳
Òåîðåìà✳ ❮åõàé R ✕ êîìóòàòèâíà îáëàñòü ➪åçó ñòàá✐ëüíîãî ðàíãó ✶✱✺✳ ❒àòðèö✐ A,B,

M, T ∈ M3(R) òà ìàþòü êàíîí✐÷í✐ ä✐àãîíàëüí✐ ôîðìè A ∼ E = diag(1, ε, ε), B ∼ ∆ =
diag(1, δ, δ)✱ M ∼ Ω = diag(ω1, ω2, ω3)✱ ωi | ωi+1, i = 1, 2✱ T ∼ Γ = diag(γ1, γ2, γ3)✱ γi | γi+1,
i = 1, 2✱ â✐äïîâ✐äíî✳ ■ íåõàé M = AA1 = BB1 òà T = AA2 = BB2. Òîä✐✱ ÿêùî ω1 | γ1,
[ε, δ] = ω2 | γ2 òà [ε, δ] = ω3 | γ3✱ òî T =MN.

❐✐òåðàòóðà

❬✶❪ Ðîìàí✐â ➚✳✱ Ùåäðèê ➶✳ ❮àéá✐ëüøèé ñï✐ëüíèé ë✐âèé ä✐ëüíèê òà íàéìåíøå ñï✐ëüíå ïðàâå êðàòíå
ìàòðèöü äðóãîãî ïîðÿäêó ✴✴ ❒àò✳ â✐ñí✳ ❮ÒØ✳ ✕ ✷✵✶✷✳ ✕ ✾✳ ✕ Ñ✳ ✷✻✾✕✷✽✹✳

❬✷❪ Ùåäðèê ➶✳ Ï✳ ✃✐ëüöÿ ➪åçó ñòàá✐ëüíîãî ðàíãó ✶✱✺ òà ðîçêëàäí✐ñòü ïîâíî➝ ë✐í✐éíî➝ ãðóïè ó
äîáóòîê ➝➝ ï✐äãðóï ✴✴ Óêð✳ ìàò✳ æóðí✳ ✕ ✷✵✶✼✳ ✕ ✻✾✱ ➑ ✶✳ ✕ Ñ✳ ✶✶✸✕✶✷✵✳

❬✸❪ Ùåäðèê ➶✳ Ï✳ ✃✐ëüöÿ ñòàá✐ëüíîãî ðàíãó ✶✱✺ ✴✴ Óêð✳ ìàò✳ æóðí✳ ✕ ✷✵✶✺✳ ✕ ✻✼✱ ➑ ✻✳ ✕ Ñ✳ ✽✹✾✕✽✻✵✳

❬✹❪ ❑❛♣❧❛♥s❦② ■✳ ❊❧❡♠❡♥t❛r② ❞✐✈✐s♦r ❛♥❞ ♠♦❞✉❧❡s ✴✴ ❚r❛♥s✳ ❆♠❡r✳ ▼❛t❤✳ ❙♦❝✳ ✕ ✶✾✹✾✳ ✕ ✻✻✳ ✕
P✳ ✹✻✹✕✹✾✶✳

❬✺❪ ❚❤♦♠♣s♦♥ ❘✳ ❈✳ ▲❡❢t ♠✉❧t✐♣❧❡s ❛♥❞ r✐❣❤t ❞✐✈✐s♦r ♦❢ ✐♥t❡❣r❛❧ ♠❛tr✐❝❡s ✴✴ ▲✐♥❡❛r ❛♥❞ ▼✉❧t✐❧✐♥❡❛r
❆❧❣❡❜r❛ ✕ ✶✾✽✻✳ ✕ ✶✾✳ ✕ P✳ ✷✽✼✕✷✾✺✳

❡✲♠❛✐❧✿ r♦♠❛♥✐✈❴❛❅✉❦r✳♥❡t

✾✷



✃âàç✐✲ìîíîìè â✐äíîñíî ãðóïè ïàðàëåëüíèõ ïåðåíåñåíü ïðîñòîðó òà ãðóïè

ïîâîðîò✐â ïðîñòîðó SO(3)
❮àòàë✐ÿ Ñàìàðóê

Ïðèêàðïàòñüêèé íàö✐îíàëüíèé óí✐âåðñèòåò ✐ìåí✐ ➶àñèëÿ Ñòåôàíèêà✱ ■âàíî✲Ôðàíê✐âñüê✱
Óêðà➝íà

Õìåëüíèöüêèé íàö✐îíàëüíèé óí✐âåðñèòåò✱ Õìåëüíèöüêèé✱ Óêðà➝íà

❮åõàé H ✕ ï✐äãðóïà ïðîñòîðîâî➝ àô✐ííî➝ ãðóïè Aff(3)✱ ùî ðîçãëÿäà➵òüñÿ ðàçîì ç ñâî➵þ
ïðèðîäíîþ ä✐➵þ íà ä✐éñíîìó âåêòîðíîìó ïðîñòîð✐ ìíîãî÷ëåí✐â â✐ä òðüîõ çì✐ííèõ✳

❰çíà÷åííÿ✳ Ñ✐ì✬ÿ ìíîãî÷ëåí✐â Bm,n,k(x, y, z) íàçèâà➵òüñÿ êâàç✐✲ìîíîìîì â✐äíîñíî H✱
ÿêùî îïåðàòîðè ãðóïè â äâîõ ð✐çíèõ áàçèñàõ {xmynzk} ✐ {Bm,n,k(x, y, z)} ìàþòü îäíàêîâ✐
ìàòðèö✐✳

Ó ñòàòò✐ ❬✶❪ îòðèìàíî ïîâíèé îïèñ óñ✐õ ñ✐ìåé ìíîãî÷ëåí✐â✱ ÿê✐ ➵ êâàç✐ìîíîìàìè â✐äíîñíî
ãðóïè ïîâîðîò✐â ïëîùèíè SO(2)✱ â òåðì✐íàõ ïîðîäæóþ÷èõ ôóíêö✐é öèõ ñ✐ìåé✳ Ó ñòàòò✐ ❬✷❪
íàìè îòðèìàíî îïèñ êâàç✐ìîíîì✐â äëÿ âèïàäêó✱ êîëè ãðóïàH ïîðîäæåíà ìàñøòàáóâàííÿìè✱
ïîâîðîòàìè òà ïàðàëåëüíèìè ïåðåíåñåííÿìè ïëîùèíè✳

❒è ïðîïîíó➵ìî âè÷åðïíèé îïèñ✱ ïîä✐áíèé äî ✷❉ âèïàäêó✱ ñ✐ìåé ìíîãî÷ëåí✐â✱ ÿê✐ ➵ êâà✲
ç✐ìîíîìàìè â✐äíîñíî ãðóïè ïàðàëåëüíèõ ïåðåíåñåíü ïðîñòîðó òà ãðóïè ïîâîðîò✐â ïðîñòîðó
SO(3)✳

❰çíà÷åííÿ✳ Ñ✐ì✬ÿ ìíîãî÷ëåí✐â {Bm,n(x, y)} íàçèâà➵òüñÿ êâàç✐✲ìîíîì✐àëüíîþ â✐ä✲

íîñíî ãðóïè ïàðàëåëüíèõ ïåðåíåñåíü ïðîñòîðó ✱ ÿêùî âèêîíó➵òüñÿ íàñòóïíà òîòî✲
æí✐ñòü

Bm,n,k(x+ a, y + b, z + c) =

=

m∑

i=0

n∑

j=0

k∑

l=0

(
m

i

)(
n

j

)(
k

l

)
am−ibn−jck−lBi,j,l(x, y, z),

äëÿ âñ✐õ m,n, k ∈ N ✐ äëÿ âñ✐õ a, b, c ∈ R.
❮àñòóïíà òåîðåìà äà➵ ïðîñòèé êðèòåð✐é êâàç✐✲ìîíîì✐àëüíîñò✐ ñ✐ì✬➝ ìíîãî÷ëåí✐â ó

òåðì✐íàõ ➝➝ åêñïîíåíö✐àëüíî➝ ïîðîäæóþ÷î➝ ôóíêö✐➝✳
Òåîðåìà✳ Ñ✐ì✬ÿ ìíîãî÷ëåí✐â Bm,n,k(x, y, z) ➵ êâàç✐✲ìîíîì✐àëüíîþ ñ✐ì✬➵þ â✐äíîñíî ãðó✲

ïè ãðóïè ïàðàëåëüíèõ ïåðåíåñåíü ïðîñòîðó òîä✐ ✐ ò✐ëüêè òîä✐✱ êîëè ➝➝ åêñïîíåíö✐àëüíà
ïîðîäæóþ÷à ôóíêö✐ÿ ìà➵ âèãëÿä

G = C(u, v, w)exu+yv+zw,

äå C(u, v, w) ✕ äîâ✐ëüíèé ñòåïåíåâèé ðÿä çà çì✐ííèìè u, v, w✳
❰çíà÷åííÿ✳ Ñ✐ì✬ÿ ìíîãî÷ëåí✐â {Bm,n(x, y)} íàçèâà➵òüñÿ êâàç✐✲ìîíîì✐àëüíîþ â✐ä✲

íîñíî ãðóïè ïîâîðîò✐â ïðîñòîðó ❙❖✭✸✮✱ ÿêùî âèêîíó➵òüñÿ íàñòóïíà òîòîæí✐ñòü

Tα,β,γ(Bm,n,k(x, y, z)) =
∑

m1+m2+m3=m
n1+n2+n3=n

k1+k2+k3=k

C(α, β, γ,m1, . . . , k3)×

×Bm1+n1+k1,m2+n2+k2,m3+n3+k3(x, y, z),

äëÿ âñ✐õ m,n, k ∈ N ✐ âñ✐õ Tα,β,γ ∈ SO(3)✳
❮àñòóïíà òåîðåìà ➵ êðèòåð✐➵ì êâàç✐✲ìîíîì✐àëüíîñò✐ ñ✐ì✬➝ ìíîãî÷ëåí✐â â✐äíîñíî ãðóïè

ïîâîðîò✐â ïðîñòîðó SO(3) ó òåðì✐íàõ ➝➝ åêñïîíåíö✐àëüíî➝ ïîðîäæóþ÷î➝ ôóíêö✐➝
Òåîðåìà✳ Ñ✐ì✬ÿ ìíîãî÷ëåí✐â {Bm,n,k(x, y, z)}✱ âèçíà÷åíà åêñïîíåíö✐àëüíîþ ïîðîäæó✲

þ÷îþ ôóíêö✐➵þ

G = G(x, y, z, u, v, w) =
∞∑

m,n,k=0

Bm,n,k(x, y, z)
um

m!

vn

n!

wk

k!
,

✾✸



➵ êâàç✐✲ìîíîì✐àëüíîþ òîä✐ ✐ ò✐ëüêè òîä✐✱ êîëè G ➵ ôóíêö✐➵þ òðüîõ çì✐ííèõ ux + vy +
wz, x2 + y2 + z2 ✐ u2 + v2 + w2✳

➶ëàñòèâ✐ñòü êâàç✐✲ìîíîì✐àëüíîñò✐ ìîæå çíèêíóòè✱ ÿêùî ìíîãî÷ëåíè äîìíîæèòè íà êîí✲
ñòàíòó✱ ùî ➵ çâè÷àéíîþ ïðàêòèêîþ â çàñòîñóâàííÿõ äëÿ ï✐äòðèìêè ä✐àïàçîíó çíà÷åíü ó
ðîçóìíèõ ìåæàõ✳ ❮àñòóïíà òåîðåìà âêàçó➵ íà ÿê✐ êîíñòàíòè ìîæíà ìíîæèòè ìíîãî÷ëåíè
äëÿ çáåðåæåííÿ âëàñòèâîñò✐ êâàç✐✲ìîíîì✐àëüíîñò✐✳

Òåîðåìà✳ Ïðèïóñòèìî✱ ùî {Bm,n,k(x, y, z)} ➵ ñ✐ì✬➵þ êâàç✐✲ìîíîì✐â✳ Ñ✐ì✬ÿ ìíîãî✲
÷ëåí✐â {B̃m,n,k(x, y, z)}, äå

B̃m,n,k(x, y, z) = αm,n,kBm,n,n(x, y, z),

áóäå êâàç✐✲ìîíîì✐àëüíîþ òîä✐ ✐ ò✐ëüêè òîä✐✱ êîëè êîåô✐ö✐➵íò αm,n,k ➵ äîâ✐ëüíîþ ôóíêö✐➵þ
îäí✐➵➝ çì✐ííî➝ m+ n+ k.

➘îñë✐äæåííÿ ì✐ñòèòü âè÷åðïíèé îïèñ ñ✐ì✬➝ ìíîãî÷ëåí✐â✱ ÿê✐ ➵ êâàç✐✲ìîíîìàìè â✐ä✲
íîñíî ãðóïè ïàðàëåëüíèõ ïåðåíåñåíü ïðîñòîðó òà ãðóïè ïîâîðîò✐â ïðîñòîðó SO(3)✱ ïîøèðþ✲
þ÷è ðåçóëüòàòè ïîïåðåäí✐õ ðîá✐ò íà ✷❉✲âèïàäêè✳ Ïðîäåìîíñòðîâàíî✱ ùî ñ✐ì✬þ ìíîãî÷ëåí✐â
ìîæíà ââàæàòè êâàç✐✲ìîíîìàìè òîä✐ ✐ ò✐ëüêè òîä✐✱ êîëè ➝➝ åêñïîíåíö✐àëüíà ïîðîäæóþ÷à
ôóíêö✐ÿ çàëåæèòü â✐ä ïåâíèõ òðüîõ çì✐ííèõ✳ ✃ð✐ì òîãî✱ âñòàíîâëåíî óìîâè✱ çà ÿêèõ ðîçòÿã
✭ìàñøòàáóâàííÿ✮ êâàç✐✲ìîíîì✐â çáåð✐ãà➵ ➝õíþ âëàñòèâ✐ñòü áóòè êâàç✐✲ìîíîìîì✳

❐✐òåðàòóðà

❬✶❪ ❇❡❞r❛t②✉❦ ▲✳✱ ❋❧✉ss❡r ❏✳✱ ❙✉❦ ❚✳✱ ❑♦st❦♦✈❛ ❏✳✱ ❑❛✉ts❦② ❏✳ ◆♦♥✲s❡♣❛r❛❜❧❡ r♦t❛t✐♦♥ ♠♦♠❡♥t
✐♥✈❛r✐❛♥ts✳ P❛tt❡r♥ ❘❡❝♦❣♥✐t✐♦♥ ✷✵✷✷✱ ✶✷✼✱ ✶✵✽✻✵✼✳

❬✷❪ ❙❛♠❛r✉❦ ◆✳ ◗✉❛s✐✲♠♦♥♦♠✐❛❧s ✇✐t❤ r❡s♣❡❝t t♦ s✉❜❣r♦✉♣s ♦❢ t❤❡ ♣❧❛♥❡ ❛✣♥❡ ❣r♦✉♣✳
▼❛t❡♠❛t②❝❤♥✐ st✉❞✐✐✳ ✷✵✷✸✳ ❱♦❧✳ ✺✾✱ ✶✳ P✳ ✸✲✶✶✳

❡✲♠❛✐❧✿ s❛♠❛r✉❦✳♥❛t❅❦❤♠♥✉✳❡❞✉✳✉❛

✾✹



Ñèíãóëÿðí✐ ôóíêö✐➝✱ ïîâ✬ÿçàí✐ ç ìàðêîâñüêèì çîáðàæåííÿì ÷èñåë

➘àð✬ÿ Ñåðã✐éêî

Óêðà➝íñüêèé äåðæàâíèé óí✐âåðñèòåò ✐ìåí✐ ❒èõàéëà ➘ðàãîìàíîâà✱ ✃è➝â✱ Óêðà➝íà

❮åõàé A ≡ {0, 1, 2} ✕ àëôàâ✐ò✱ L = A×A×... ✕ ïðîñò✐ð ïîñë✐äîâíîñòåé åëåìåíò✐â àëôàâ✐òó✱
q0, q1, q2 ✕ ô✐êñîâàíèé íàá✐ð äîäàòíèõ ä✐éñíèõ ÷èñåë òàêèé✱ ùî

2∑
i=0

qi = 1✱ ‖qij‖ ✲ ñòîõàñòè÷íà

ìàòðèöÿ ✸✲ãî ïîðÿäêó (
2∑
j=0

qij = 1, ∀i ∈ A, qij > 0✮✳ Òîä✐ äëÿ äîâ✐ëüíîãî x ∈ [0; 1] ✐ñíó➵

(αn) ∈ L òàêà✱ ùî

x = βα1 +
∞∑
k=1

βαkαk+1

k−1∏
j=1

qαjαj+1 = ∆α1α2...αn...,

äå βα1 =
α1−1∑
i=0

qi, βαkαk+1
= qα1

αk−1∑
i=0

qαki✳ Ðîçêëàä ÷èñëà x â ðÿä íàçèâà➵òüñÿ ìàðêîâñüêèì

ïðåäñòàâëåííÿì✱ ñêîðî÷åíèé çàïèñ ∆α1α2...αn... ✕ ìàðêîâñüêèì çîáðàæåííÿì öüîãî ÷èñëà✳
ßêùî qi = qij = 1/3 ∀i, j ∈ A✱ òî ìàðêîâñüêå çîáðàæåííÿ ñï✐âïàäà➵ ç êëàñè÷íèì òð✐éêîâèì
çîáðàæåííÿì✳

Ðîçãëÿäà➵òüñÿ ôóíêö✐ÿ I✱ ÿêà îçíà÷ó➵òüñÿ íà â✐äð✐çêó [0; 1] ð✐âí✐ñòþ

I(x = ∆α1α2...αn...) = ∆[2−α1][2−α2]...[2−αn]....

❰çíà÷åííÿ ôóíêö✐➝ I ➵ êîðåêòíèì íà ìíîæèí✐ ÷èñåë✱ ùî ìàþòü äâà ôîðìàëüíî ð✐çíèõ
çîáðàæåííÿ✿ ∆α1α2...αn(0) = ∆α1α2...[αn−1](2)✳

Òåîðåìà ✶✳ Ôóíêö✐ÿ I ➵ íåïåðåðâíîþ íà â✐äð✐çêó [0; 1] ñòðîãî ñïàäíîþ ôóíêö✐➵þ✱ ïðè÷î✲
ìó I(0) = 1✱ I(1) = 0✳ Ôóíêö✐ÿ I öèë✐íäð m✲ãî ðàíãó ∆α1α2...αm... â✐äîáðàæà➵ ó öèë✐íäð
∆[2−α1][2−α2]...[2−αm]... m✲ãî ðàíãó ✐ çáåð✐ãà➵ öèôðó 1 ó ìàðêîâñüêîìó çîáðàæåíí✐ ÷èñëà✳

Òåîðåìà ✷✳ ßêùî ìà➵ ì✐ñöå õî÷à á îäíà ç íåð✐âíîñòåé q00 6= q22✱ q01 6= q21✱ q02 6= q20 àáî
q10 6= q12✱ òî ✐íâåðñîð I ➵ ñèíãóëÿðíîþ ôóíêö✐➵þ✳

Ó äîïîâ✐ä✐ ïðîïîíóþòü ðåçóëüòàòè äîñë✐äæåííÿ ñòðóêòóðíèõ✱ ôðàêòàëüíèõ òà äèôåðåí✲
ö✐àëüíèõ âëàñòèâîñòåé ôóíêö✐➝ I✳

❐✐òåðàòóðà

❬✶❪ ❒àðê✐òàí ➶✳Ï✳ Ôðàêòàëüí✐ âëàñòèâîñò✐ ìíîæèí òà ôóíêö✐é✱ ïîâ✬ÿçàíèõ ç ìàðêîâ✲
ñüêèì çîáðàæåííÿì ä✐éñíèõ ÷èñåë✱ âèçíà÷åíèì äâ✐÷✐ ñòîõàñòè÷íîþ ìàòðèöåþ ✴✴ ➬á✐ð✲
íèê ïðàöü ■íñòèòóòó ìàòåìàòèêè ❮➚❮ Óêðà➝íè✱ ò✳ ✶✹✱ ➑✹✳ ✕ ✷✵✶✼✳ ✕ ñ✳✸✹✲✹✽✳

❬✷❪ Ïðàöüîâèòèé ❰✳❒✳ Ïðî îäèí ñïåöèô✐÷íèé ñïîñ✐á êîäóâàííÿ ä✐éñíèõ ÷èñåë òà éîãî
çàñòîñóâàííÿ ✴✴ Ñòóäåíòñüê✐ ô✐çèêî✲ìàòåìàòè÷í✐ åòþäè✳ ✕ ➑✸✭✷✵✵✽✮✳ ✕ ñ✳✺✼✲✻✼✳

❡✲♠❛✐❧✿ ✷✶❢♠❢✳❞✳s❡r❤✐✐❦♦❅st❞✳♥♣✉✳❡❞✉✳✉❛
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❮àáëèæåííÿ ñóìàìè Ôóð✬➵ êëàñ✐â ➶åéëÿ✲❮àäÿ W
r
β,1 â ð✐âíîì✐ðí✐é ìåòðèö✐

➚íàòîë✐é Ñåðäþê✱ ■ãîð Ñîêîëåíêî

■íñòèòóò ìàòåìàòèêè ❮➚❮ Óêðà➝íè✱ ✃è➝â✱ Óêðà➝íà

➘îñë✐äæó➵òüñÿ çàäà÷à ïðî âñòàíîâëåííÿ àñèìïòîòè÷íî➝ ïîâåä✐íêè òî÷íèõ âåðõí✐õ ìåæ
â✐äõèëåíü ñóì Ôóð✬➵ Sn−1(f) íà êëàñàõW r

β,1 2π✲ïåð✐îäè÷íèõ äèôåðåíö✐éîâíèõ â ñåíñ✐ ➶åéëÿ✲
❮àäÿ ôóíö✐é f ó ð✐âíîì✐ðí✐é ìåòðèö✐✳

❮åõàé L ✖ ïðîñò✐ð 2π✲ïåð✐îäè÷íèõ ñóìîâíèõ íà [−π, π) ôóíêö✐é ϕ ç íîðìîþ ‖ϕ‖L =
π∫

−π

|ϕ(t)|dt ✐ C ✖ ïðîñò✐ð 2π✲ïåð✐îäè÷íèõ íåïåðåðâíèõ ôóíêö✐é ϕ ç íîðìîþ ‖ϕ‖C = max
t

|ϕ(t)|.
❮åõàé✱ äàë✐✱ W r

β,1, r > 1, β ∈ R, ✖ êëàñè 2π✲ïåð✐îäè÷íèõ ôóíêö✐é f ✱ ùî çîáðàæóþòüñÿ ó
âèãëÿä✐ çãîðòêè

f(x) =
a0
2

+ (ϕ ∗Br,β) (x) =
a0
2

+
1

π

π∫

−π

ϕ(x− t)Br,β(t)dt, a0 ∈ R, ✭✶✮

ç ÿäðàìè ➶åéëÿ✲❮àäÿ Br,β(t) =
∞∑
k=1

k−r cos
(
kt− βπ

2

)
, r > 0, β ∈ R, ôóíêö✐é ϕ✱ ùî çàäî✲

âîëüíÿþòü óìîâó ϕ ∈ B0
1 =

{
ϕ ∈ L : ‖ϕ‖L ≤ 1,

π∫
−π

ϕ(t)dt = 0

}
.

✃ëàñè W r
β,1 íàçèâàþòü êëàñàìè ➶åéëÿ✕❮àäÿ✱ à ôóíêö✐þ ϕ â çîáðàæåíí✐ ✭✷✮ íàçèâàþòü

(r, β)✲ïîõ✐äíîþ â ñåíñ✐ ➶åéëÿ✕❮àäÿ ôóíêö✐➝ f ✐ ïîçíà÷àþòü ÷åðåç f rβ ✳
Òåîðåìà ✶✳ ❮åõàé r > 2, β ∈ R ✐ n ∈ N✳ Òîä✐ ìà➵ ì✐ñöå ôîðìóëà

En(W r
β,1)C = sup

f∈W r
β,1

‖f − Sn−1(f)‖C =
1

nr

(
1

π(1− e−r/n)
+O(1)δr,n

)
, ✭✷✮

äå

δr,n =





1 +
n

r(r − 2)
, 2 < r ≤ n+ 1,

r

n2
e−r/n, n+ 1 ≤ r ≤ n2,

e−r/n n2 ≤ r.

à O(1) ✖ âåëè÷èíà✱ ð✐âíîì✐ðíî îáìåæåíà â✐äíîñíî âñ✐õ ðîçãëÿäóâàíèõ ïàðàìåòð✐â✳
❰ö✐íêó ✭✷✮ ïðè r ≥ √

n+ 1 îïóáë✐êîâàíî â ❬✶✱ ✷❪✳
Ðîáîòà ÷àñòêîâî ï✐äòðèìàíà ãðàíòîì ❍✷✵✷✵✲▼❙❈❆✲❘■❙❊✲✷✵✶✾✱ ♣r♦❥❡❝t ♥✉♠❜❡r ✽✼✸✵✼✶

✭❙❖▼P❆❚❨✿ ❙♣❡❝tr❛❧ ❖♣t✐♠✐③❛t✐♦♥✿ ❋r♦♠ ▼❛t❤❡♠❛t✐❝s t♦ P❤②s✐❝s ❛♥❞ ❆❞✈❛♥❝❡❞ ❚❡❝❤♥♦❧♦❣②✮✱
❱♦❧❦s✇❛❣❡♥❙t✐❢t✉♥❣ ♣r♦❥❡❝t ✑❋r♦♠ ▼♦❞❡❧✐♥❣ ❛♥❞ ❆♥❛❧②s✐s t♦ ❆♣♣r♦①✐♠❛t✐♦♥✑ ✐ ãðàíòîì Ôîíäó
Ñàéìîíñà ✭❙✐♠♦♥s ❋♦✉♥❞❛t✐♦♥ ✭✶✷✾✵✻✵✼✱ ❆❙✮ ❛♥❞ ✭✶✷✾✵✻✵✼✱ ■❙✮✮✳

❐✐òåðàòóðà

❬✶❪ ❆✳ ❙✳ ❙❡r❞②✉❦ ❛♥❞ ■✳ ❱✳ ❙♦❦♦❧❡♥❦♦✳ ❆♣♣r♦①✐♠❛t✐♦♥ ❜② ❋♦✉r✐❡r s✉♠s ✐♥ ❝❧❛ss❡s ♦❢ ❞✐✛❡r❡♥t✐❛❜❧❡
❢✉♥❝t✐♦♥s ✇✐t❤ ❤✐❣❤ ❡①♣♦♥❡♥ts ♦❢ s♠♦♦t❤♥❡ss✳ ▼❡t❤✳ ❋✉♥❝t✳ ❆♥❛❧✳ ❚♦♣♦❧✳✱ ✷✺✱ ◆♦✳ ✹✱ ✸✽✶✕✸✽✼✱
✷✵✶✾✳

❬✷❪ ❆✳ ❙✳ ❙❡r❞②✉❦ ❛♥❞ ■✳ ❱✳ ❙♦❦♦❧❡♥❦♦✳ ❆♣♣r♦①✐♠❛t✐♦♥ ❜② ❋♦✉r✐❡r s✉♠s ✐♥ t❤❡ ❝❧❛ss❡s ♦❢ ❲❡②❧✕
◆❛❣② ❞✐✛❡r❡♥t✐❛❜❧❡ ❢✉♥❝t✐♦♥s ✇✐t❤ ❤✐❣❤ ❡①♣♦♥❡♥ts ♦❢ s♠♦♦t❤♥❡ss✳ ❯❦r✳ ▼❛t❤✳ ❏✳✱ ✼✹✱ ◆♦ ✺✱
✼✽✸✕✽✵✵✱ ✷✵✷✷✳

❡✲♠❛✐❧✿ s❡r❞②✉❦❅✐♠❛t❤✳❦✐❡✈✳✉❛✱ s♦❦♦❧❅✐♠❛t❤✳❦✐❡✈✳✉❛

✾✻



Ôàíî òà ➪óëåâ✐ ëàéíåðè

❰êñàíà Ñêèãàð

❐üâ✐âñüêèé íàö✐îíàëüíèé óí✐âåðñèòåò ✐ìåí✐ ■âàíà Ôðàíêà✱ ❐üâ✐â✱ Óêðà➝íà

❒åòîþ ðîáîòè áóëî äîñë✐äèòè ñòðóêòóðó òà àëãåáðè÷í✐ âëàñòèâîñò✐ Ôàíî òà ➪óëåâèõ
ëàéíåð✐â✱ çîêðåìà ìóôàíãîâ✐ñòü❀ òàêîæ ➝õí✐ êîîðäèíàòí✐ ïëîùèíè òà îñîáëèâîñò✐ òåðíàðíèõ
ê✐ëåöü✳

Ï✐ä ïîíÿòòÿì ëàéíåðó áóäåìî ðîçóì✐òè òàêó ñòðóêòóðó (X,L)✱ äå X ✕ äîâ✐ëüíà ìíîæèíà
òî÷îê✱ L ✕ ìíîæèíà ïðÿìèõ✱ äëÿ ÿêèõ ñïðàâäæóþòüñÿ òàê✐ àêñ✐îìè✿

❼ ➘ëÿ äîâ✐ëüíèõ äâîõ òî÷îê ç X ✐ñíó➵ ➵äèíà ïðÿìà ç L✱ ÿêà ïðîõîäèòü ÷åðåç íèõ

❼ ➘ëÿ äîâ✐ëüíî➝ ïðÿìî➝ ç L ✐ñíóþòü äâ✐ ð✐çí✐ òî÷êè ç X ÿê✐é ➝é íàëåæàòü✳

❐àéíåð X íàçèâà➵òüñÿ Ôàíî✱ ÿêùî äëÿ áóäü✲ÿêî➝ ïëîùèíè ç X òà ÷îòèðèêóòíèêà ç íå➝
ä✐àãîíàë✐ òà ñòîðîíè ïîïàðíî ïàðàëåëüí✐ ✭àô✐ííèé âèïàäîê✮✱ àáî ïåðåòèíàþòüñÿ ó òî÷ö✐✱
ÿêà êîë✐íåàðíà òî÷êàì ïåðåòèíó ñòîð✐í ✭ïðîåêòèâíèé✮✳ ❐àéíåð íàçèâà➵òüñÿ ➪óëåâèì✱ ÿêùî
ó êîæíîãî ïàðàëåëîãðàìà ä✐àãîíàë✐ ïàðàëåëüí✐✳ ➬â✬ÿçîê ì✐æ íèìè òàêèé✿ êîæåí Ôàíî ➵
➪óëåâèì✳

➪àãàòî âëàñòèâîñòåé Ôàíî áóëè ñôîðìîâàí✐ ñàìå äëÿ ðåãóëÿðíèõ âèïàäê✐â✳ ➬îêðåìà ç
ðåãóëÿðíîñò✐ Ôàíî ñë✐äó➵ éîãî ïîâíà ðåãóëÿðí✐ñòü✳ ➬ öüîãî âèïëèâà➵ òåîðåìà✿ ïîïîâíåííÿ
ïðîàô✐ííîãî Ôàíî ðåãóëÿðíîãî ëàéíåðà ➵ ïðîåêòèâíèì Ôàíî✳ Ïîñòàëî ëîã✐÷íå ïèòàííÿ ÷è
áóäü✲ÿê✐ Ôàíî ëàéíåðè ïîâí✐ñòþ ðåãóëÿðí✐✳ ➬íàéøîâñÿ êîíòðïðèêëàä ✲ ïðî➵êòèâíèé Ôàíî
áåç ïðÿìî➝ ç âèêîëîòîþ òî÷êîþ✳

❐àéíåð íàçèâà➵òüñÿ ìóôàíãîâèì✱ ÿêùî äëÿ íüîãî ñïðàâäæó➵òüñÿ ìàëà òåîðåìà ➘åçàðãà✿
äëÿ äîâ✐ëüíèõ ÷îòèðüîõ ïðÿìèõ A,B,C,D òà òðèêóòíèê✐â abc✱ a′b′c′✱ òàêèõ ùî a, a′ ëåæàòü
íà A✱ b, b′ ëåæàòü íà B✱ c, c′ ëåæàòü íà C✿ ÿêùî äâ✐ â✐äïîâ✐äí✐ ïàðè ñòîð✐í òðèêóòíèê✐â
ïåðåòèíàþòüñÿ ó òî÷êàõ✱ ÿê✐ íàëåæàòü D✱ òî é òðåòÿ ïàðà ïåðåòèíà➵òüñÿ íà ïðÿì✐é D✳

Ñòîñîâíî àëãåáðèçàö✐➝ ëàéíåð✐â Ôàíî áóëà ñôîðìîâàíà ã✐ïîòåçà✿ ïðîàô✐ííèé ëàéíåð ➵
ôàíî òîä✐ ✐ ò✐ëüêè òîä✐✱ êîëè öåé ëàéíåð ➵ ìóôàíãîâèì íàä ò✐ëîì ñêàëÿð✐â õàðàêòåðèñòèêè ✷✳
Òåðíàðí✐ ê✐ëüöÿ✱ ÿêèìè àëãåáðèçóþòü ❒óôàíãîâ✐ ëàéíåðè ìàþòü ✐íâåðñèâí✐ ñòîñîâíî ìíî✲
æåííÿ ëóïè✱ ç ÷îãî âèïëèâàþòü ë✐í✐éí✐ñòü✱ àñîö✐àòèâí✐ñòü äîäàâàííÿ òà àëüòåðíàòèâí✐ñòü✳
Ïðàâäèâèì ➵ ✐ îáåðíåíå òâåðäæåííÿ✳

Ïîñòàëî ïèòàííÿ òîä✐ ÷è áóäü✲ÿêèé Ôàíî ëàéíåð ➵ ìóôàíãîâèì✳ ➘ëÿ ñê✐í÷åííîãî âè✲
ïàäêó ➹ë✐ññîí äîâ✐â✱ ùî öå ñïðàâäæó➵òüñÿ✳ ➘ëÿ íåñê✐í÷åííèõ ïëîùèí öå äîñ✐ ➵ â✐äêðèòîþ
ïðîáëåìîþ✳

❡✲♠❛✐❧✿ ♦❦s❛♥❛✳s❦②❤❛r❅❧♥✉✳❡❞✉✳✉❛

✾✼



Ñòðóêòóðà ðîçâ✬ÿçêó ñèñòåìè ñèíãóëÿðíî çáóðåíèõ äèôåðåíö✐àëüíèõ ð✐âíÿíü

íà âèïàäîê ìàòðèö✐ ç â✐ä✬➵ìíèìè êîåô✐ö✐➵íòàìè

➶✳➶✳ Ñîá÷óê✱ ■✳❰✳ ➬åëåíñüêà

✃è➝âñüêèé íàö✐îíàëüíèé óí✐âåðñèòåò ✐ìåí✐ Òàðàñà Øåâ÷åíêà✱ ✃è➝â✱ Óêðà➝íà

➘èôåðåíö✐àëüí✐ ð✐âíÿííÿ ➵ çðó÷íèìè ìàòåìàòè÷íèìè ìîäåëÿìè äëÿ øèðîêîãî ñïåêòðó
ÿâèù ìàéæå â êîæí✐é ãàëóç✐ íàóêè ✐ òåõí✐êè✳ ×àñòî✱ àñîö✐þþ÷è ìàòåìàòè÷í✐ ìîäåë✐ ç ðåàëü✲
íèìè ô✐çè÷íèìè ÿâèùàìè✱ ìè ìà➵ìî äîñë✐äèòè äîñòàòíüî âóçüê✐ îáëàñò✐✱ â ÿêèõ ðîçâ✬ÿçîê
çì✐íþ➵òüñÿ ç åêñïîíåíö✐àëüíîãî íà êîëèâíèé✳ ➶ öüîìó âèïàäêó ìàòåìàòè÷íèìè ìîäåëÿìè
➵ ñèíãóëÿðíî çáóðåí✐ çàäà÷✐ ç òî÷êàìè çâîðîòó✳

Ïîñòàíîâêà çàäà÷✐

➘ëÿ ñèñòåìè ñèíãóëÿðíî çáóðåíèõ äèôåðåíö✐àëüíèõ ð✐âíÿíü

εY ′(x, ε)−A(x, ε)Y (x, ε) = H(x), ✭✶✮

äå A(x, ε) ìà➵ òàêó ñòðóêòóðó
A(x, ε) = A0(x) + εA1,

à A0(x) ✐ A1 ìàòðèö✐ âèãëÿäó

A0(x) =




0 0 0
0 0 1
b(x) a(x) 0


 , A1 =



0 1 0
0 0 0
0 0 0


 ,

ìåòîäîì ✐ñòîòíî îñîáëèâèõ ôóíêö✐é ❬✶❪ ïîáóäó➵ìî ð✐âíîì✐ðíó àñèìïîòèêó ðîçâ✬ÿçêó íà â✐ä✲
ð✐çêó [−l, 0]✱ âêëþ÷àþ÷è ✐ òî÷êó çâîðîòó x = 0✳

Ñèíãóëÿðíî çáóðåíà çàäà÷à ✭✶✮ äîñë✐äæóâàëàñü çà òàêèõ óìîâ✿
Ñ ✶✳ A0(x)✱ H(x) ∈ C∞[−l, 0]✳
Ñ ✷✳ a(x) = xã(x)✱ ã(x) < 0✱ b(x) < 0✳
Ðîçãëÿíóòî âèïàäîê✱ êîëè îäèí ç ë✐í✐éíî íåçàëåæíèõ ðîçâ✬ÿçê✐â îäíîð✐äíîãî ð✐âíÿííÿ

✭✶✮ íåîáìåæåíî çðîñòà➵✱ êîëè ε → 0✱ òî òî÷êó çâîðîòó x = 0 íàçèâàþòü íåñòàá✐ëüíîþ

òî÷êîþ çâîðîòó✳
Ðîçâ✬ÿçîê âèðîäæåíîãî ð✐âíÿííÿ ìà➵ ðîçðèâ äðóãîãî ðîäó â òî÷ö✐ çâîðîòó✳ Òîìó â✐í íå

ìîæå áóòè âèêîðèñòàíèé äëÿ ïîáóäîâè òðåòüîãî ë✐í✐éíî íåçàëåæíîãî ðîçâ✬ÿçêó ñèñòåìè ñèí✲
ãóëÿðíî çáóðåíèõ äèôåðåíö✐àëüíèõ ð✐âíÿíü ✭✶✮✳ ➬àì✐ñòü íüîãî áóäå âèêîðèñòàíî ÷àñòèííèé
ðîçâ✬ÿçîê íåîäíîð✐äíî➝ çàäà÷✐✳ ✭✶✮✳

■ñòîòíî îñîáëèâ✐ ôóíêö✐➝✱ ÿê✐ âèíèêàþòü ó ðîçâ✬ÿçêàõ îäíîð✐äíî➝ çàäà÷✐ ✭✶✮ ïðè ε = 0✱
çðó÷íî îïèñàòè✱ âèêîðèñòîâóþ÷è ôóíêö✐➝ ➴éð✐✲❐àíãåðà Ai(t) ✐ Bi(t) òà ➝õ ïîõ✐äí✐ ❬✶❪✳ Òîìó
íàãàäà➵ìî àíàë✐òè÷íèé çàïèñ öèõ ôóíêö✐é òà ➝õ ïîõ✐äíèõ✳

Ôóíêö✐ÿ

Ai(t) =
1

π

∫ ∞

0
cos
(s3
3

+ st
)
ds

➵ ðîçâ✬ÿçêîì U ′′(t)− tU(t) = 0✳ ➘ðóãèì ðîçâ✬ÿçêîì öüîãî ìîäåëüíîãî ð✐âíÿííÿ ➵ ôóíêö✐ÿ ❬✶❪

Bi(t) =
1

π

∫ ∞

0
{exp[−s

3

3
+ st] + sin[

s3

3
+ st]}ds.

➘ëÿ ïîõ✐äíèõ öèõ ôóíêö✐é ìà➵ìî òàê✐ ð✐âíîñò✐

Ai′(t) =
−t 14 e−ξ
2
√
π

Σ∞
k=0(−1)kdkξ

−k, ✭✷✮

Bi′(t) =
t
1
4 e−ξ√
π

Σ∞
k=0dkξ

−k,

äå d0 = 1❀ dk = −6k+1
6k−1 ✱ kǫN ✳

✾✽



■ñòîòíî îñîáëèâ✐ ôóíêö✐➝✱ ÿê✐ âèíèêàþòü ó ÷àñòèííèõ ðîçâ✬ÿçêàõ íåîäíîð✐äíî➝ çàäà÷✐ ✭✶✮
áóäåìî îïèñóâàòè çà äîïîìîãîþ ìîäåëüíîãî îïåðàòîðà âèãëÿäó✿

U ′′(t)− tU(t) = π−1.

➘ëÿ ïîáóäîâè ð✐âíîì✐ðíî➝ àñèìïòîòèêè ðîçâ✬ÿçêó ç íåñòàá✐ëüíîþ òî÷êîþ çâîðîòó âèêî✲
ðèñòîâóâàòèìåìî ÷àñòèííèé ðîçâ✬ÿçîê öüîãî ð✐âíÿííÿ êîëè tǫ[0; +∞)

ν(t) = Bi(t)

∫ t

+∞
Ai(τ)dτ −Ai(t)

∫ τ

0
Bi(τ)dτ

Ïîõ✐äíà ö✐➵➝ ôóíêö✐➝ çàïèøåòüñÿ ó âèãëÿä✐

ν ′(t) = −π−1

∫ ∞

0
scos(

1

3
s3 + st)ds ✭✸✮

➬ã✐äíî ìåòîäó ✐ñòîòíî îñîáëèâèõ ôóíêö✐é òà ïîïåðåäí✐õ äîñë✐äæåíü❬✷✱ ✸✱ ✹❪✱ íåîáõ✐äíîþ
óìîâîþ ðîçøèðåííÿ çàäà÷✐ ➵ ñïðàâåäëèâ✐ñòü ñï✐ââ✐äíîøåííÿ

Ỹk(x, t, ε)|t=ε−p·ϕ(x) ≡ Yk(x, ε). ✭✹✮

➶èä✐ëèìî òàêó ìíîæèíó ôóíêö✐é✱ â ÿê✐é ðîçøèðåíà çàäà÷à ✭✹✮ áóäå ðåãóëÿðíî çáóðåíîþ
â✐äíîñíî ìàëîãî ïàðàìåòðà✳ ➘ëÿ öüîãî ðîçãëÿíåìî ìíîæèíè ✭ï✐äïðîñòîðè✮ ôóíêö✐é

Ỹ (x, t, ε) =
2∑

i=1

Dik(x, t, ε) + fk(x, ε)ν(t) + εγgk(x, ε)ν
′(t) + ωk(x, ε)

2∑

i=1

Dik(x, t, ε) =




αi1(x, ε)
αi2(x, ε)
αi3(x, ε)


Uk(t) + εγ




βi1(x, ε)
βi2(x, ε)
βi3(x, ε)


Uk

′(t)

U ′′(t)− tU(t) = 0, ν ′′(t)− tν(t) = π−1.

Ôîðìàëüíèé ðîçâ✬ÿçîê ñèñòåìè ✭✶✮ ìà➵ âèãëÿä

Ỹk(x, t, ε) = Ỹhom(x, t, ε) + Ỹ ♣❛rt✳(x, t, ε), ✭✺✮

äå Ỹhom.(x, t, ε) ✕ ðîçâ✬ÿçîê îäíîð✐äíî➝ ñèñòåìè✱ à Ỹ ♣❛rt✳(x, t, ε) ✕ ÷àñòèííèé ðîçâ✬ÿçîê✱ â✐ä✲
ïîâ✐äíî✱ íåîäíîð✐äíî➝ ñèñòåìè✱ òîáòî

Ỹk(x, t, ε) =

∞∑

r=0

εr

[[
2∑

i=1

[
αikr(x)Ui(t) + ε

1
3βikr(x)U

′
i(t)
]]

+ ωkr(x)

]
+ ✭✻✮

+

∞∑

r=−2

µr
[
fkr(x)ν(t) + ε

1
3 gkr(x)ν

′(t)
]
+

∞∑

r=0

εrω̄kr(x).
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➘èñèïàòèâí✐ñòü ñèñòåì äèíàì✐÷íèõ ð✐âíÿíü íà ÷àñîâèõ øêàëàõ

➶✐êòîð✐ÿ Öàíü✱ Þð✐é Ïåðåñòþê

✃è➝âñüêèé íàö✐îíàëüíèé óí✐âåðñèòåò ✐ìåí✐ Òàðàñà Øåâ÷åíêà✱ ✃è➝â✱ Óêðà➝íà

➘îñë✐äæåííÿ ÿê✐ñíèõ âëàñòèâîñòåé ðîçâ✬ÿçê✐â äèíàì✐÷íèõ ñèñòåì íà ÷àñîâèõ øêàëàõ
➵ àêòóàëüíèì òà âàæëèâèì íàïðÿìêîì ñó÷àñíî➝ òåîð✐➝ äèíàì✐÷íèõ ñèñòåì✳ ➶èâ÷åííÿ öèõ
âëàñòèâîñòåé äîçâîëÿ➵ êðàùå çðîçóì✐òè ïîâåä✐íêó ñèñòåì✱ ùî ➵ êëþ÷îâèì äëÿ áàãàòüîõ
ïðàêòè÷íèõ çàñòîñóâàíü✱ òàêèõ ÿê ìîäåëþâàííÿ ñîö✐àëüíèõ ìåðåæ✱ á✐îëîã✐÷íèõ ïðîöåñ✐â
òà åêîíîì✐÷íèõ ñèñòåì ❬✶❪✳ Ðàí✐øå ó ðîáîòàõ ❬✷✱ ✸✱ ✹❪ áóëî âèâ÷åíî ïèòàííÿ çáåðåæåííÿ
îáìåæåíîñò✐ ðîçâ✬ÿçê✐â äèíàì✐÷íèõ ð✐âíÿíü íà ÷àñîâèõ øêàëàõ✳ ➶çà➵ìîçâ✬ÿçîê ì✐æ êîëèâ✲
í✐ñòþ òàêèõ ðîçâ✬ÿçê✐â äîñë✐äæåíî ó ðîáîòàõ ❬✺✱ ✻❪✳ Ïîä✐áí✐ ïèòàííÿ äëÿ çàäà÷ îïòèìàëüíîãî
êåðóâàííÿ ðîçãëÿäàþòüñÿ ó ðîáîòàõ ❬✼✱ ✽✱ ✾✱ ✶✵❪✳ ➘àíà ðîáîòà ïðèñâÿ÷åíà äîñë✐äæåííþ äèñè✲
ïàòèâíîñò✐ äèíàì✐÷íèõ ñèñòåì íà ÷àñîâèõ øêàëàõ✱ ùî ðîçøèðþ➵ ìîæëèâîñò✐ äîñë✐äæåííÿ
ñò✐éêîñò✐ òà êåðîâàíîñò✐ òàêèõ ñèñòåì✳

Ðîçãëÿíåìî ñèñòåìó äèôåðåíö✐àëüíèõ ð✐âíÿíü âèãëÿäó

dx

dt
= X(t, x) ✭✶✮

äå t ∈ R✱ x ∈ D, D ✲ îáëàñòü â ïðîñòîð✐ Rn✱ ✐ â✐äïîâ✐äíó ➝é ñèñòåìó äèíàì✐÷íèõ ð✐âíÿíü íà
ìíîæèí✐ ÷àñîâèõ øêàë Tλ

x∆λ = X(t, xλ) ✭✷✮

äå t ∈ Tλ✱ xλ : Tλ → Rd✱ ✐ x∆λ (t) ✕ äåëüòà✲ïîõ✐äíà ôóíêö✐➝ xλ(t) íà Tλ✳ Ïðèïóñòèìî✱ ùî
inf Tλ = −∞✱ supTλ = ∞✱ λ ∈ Λ ⊂ R✱ ✐ λ = 0 ãðàíè÷íà òî÷êà ìíîæèíè Λ✱ ïðè÷îìó äëÿ âñ✐õ
λ ∈ Λ òî÷êà t = 0 íàëåæèòü Tλ✳

Òàêîæ ïðèïóñòèìî✱ ùî ôóíêö✐ÿ X(t, x) âèçíà÷åíà ïðè âñ✐õ t ≥ 0✱ x ∈ D✱ íåïåðåðâíà
ïî t òà x ✐ îáìåæåíà ðàçîì ç✐ ñâî➝ìè ÷àñòèííèìè ïîõ✐äíèìè ïî t òà x â êîæí✐é îáìåæåí✐é
îáëàñò✐ ç {t ≥ 0} ×D✱ òîáòî äëÿ êîæíîãî M > 0 ✐ñíó➵ ÷èñëî L(M) òàêå✱ ùî

|X(t, x)|+
∣∣∣∣
∂X(t, x)

∂t

∣∣∣∣+
∥∥∥∥
∂X(t, x)

∂x

∥∥∥∥ ≤ L(M), ✭✸✮

ÿêùî t ≤M ✐ ‖x‖ ≤M ✳ Òóò | · | ✕ åâêë✐äîâà íîðìà íà Rn✱ ‖ · ‖ ✕ íîðìà ìàòðèö✐ ïðåäñòàâëå✲
íà âåêòîðíîþ íîðìîþ✳ ➬ íåð✐âíîñò✐ ✭✸✮ âèïëèâà➵✱ ùî ✐ñíóþòü ëîêàëüíî ✐íòåãðîâí✐ ôóíêö✐➝
MR(t) òà BR(t) òàê✐✱ ùî

|X(t, x)| ≤MR(t), ✭✹✮

|X(t, x1)−X(t, x2)| ≤ BR(t)|x2 − x1| ✭✺✮

ïðè x, xi ∈ UR✳ Òóò ✐ äàë✐ ÷åðåç UR ïîçíà÷åíî ìíîæèíó òî÷îê x✱ ùî ‖x‖ ≤ R✳
❮åõàé µλ := supt∈Tλ

µλ(t)✱ äå µλ(t) : Tλ → [0,∞) ✲ ôóíêö✐ÿ çåðíèñòîñò✐✳ Ïðè÷îìó✱ ÿêùî
µλ → 0 ïðè λ → 0✱ òî Tλ çá✐ãà➵òüñÿ ç íåïåðåðâíîþ øêàëîþ ÷àñó T0 = R✱ à ñèñòåìà ✭✷✮
ïåðåõîäèòü â ñèñòåìó ✭✶✮✳ Òîìó ïðèðîäíî ñïîä✐âàòèñü✱ ùî çà ïåâíèõ óìîâ ç äèñèïàòèâíîñò✐
ñèñòåìè äèôåðåíö✐àëüíèõ ð✐âíÿíü ✭✶✮ âèïëèâà➵ äèñèïàòèâí✐ñòü â✐äïîâ✐äíî➝ ñèñòåìè äèíà✲
ì✐÷íèõ ð✐âíÿíü ✭✷✮ íà ÷àñîâ✐é øêàë✐ Tλ✳

❰çíà÷åííÿ✳❬✶✶❪ Ñèñòåìó ✭✶✮ áóäåìî íàçèâàòè äèñèïàòèâíîþ ïî t ≥ t0✱ ÿêùî ✐ñíó➵
÷èñëî R > 0 òàêå✱ ùî äëÿ äîâ✐ëüíîãî r > 0 ✐ñíó➵ T = T (r, t0) òàêå✱ ùî ðîçâ✬ÿçîê x(t; t0, x0)
ñèñòåìè ✭✶✮ ç ïî÷àòêîâèìè óìîâàìè (t0, x0)✱

|x0| < r, ✭✻✮

ïðè t ≥ t0 + T çàäîâîëüíÿ➵ íåð✐âí✐ñòü

‖x(t, t0, x0)‖ < R.
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Ñèñòåìó ✭✶✮ íàçèâàòèìåìî ð✐âíîì✐ðíî äèñèïàòèâíîþ ïî t0✱ ÿêùî â íàâåäåíîìó îçíà✲
÷åíí✐✱ T íå çàëåæèòü â✐ä t0✳

❰çíà÷åííÿ✳ Ñèñòåìó ✭✷✮ áóäåìî íàçèâàòè äèñèïàòèâíîþ ïî t ∈ [0,+∞)Tλ
✱ ÿêùî ✐ñíó➵

÷èñëî R(λ) > 0 òàêå✱ ùî äëÿ äîâ✐ëüíîãî r > 0 ✐ñíó➵ T = T (r, t0, λ) äëÿ ÿêîãî ðîçâ✬ÿçîê
xλ(t, t0, x0) ñèñòåìè ✭✷✮ ç ïî÷àòêîâèìè óìîâàìè (t0, x0)✱

|x0| < r, ✭✼✮

ïðè t ≥ t0 + T çàäîâîëüíÿ➵ íåð✐âí✐ñòü

‖xλ(t, t0, x0)‖ < R.

Ñèñòåìó ✭✷✮ íàçèâàòèìåìî ð✐âíîì✐ðíî äèñèïàòèâíîþ ïî t0 ∈ Tλ ✐ λ ≤ λ0✱ ÿêùî â
íàâåäåíîìó îçíà÷åíí✐ ✱ R òà T íå çàëåæàòü â✐ä t0 òà λ✳

❮àìè âèçíà÷åí✐ óìîâè äèñèïàòèâíîñò✐ ñèñòåìè äèíàì✐÷íèõ ð✐âíÿíü ✭✷✮ â òåðì✐íàõ ôóí✲
êö✐➝ ❐ÿïóíîâà V (t, x)✳

➶✐äíîñíî âñ✐õ ôóíêö✐é ❐ÿïóíîâà✱ ùî ðîçãëÿäàòèìóòüñÿ äàë✐✱ ïðèïóñòèìî✱ ùî V (t, x)
∆✲àáñîëþòíî íåïåðåðâí✐ ïî t òà ð✐âíîì✐ðíî íåïåðåðâí✐ ïî x â îêîë✐ êîæíî➝ òî÷êè✳ ✃ð✐ì
òîãî✱ âîíè çàäîâîëüíÿþòü ëîêàëüíó óìîâó ❐✐ïøèöÿ ïî x äëÿ êîæíîãî 0 < λ ≤ λ0 â îáëàñò✐
{t ∈ [0, T ]Tλ

}×UR ç✐ ñòàëîþ ❐✐ïøèöÿ✱ ùî çàëåæèòü â✐ä R òà T ✳ Öåé ôàêò áóäåìî ïîçíà÷àòè✿
V ∈ ❈0✳

❰çíà÷åííÿ✳❰ïåðàòîð d0/∆t✱ ùî âèçíà÷à➵òüñÿ ñï✐ââ✐äíîøåííÿì

d0V (t, x)

∆t
= lim

t→t0+0,t∈Tλ

1

t− t0
[V (t, xλ(t, t0, x0))− V (t0, x0)] ,

áóäåìî íàçèâàòè îïåðàòîðîì ❐ÿïóíîâà✱ ùî â✐äïîâ✐äà➵ ñèñòåì✐ ✭✷✮
➬ ❬✶✷❪ âèïëèâà➵✱ ùî✿
➬àóâàæåííÿ✳ ßêùî V (t, x) ∈ ❈0✱ òîä✐ äëÿ ìàéæå âñ✐õ t îïåðàòîð ❐ÿïóíîâà çá✐ãàòèìå✲

òüñÿ ç ∆✲ïîõ✐äíîþ ôóíêö✐➝ V â ñèëó ñèñòåìè ✭✷✮✳
Òîä✐ âèêîíó➵òüñÿ íàñòóïíà òåîðåìà✳

❚❤❡♦r❡♠ ✶✳ ßêùî ñèñòåìà äèíàì✐÷íèõ ð✐âíÿíü ✭✷✮ íà ÷àñîâ✐é øêàë✐ Tλ✱ λ > 0✱ ìà➵ íå✲
â✐ä✬➵ìíó ôóíêö✐þ ❐ÿïóíîâà V (t, x) ∈ ❈0✱ âèçíà÷åíó ïðè t ≥ t0✱ t ∈ Tλ✱ x ∈ D ⊂ Rn✱ ç
íàñòóïíèìè âëàñòèâîñòÿìè✿

✶✮
inf

t∈[t0,∞)Tλ ,‖x‖≥ρ
V (t, x) = Vρ(λ) → ∞, ρ→ ∞, ✭✽✮

✷✮ ïðè x ∈ ŪR0 = {‖x‖ ≥ R0, t ≥ t0} ✐ñíó➵ C = C(λ) > 0 òàêå✱ ùî

∆
V (t, x) ≤ −C(λ)V (t, x), ✭✾✮

à ïðè x ∈ UR0 ôóíêö✐➝ V ✐
∆
V (t, x) îáìåæåí✐ çãîðè✱

òîä✐ ñèñòåìà ✭✷✮ äèñèïàòèâíà✳
ßêùî V (t, x) òà C íå çàëåæàòü â✐ä λ ✐ ñï✐ââ✐äíîøåííÿ ✭✽✮ âèêîíó➵òüñÿ ð✐âíîì✐ðíî ïî

λ ≤ λ0✱ òîä✐ ñèñòåìà ✭✷✮ ð✐âíîì✐ðíî äèñèïàòèâíà✳

Òàêîæ ñïðàâåäëèâ✐ íàñòóïí✐ óìîâè ✐ñíóâàííÿ ôóíêö✐➝ ❐ÿïóíîâà äëÿ äèñèïàòèâíî➝ ñè✲
ñòåìè äèíàì✐÷íèõ ð✐âíÿíü íà ÷àñîâèõ øêàëàõ✳

❚❤❡♦r❡♠ ✷✳ ßêùî ✐ñíó➵ òàêå λ0 > 0✱ ùî ñèñòåìà äèíàì✐÷íèõ ð✐âíÿíü ✭✷✮ äèñèïàòèâíà äëÿ
êîæíîãî λ ≤ λ0 ✐ âèêîíóþòüñÿ óìîâè ✭✹✮✱ ✭✺✮✱ òî äëÿ êîæíî➝ ñèñòåìè ✭✷✮ ✐ñíó➵ íåâ✐ä✬➵ìíà
ôóíêö✐ÿ ❐ÿïóíîâà V (t, x)✱ ùî çàäîâîëüíÿ➵ óìîâè ✭✽✮✱ ✭✾✮ ïðè λ < λ0✳

✶✵✷



Òàêîæ íàìè îòðèìàíî óìîâè äèñèïàòèâíîñò✐ ñèñòåìè äèôåðåíö✐àëüíèõ ð✐âíÿíü ✭✶✮ çà
óìîâè äèñèïàòèâíîñò✐ â✐äïîâ✐äíî➝ äèíàì✐÷íî➝ ñèñòåìè ✭✷✮✳

❚❤❡♦r❡♠ ✸✳ ❮åõàé X(t, x) çàäîâîëüíÿ➵ óìîâó ✭✸✮ òà ✐ñíó➵ òàêå λ0✱ ùî äëÿ âñ✐õ λ ≤ λ0
ñèñòåìà äèíàì✐÷íèõ ð✐âíÿíü ✭✷✮ ð✐âíîì✐ðíî äèñèïàòèâíà ïî t0 ∈ Tλ òà λ✳ Òîä✐ ñèñòåìà
äèôåðåíö✐àëüíèõ ð✐âíÿíü ✭✶✮ ð✐âíîì✐ðíî äèñèïàòèâíà ïî t0 ïðè t0 > 0✳

❚❤❡♦r❡♠ ✹✳ Ïðèïóñòèìî X(t, x) çàäîâîëüíÿ➵ óìîâó ✭✸✮✱ à ñèñòåìà äèôåðåíö✐àëüíèõ ð✐â✲
íÿíü ✭✶✮ ð✐âíîì✐ðíî äèñèïàòèâíà ïî t0 ïðè t0 > 0✳ Òîä✐✱ ✐ñíó➵ òàêå λ0✱ ùî äèíàì✐÷íà
ñèñòåìà ✭✷✮ ð✐âíîì✐ðíî äèñèïàòèâíà ïî t0 ✐ λ äëÿ âñ✐õ λ ≤ λ0✳

❐✐òåðàòóðà
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➘îñë✐äæåííÿ ïîâåä✐íêè ðîçâ✬ÿçê✐â ñòîõàñòè÷íèõ äèôåðåíö✐àëüíèõ ð✐âíÿíü ó

÷àñòèííèõ ïîõ✐äíèõ ç âèïàäêîâèìè ïàðàìåòðàìè â ïðàâ✐é ÷àñòèí✐

■ãîð Þð÷åíêî✱ ➶îëîäèìèð ßñèíñüêèé

×åðí✐âåöüêèé íàö✐îíàëüíèé óí✐âåðñèòåò ✐ìåí✐ Þð✐ÿ Ôåäüêîâè÷à✱ ×åðí✐âö✐✱ Óêðà➝íà

Ðîçãëÿíåìî ñòîõàñòè÷íèé åêñïåðèìåíò ç áàçîâèì ✐ìîâ✐ðí✐ñíèì ïðîñòîðîì (Ω,F ,F,P) ,
F ≡ {Ft, t ≥ 0} ✕ ô✐ëüòðàö✐ÿ✱ äå çàäàíà ôóíêö✐ÿ u (t, x, ω) ➵ âèì✐ðíîþ ç ✐ìîâ✐ðí✐ñòþ îäèíèöÿ
çà t òà x â✐äíîñíî ì✐í✐ìàëüíî➝ σ✲àëãåáðè B

(
[0, T ] ,R1

)
áîðåëåâèõ ìíîæèí íà ïëîùèí✐ òà äëÿ

ÿêî➝ ∫ +∞

−∞
E
{
|u (t, x, ω)|2

}
dx <∞

äëÿ âñ✐õ t ∈ [0, T ]✱ E {•} ✕ ìàòåìàòè÷íå ñïîä✐âàííÿ✱ T ⊂ [0,∞) ❬✶✱✷❪✳ Ïðîñò✐ð ôóíêö✐é
{u (t, x, ω)}✱ ùî âîëîä✐➵ âëàñòèâ✐ñòþ ✐íòåãðîâíîñò✐✱ ïîçíà÷èìî ÷åðåç MT ✳ Ó ïðîñòîð✐ MT

ñë✐ä ââåñòè íîðìó âèãëÿäó

‖u (t, x, ω)‖2 ≡
∫ T

0
Eu(t)dt =

∫ T

0
E

[∫ +∞

−∞
|u (t, x, ω)|2 dx

]2
dt.

Ïîçíà÷èìî ÷åðåç

Q (A, q, p) ≡
n∑

k=1

m∑

j=1

akjq
kpj ,

äå A ≡ {akj} ✕ ä✐éñíîçíà÷íà ìàòðèöÿ ðîçì✐ðíîñò✐ n × m✱ ñêëàäåíà ç åëåìåíò✐â akj ∈ R1✳
Ðîçãëÿíåìî íà (Ω,F ,F,P) çàäà÷ó ✃îø✐ äëÿ Ñ➘Ð×Ï âèãëÿäó ❬✸✱✹❪

∂

∂t

[
Q

(
A,

∂

∂t
,
∂

∂x

)
u(t, x, ω)

]
+Q

(
B,

∂

∂t
,
∂

∂x

)
u(t, x, ω) =

= ϕ (ξ (ω))Q

(
C,

∂

∂t
,
∂

∂x

)
u (t, x, ω)

dw (t, ω)

dt
,

Q

(
A,

∂

∂t
,
∂

∂x

)
u (t, x, ω)

∣∣∣∣
t=0

= [Qu]0 ,

B ≡ {bij}k,ni,j=1✱ bij ∈ R1❀ C ≡ {cij}k,ni,j=1✱ cij ∈ R1✱ ϕ (•) ✕ áåð✐âñüêà ôóíêö✐ÿ ç îáëàñòþ çíà÷åíü

R1✱ ξ (ω) ✕ âèïàäêîâà âåëè÷èíà✱ çàäàíà ù✐ëüí✐ñòþ pξ (x) ✭àáî ôóíêö✐➵þ ðîçïîä✐ëó✮✱ w (t, ω)
✕ îäíîâèì✐ðíèé â✐íåð✐â ïðîöåñ✱ ïðè öüîìó ξ (ω) íå çàëåæèòü â✐ä w (t, ω)✳

❰òðèìàí✐ ðåçóëüòàòè ùîäî ïîâåä✐íêè â ñåðåäíüîìó êâàäðàòè÷íîìó ñèëüíîãî ðîçâ✬ÿçêó
äàíîãî ð✐âíÿííÿ ✭äèâ✳ ❬✸✕✼❪✮✳

Ñïèñîê ë✐òåðàòóðè

✶✳ ➹✐õìàí ➱✳■✳✱ Ñêîðîõîä ➚✳➶✳ Ñòîõàñòè÷í✐ äèôåðåíö✐àëüí✐ ð✐âíÿííÿ ç ÷àñòèííèìè ïîõ✐äíèìè✳✕
✃è➝â✿ ■í✲ò ìàòåìàòèêè ➚❮ ÓÐÑÐ✱ ✶✾✽✶✳✕ Ñ✳✷✺✕✺✾✳

✷✳ Ïåðóí ➹✳❒✳✱ ßñèíñüêèé ➶✳✃✳ ➘îñë✐äæåííÿ çàäà÷✐ ✃îø✐ äëÿ ñòîõàñòè÷íèõ ð✐âíÿíü ó
÷àñòèííèõ ïîõ✐äíèõ ✴✴ Óêð✳ ìàò✳ æóðí✳✕ ✶✾✾✸✳✕ Ò✳✹✺✱ ➑ ✾✳✕ ❈✳✶✼✼✸✕✶✼✽✶✳

✸✳ ❑♦r♦❧✐✉❦ ❱✳❙✳✱ ❨✉r❝❤❡♥❦♦ ■✳❱✳✱ ❨❛s②♥s❦②② ❱✳❑✳ ❇❡❤❛✈✐♦r ♦❢ t❤❡ ❙❡❝♦♥❞ ▼♦♠❡♥t ♦❢ t❤❡
❙♦❧✉t✐♦♥ t♦ t❤❡ ❆✉t♦♥♦♠♦✉s ❙t♦❝❤❛st✐❝ ▲✐♥❡❛r P❛rt✐❛❧ ❉✐✛❡r❡♥t✐❛❧ ❊q✉❛t✐♦♥ ✇✐t❤ ❘❛♥❞♦♠
P❛r❛♠❡t❡rs ✐♥ t❤❡ ❘✐❣❤t✲❍❛♥❞ ❙✐❞❡ ✴✴ ❈②❜❡r♥❡t✐❝s ❛♥❞ ❙②st❡♠s ❆♥❛❧②s✐s✳✕ ✷✵✶✺✳✕ ❱♦❧✳✺✶✱
➑✶✳✕ P✳✺✻✕✻✸✳

✹✳ ❨✉r❝❤❡♥❦♦ ■✳❱✳✱ ❨❛s②♥s❦②② ❱✳❑✳ ❊①✐st❡♥❝❡ ♦❢ ▲②❛♣✉♥♦✈✕❑r❛s♦✈s❦✐✐ ❋✉♥❝t✐♦♥❛❧s ❢♦r ❙t♦❝❤❛st✐❝
❋✉♥❝t✐♦♥❛❧ ❉✐✛❡r❡♥t✐❛❧ ■t♦✕❙❦♦r♦❦❤♦❞ ❊q✉❛t✐♦♥s ✉♥❞❡r t❤❡ ❈♦♥❞✐t✐♦♥ ♦❢ ❙♦❧✉t✐♦♥s✬ ❙t❛❜✐✲
❧✐t② ♦♥ Pr♦❜❛❜✐❧✐t② ✇✐t❤ ❋✐♥✐t❡ ❆❢t❡r❡✛❡❝t ✴✴ ❈②❜❡r♥❡t✐❝s ❛♥❞ ❙②st❡♠s ❆♥❛❧②s✐s✳✕ ✷✵✶✽✳✕
❱♦❧✳✺✹✱ ➑✻✳✕ P✳✾✺✼✕✾✼✵✳

✶✵✺



✺✳ ▲✉❦❛s❤✐✈ ❚✳❖✳✱ ❨✉r❝❤❡♥❦♦ ■✳❱✳✱ ❨❛s②♥s❦②② ❱✳❑✳ ◆❡❝❡ss❛r② ❛♥❞ ❙✉✣❝✐❡♥t ❈♦♥❞✐t✐♦♥s ♦❢
❙t❛❜✐❧✐t② ✐♥ t❤❡ ◗✉❛❞r❛t✐❝ ▼❡❛♥ ♦❢ ▲✐♥❡❛r ❙t♦❝❤❛st✐❝ P❛rt✐❛❧ ❉✐✛❡r❡♥t✐❛❧✲❉✐✛❡r❡♥❝❡ ❊q✉❛t✐✲
♦♥s ❙✉❜❥❡❝t t♦ ❊①t❡r♥❛❧ P❡rt✉r❜❛t✐♦♥s ♦❢ t❤❡ ❚②♣❡ ♦❢ ❘❛♥❞♦♠ ❱❛r✐❛❜❧❡s ✴✴ ❈②❜❡r♥❡t✐❝s
❛♥❞ ❙②st❡♠s ❆♥❛❧②s✐s✳✕ ✷✵✷✵✳✕ ❱♦❧✳✺✻✱ ➑✷✳✕ P✳✸✵✸✕✸✶✶✳

✻✳ ❨❛s②♥s❦②② ❱✳❑✳✱ ❨✉r❝❤❡♥❦♦ ■✳❱✳ ❊①✐st❡♥❝❡ ♦❢ t❤❡ ❙♦❧✉t✐♦♥ t♦ t❤❡ ❈❛✉❝❤② Pr♦❜❧❡♠ ❢♦r
◆♦♥❧✐♥❡❛r ❙t♦❝❤❛st✐❝ P❛rt✐❛❧ ❉✐✛❡r❡♥t✐❛❧✲❉✐✛❡r❡♥❝❡ ❊q✉❛t✐♦♥s ♦❢ ◆❡✉tr❛❧ ❚②♣❡ ✴✴ ❈②❜❡r♥❡t✐✲
❝s ❛♥❞ ❙②st❡♠s ❆♥❛❧②s✐s✳✕ ✷✵✷✶✳✕ ❱♦❧✳✺✼✱ ➑✺✳✕ P✳✼✻✹✕✼✼✹✳

✼✳ ❨❛s②♥s❦②② ❱✳❑✳✱ ❨✉r❝❤❡♥❦♦ ■✳❱✳ ▼❡❛♥✲❙q✉❛r❡ ❙t❛❜✐❧✐t② ❛♥❞ ■♥st❛❜✐❧✐t② ❈r✐t❡r✐❛ ❢♦r t❤❡
●✐❦❤♠❛♥✕■t♦ ❙t♦❝❤❛st✐❝ ❉✐✛✉s✐♦♥ ❋✉♥❝t✐♦♥❛❧ ❉✐✛❡r❡♥t✐❛❧ ❙②st❡♠s ❙✉❜❥❡❝t t♦ ❊①t❡r♥❛❧
❉✐st✉r❜❛♥❝❡s ♦❢ t❤❡ ❚②♣❡ ♦❢ ❘❛♥❞♦♠ ❱❛r✐❛❜❧❡s ✴✴ ❈②❜❡r♥❡t✐❝s ❛♥❞ ❙②st❡♠s ❆♥❛❧②s✐s✳✕
✷✵✷✸✳✕ ❱♦❧✳✺✾✱ ➑✷✳✕ P✳✷✽✸✕✷✾✺✳

❡✲♠❛✐❧✿ ✐✳②✉r❝❤❡♥❦♦❅❝❤♥✉✳❡❞✉✳✉❛

✶✵✻



❖♥ t❤❡ s♦❧✈❛❜✐❧✐t② ♦❢ t❤❡ ♥♦♥❧✐♥❡❛r ♥♦♥❧♦❝❛❧ ❜♦✉♥❞❛r② ✈❛❧✉❡ ♣r♦❜❧❡♠ ❢♦r ❛

s②st❡♠ ♦❢ ❤②♣❡r❜♦❧✐❝ ❡q✉❛t✐♦♥s

P❡r✐③❛t ❆❜❞✐♠❛♥❛♣♦✈❛

■♥st✐t✉t❡ ♦❢ ▼❛t❤❡♠❛t✐❝s ❛♥❞ ▼❛t❤❡♠❛t✐❝❛❧ ▼♦❞❡❧✐♥❣✱ ❆❧♠❛t②✱ ❑❛③❛❦❤st❛♥
❆❧♠❛t② ❚❡❝❤♥♦❧♦❣✐❝❛❧ ❯♥✐✈❡rs✐t②✱ ❆❧♠❛t②✱ ❑❛③❛❦❤st❛♥

❲❡ ❝♦♥s✐❞❡r t❤❡ ♥♦♥❧✐♥❡❛r ♥♦♥❧♦❝❛❧ ❜♦✉♥❞❛r② ✈❛❧✉❡ ♣r♦❜❧❡♠ ❢♦r ❛ s②st❡♠ ♦❢ ❤②♣❡r❜♦❧✐❝ ❡q✉❛t✐✲
♦♥s ♦♥ Ω̄ = [0, ω]× [0,T ]

∂2u

∂x∂t
= f

(
x, t, u,

∂u

∂x

)
, u ∈ Rn, ✭✶✮

u(0, t) = 0, t ∈ [0, T ], ✭✷✮

g(x, ux(x, 0), ux(x, T )) = 0, ✭✸✮

✇❤❡r❡ f : Ω̄× R2n → Rn ❛♥❞ g : [0, ω]× Rn × Rn → Rn ❛r❡ ❝♦♥t✐♥✉♦✉s✳
❇② ✉s✐♥❣ t❤❡ ♥❡✇ ✉♥❦♥♦✇♥ ❢✉♥❝t✐♦♥ v(x, t) = ux(x, t)✱ ✇❡ r❡❞✉❝❡ t❤❡ ♣r♦❜❧❡♠ ✭✶✮✲✭✸✮ t♦ t❤❡

❡q✉✐✈❛❧❡♥t ❜♦✉♥❞❛r② ✈❛❧✉❡ ♣r♦❜❧❡♠ ❢♦r ❛ ♣❛rt✐❛❧ ✐♥t❡❣r♦✲❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥✳
❆ ♠✉❧t✐✲♣♦✐♥t ♥♦♥❧✐♥❡❛r ❜♦✉♥❞❛r② ✈❛❧✉❡ ♣r♦❜❧❡♠ ❢♦r ✐♥t❡❣r♦✲❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ✇✐t❤ ♣❛r❛♠❡t❡rs

❡q✉✐✈❛❧❡♥t t♦ t❤❡ ♣r♦❜❧❡♠ ✉♥❞❡r ❝♦♥s✐❞❡r❛t✐♦♥ ✐s ❝♦♠♣♦s❡❞ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ s❝❤❡♠❡ ♦❢ t❤❡
♣❛r❛♠❡t❡r✐s❛t✐♦♥ ♠❡t❤♦❞ ❛♥❞ ❛♥ ❛❧❣♦r✐t❤♠ ❢♦r ✐ts s♦❧✉t✐♦♥ ✐s ♣r♦♣♦s❡❞ ❬✶✱ ✷❪✳

❚❤❡ ❝♦♥✈❡r❣❡♥❝❡ ❝♦♥❞✐t✐♦♥s ♦❢ t❤❡ ♣r♦♣♦s❡❞ ❛❧❣♦r✐t❤♠s ❛r❡ ♦❜t❛✐♥❡❞✱ ✐✳❡✳ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥s
❢♦r t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛♥ ✐s♦❧❛t❡❞ s♦❧✉t✐♦♥ ✐♥ s♦♠❡ s❡t ♦❢ t❤❡ ❢❛♠✐❧② ♦❢ ♥♦♥❧✐♥❡❛r ❜♦✉♥❞❛r② ✈❛❧✉❡
♣r♦❜❧❡♠s ❢♦r ✐♥t❡❣r♦✲❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ❛r❡ ❞❡t❡r♠✐♥❡❞✳

❋✉♥❞✐♥❣✿ ❚❤✐s r❡s❡❛r❝❤ ✐s ❢✉♥❞❡❞ ❜② t❤❡ ❙❝✐❡♥❝❡ ❈♦♠♠✐tt❡❡ ♦❢ t❤❡ ▼✐♥✐str② ♦❢ ❙❝✐❡♥❝❡ ❛♥❞
❍✐❣❤❡r ❊❞✉❝❛t✐♦♥ ♦❢ t❤❡ ❘❡♣✉❜❧✐❝ ♦❢ ❑❛③❛❦❤st❛♥ ✭●r❛♥t ◆♦ ❆P✷✸✹✽✽✽✶✶✮✳

✶✳ ❉③❤✉♠❛❜❛②❡✈ ❉✳❙✳ ❈r✐t❡r✐❛ ❢♦r t❤❡ ✉♥✐q✉❡ s♦❧✈❛❜✐❧✐t② ♦❢ ❛ ❧✐♥❡❛r ❜♦✉♥❞❛r②✲✈❛❧✉❡ ♣r♦❜❧❡♠
❢♦r ❛♥ ♦r❞✐♥❛r② ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥✱ ❈♦♠♣✉t✳ ▼❛t❤s✳ ▼❛t❤✳ P❤②s✳✱ ✷✾✿✶ ✭✶✾✽✾✮✱ ✸✹✕✹✻✳

✷✳ ❚❡♠❡s❤❡✈❛ ❙✳▼✳✱ ❆❜❞✐♠❛♥❛♣♦✈❛ P✳❇✳ ❖♥ ❛ ❙♦❧✉t✐♦♥ ♦❢ ❛ ◆♦♥❧✐♥❡❛r ◆♦♥❧♦❝❛❧ ❇♦✉♥❞❛r②
❱❛❧✉❡ Pr♦❜❧❡♠ ❢♦r ♦♥❡ ❈❧❛ss ♦❢ ❍②♣❡r❜♦❧✐❝ ❊q✉❛t✐♦♥✱ ▲♦❜❛❝❤❡✈s❦✐✐ ❥♦✉r♥❛❧ ♦❢ ♠❛t❤❡♠❛t✐❝s✱
✹✹✿✼ ✭✷✵✷✸✮✱ ✷✺✷✾✕✷✺✹✷✳

❡✲♠❛✐❧✿ ♣❡r②③❛t✼✹❅♠❛✐❧✳r✉

✶✵✼



❖♥ t❤❡ ❜r❛♥❝❤❡❞ ❝♦♥t✐♥✉❡❞ ❢r❛❝t✐♦♥ ❡①♣❛♥s✐♦♥s ♦❢ s♦♠❡ r❛t✐♦s ♦❢ t❤❡

❣❡♥❡r❛❧✐③❡❞ ❤②♣❡r❣❡♦♠❡tr✐❝ ❢✉♥❝t✐♦♥ 4F3

❚❛♠❛r❛ ❆♥t♦♥♦✈❛✱ ❨❡✈❤❡♥✐✐ ▲✉ts✐✈

▲✈✐✈ P♦❧②t❡❝❤♥✐❝ ◆❛t✐♦♥❛❧ ❯♥✐✈❡rs✐t②
❱❛s②❧ ❙t❡❢❛♥②❦ Pr❡❝❛r♣❛t❤✐❛♥ ◆❛t✐♦♥❛❧ ❯♥✐✈❡rs✐t②

❚❤❡ ❣❡♥❡r❛❧✐③❡❞ ❤②♣❡r❣❡♦♠❡tr✐❝ ❢✉♥❝t✐♦♥ 4F3 ❞❡✜♥❡❞ ❛s ♣♦✇❡r s❡r✐❡s ✭s❡❡✱ ❬✶❪✮

4F3(a1, a2, a3, a4; b1, b2, b3; z) =

+∞∑

n=0

(a1)n(a2)n(a3)n(a4)n
(b1)n(b2)n(b3)n

zn

n!
, ✭✶✮

✇❤❡r❡ t❤❡ ♣❛♠❡t❡rs a1, a2, a3, a4, b1, b2, b3 ❛r❡ ❝♦♠♣❧❡① ♥✉♠❜❡r✱ ❤❡r❡✇✐t❤ b1, b2, b3 6∈ {0,−1,−2, . . .},
❛♥❞✱ ❢♦r n ≥ 1, (α)n = α(α+ 1)n−1 ✇✐t❤ (α)0 = 1.

❯s✐♥❣ t❤❡ ✐❞❡❛ ♣r♦♣♦s❡❞ ✐♥ ❬✷❪✱ ✇❡ ❤❛✈❡ ❝♦♥str✉❝t❡❞ ❛♥ ❡①♣❛♥s✐♦♥ ❢♦r t❤❡ r❛t✐♦s ♦❢ t❤❡ ❢✉♥❝t✐♦♥
✭✶✮✳ ❲❡ ❤❛✈❡ ✉s❡❞ t❤❡ ❝♦♥❝❡♣t ♦❢ ❞❡✜♥✐♥❣ ❛ ❜r❛♥❝❤❡❞ ❝♦♥t✐♥✉❡❞ ❢r❛❝t✐♦♥ ♣r♦♣♦s❡❞ ✐♥ ❬✸❪✳

▲❡t G = {1, 2, 3, 4, 5, 6, 7, 8}. ❲❡ ❝❤♦♦s❡ ❢r♦♠ G2, G2 = G × G, t❤❡ ❢♦❧❧♦✇✐♥❣ s✉❜s❡t ♦❢ ❞♦✉❜❧❡
✐♥❞✐❝❡s

G = {(1, 1), (1, 2), (1, 3), (1, 4), (2, 1), (2, 2), (2, 3), (2, 4),
(2, 5), (2, 6), (2, 7), (2, 8), (3, 1), (3, 2), (3, 3), (3, 4)}.

❋♦r k ≥ 1 ❧❡t I(2)k−1 = (i
(1)
k−1, i

(2)
k−1) ❜❡ ❛ ❞♦✉❜❧❡ ✐♥❞❡① ❢r♦♠ ❛ s❡t G,

I(2)
k = (I

(2)
0 , I

(2)
1 , . . . , I

(2)
k ) = (i

(1)
0 , i

(2)
0 , i

(1)
1 , i

(2)
1 , . . . , i

(1)
k , i

(2)
k )

❜❡ ❛ ❞♦✉❜❧❡ ♠✉❧t✐✐♥❞❡①✱

i
(2)
k =





i
(2)
k−1, ✐❢ i

(1)
k−1 = 1, 1 ≤ i

(2)
k−1 ≤ 4, i

(1)
k = 3,

i
(2)
k−1 + 1− 4[i

(2)
k−1/4], ✐❢ i

(1)
k−1 = 2, 1 ≤ i

(2)
k−1 ≤ 8, i

(1)
k = 3,

i
(2)
k−1 + 6− 4[(i

(2)
k−1 + 1)/4]− 4δ1

[(i
(2)
k−1−1)/4]

,

✐❢ i
(1)
k−1 = i

(1)
k = 2, 1 ≤ i

(2)
k−1 ≤ 8,

i
(2)
k−1 − 1 + 4δ1

i
(2)
k−1

, ✐❢ i
(1)
k−1 = i

(1)
k = 3, 1 ≤ i

(2)
k−1 ≤ 4,

i
(2)
k−1, ✐❢ i

(1)
k−1 = 3, 1 ≤ i

(2)
k−1 ≤ 4, 1 ≤ i

(1)
k ≤ 2,

✭✷✮

✇❤❡r❡ δqp ❞❡♥♦t❡s t❤❡ ❑r♦♥❡❝❦❡r ❞❡❧t❛✱ [·] ❞❡♥♦t❡s ❛♥ ✐♥t❡❣❡r ♣❛rt ♦❢ ❛ ♥✉♠❜❡r✱

G(I(2)
k−1) = {I(2)k : 4− i

(1)
k−1 ≤ i

(1)
k ≤ 3, i

(2)
k ✐s ❞❡✜♥❡❞ ❜② ✭✷✮}

❜❡ ❛ s✉❜s❡t ♦❢ G ❤❡r❡✇✐t❤ G(I(2)
0 ) = G(I

(2)
0 ), ❛♥❞ ❧❡t

J (2) = {I(2)
k : I(2)p ∈ G(I(2)

p−1), 1 ≤ p ≤ k, k ≥ 1}

❜❡ ❛ s❡t ♦❢ ❞♦✉❜❧❡ ♠✉❧t✐✐♥❞✐❝❡s✳
❲❡ s❡t a = (a1, a2, a3, a4), b = (b1, b2, b3), e1,i = (δ1i , δ

2
i , δ

3
i , δ

4
i ), f1,i = (1, 0, 0), e3,i =

(1− δ1i , 1− δ2i , 1− δ3i , 1− δ4i ), f3,i = (1, 1, 1), 1 ≤ i ≤ 4, ❛♥❞

e2,i = (δ1i−4[(i−1)/4] + δ4i−4[(i−1)/4], δ
1
i−4[(i−1)/4] + δ2i−4[(i−1)/4], δ

2
i−4[(i−1)/4]

+ δ3i−4[(i−1)/4], δ
3
i−4[(i−1)/4] + δ4i−4[(i−1)/4]),

f2,i = (1, δ0[(i−1)/4], δ
1
[(i−1)/4]),

✇❤❡r❡ 1 ≤ i ≤ 8. ❚❤❡♥✱ ❢♦r k ≥ 0,

e
I
(2)
k

= (e1
I
(2)
k

, e2
I
(2)
k

, e3
I
(2)
k

, e4
I
(2)
k

) = e
I
(2)
0

+ e
I
(2)
1

+ . . .+ e
I
(2)
k

,

✶✵✽



✇❤❡r❡

e1
I
(2)
k

=

k∑

p=0

(δ1
i
(1)
p

δ1
i
(2)
p

+ δ3
i
(1)
p

(1− δ1
i
(2)
p

) + δ2
i
(1)
p

(δ1
i
(2)
p

+ δ4
i
(2)
p

+ δ5
i
(2)
p

+ δ8
i
(2)
p

)),

e2
I
(2)
k

=
k∑

p=0

(δ1
i
(1)
p

δ2
i
(2)
p

+ δ3
i
(1)
p

(1− δ2
i
(2)
p

) + δ2
i
(1)
p

(δ1
i
(2)
p

+ δ2
i
(2)
p

+ δ5
i
(2)
p

+ δ6
i
(2)
p

)),

e3
I
(2)
k

=
k∑

p=0

(δ1
i
(1)
p

δ3
i
(2)
p

+ δ3
i
(1)
p

(1− δ3
i
(2)
p

) + δ2
i
(1)
p

(δ2
i
(2)
p

+ δ3
i
(2)
p

+ δ6
i
(2)
p

+ δ7
i
(2)
p

)),

e4
I
(2)
k

=

k∑

p=0

(δ1
i
(1)
p

δ4
i
(2)
p

+ δ3
i
(1)
p

(1− δ4
i
(2)
p

) + δ2
i
(1)
p

(δ3
i
(2)
p

+ δ4
i
(2)
p

+ δ7
i
(2)
p

+ δ8
i
(2)
p

)),

❛♥❞

f
I
(2)
k

= (f1
I
(2)
k

, f2
I
(2)
k

, f3
I
(2)
k

) = f
I
(2)
0

+ f
I
(2)
1

+ . . .+ f
I
(2)
k

,

✇❤❡r❡

f1
I
(2)
k

= k + 1,

f2
I
(2)
k

=
k∑

p=0

(δ3
i
(1)
p

+ δ2
i
(1)
p

(δ1
i
(2)
p

+ δ2
i
(2)
p

+ δ3
i
(2)
p

+ δ4
i
(2)
p

)),

f3
I
(2)
k

=
k∑

q=0

(δ3
i
(1)
p

+ δ2
i
(1)
p

(δ5
i
(2)
p

+ δ6
i
(2)
p

+ δ7
i
(2)
p

+ δ8
i
(2)
p

)).

❚❤❡♦r❡♠ ✶✳ ❋♦r ❡❛❝❤ I(2)0 ∈ G t❤❡ r❛t✐♦ R
I
(2)
0

(a;b; z) =
4F3(a;b; z)

4F3(a+ e
I
(2)
0

;b+ f
I
(2)
0

)
❤❛s ❛ ❢♦r♠❛❧

❜r❛♥❝❤❡❞ ❝♦♥t✐♥✉❡❞ ❢r❛❝t✐♦♥ ❡①♣❛♥s✐♦♥ ♦❢ t❤❡ ❢♦r♠

1 +
∑

I
(2)
1 ∈G(I

(2)
0 )

d
I
(2)
1

z

1 +
∑

I
(2)
2 ∈G(I

(2)
1 )

d
I
(2)
2

z

1 +
∑

I
(2)
3 ∈G(I

(2)
2 )

d
I
(2)
3

z

1 + ✳ ✳ ✳

,

✇❤❡r❡ d
I
(2)
k

, I(2)
k ∈ J (2), ❞❡♣❡♥❞ ♦♥ t❤❡ ♣❛r❛♠❡t❡rs ♦❢ 4F3✳

❘❡❢❡r❡♥❝❡s

❬✶❪ ●✳❊✳ ❆♥❞r❡✇s✱ ❘✳ ❆s❦❡②✱ ❘✳ ❘♦②✱ ❙♣❡❝✐❛❧ ❢✉♥❝t✐♦♥s✱ ❈❛♠❜r✐❞❣❡ ❯♥✐✈❡rs✐t② Pr❡ss ✭✶✾✾✾✮✳

❬✷❪ ❚✳ ❆♥t♦♥♦✈❛✱ ❘✳ ❉♠②tr②s❤②♥✱ ❙✳ ❙❤❛r②♥✱ ●❡♥❡r❛❧✐③❡❞ ❤②♣❡r❣❡♦♠❡tr✐❝ ❢✉♥❝t✐♦♥ 3F2 r❛t✐♦s
❛♥❞ ❜r❛♥❝❤❡❞ ❝♦♥t✐♥✉❡❞ ❢r❛❝t✐♦♥ ❡①♣❛♥s✐♦♥s✱ ❆①✐♦♠s✱ ✶✵ ✭✹✮✱ ✸✶✵ ✭✷✵✷✶✮✳

❬✸❪ ❚✳▼✳ ❆♥t♦♥♦✈❛✱ ❖♥ str✉❝t✉r❡ ♦❢ ❜r❛♥❝❤❡❞ ❝♦♥t✐♥✉❡❞ ❢r❛❝t✐♦♥s✱ ❈❛r♣❛t❤✐❛♥ ▼❛t❤✳ P✉❜❧✳✱ ✶✻
✭✷✮✱ ✸✾✶✕✹✵✵ ✭✷✵✷✹✮✳

❡✲♠❛✐❧✿ t❛♠❛r❛✳♠✳❛♥t♦♥♦✈❛❅❧♣♥✉✳✉❛✱ ②❡✈❤❡♥✐✐✳❧✉ts✐✈✳✷✵❅♣♥✉✳❡❞✉✳✉❛

✶✵✾



❆❧❣❡❜r❛ ❛♥❞ ●❡♦♠❡tr② ✐♥ ▲✐♥❡rs

❚❛r❛s ❇❛♥❛❦❤

■✈❛♥ ❋r❛♥❦♦ ▲✈✐✈ ◆❛t✐♦♥❛❧ ❯♥✐✈❡rs✐t②✱ ▲✈✐✈✱ ❯❦r❛✐♥❡

❲❡ s❤❛❧❧ ❞✐s❝✉ss t❤❡ ✐♥t❡r♣❧❛② ❜❡t✇❡❡♥ ❛❧❣❡❜r❛ ❛♥❞ ❣❡♦♠❡tr② ✐♥ ✭❛✣♥❡ ♦r ♣r♦❥❡❝t✐✈❡✮ ❧✐♥❡rs✱
❛♥❞ ❛❧s♦ ♣r❡s❡♥t s❡❧❡❝t❡❞ ♦♣❡♥ ♣r♦❜❧❡♠s ✐♥ t❤✐s ❢❛s❝✐♥❛t✐♥❣ ✜❡❧❞ ♦❢ ♠❛t❤❡♠❛t✐❝s✳

❡✲♠❛✐❧✿ t❜❛♥❛❦❤❅❣♠❛✐❧✳❝♦♠

✶✶✵



❖♥ ❧♦❝❛❧ ❛s②♠♣t♦t✐❝ st❛❜✐❧✐③❛t✐♦♥ ♦❢ ❛ ❝❧❛ss ♦❢ t❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧ ♥♦♥❧✐♥❡❛r

s②st❡♠s ✇✐t❤ ✉♥❦♥♦✇♥ ♣❛r❛♠❡t❡rs ❛♥❞ ❛❞❞✐t✐♦♥❛❧ t❡r♠s

▼❛①✐♠ ❇❡❜✐②❛

❱✳ ◆✳ ❑❛r❛③✐♥ ❑❤❛r❦✐✈ ◆❛t✐♦♥❛❧ ❯♥✐✈❡rs✐t②✱ ❑❤❛r❦✐✈✱ ❯❦r❛✐♥❡

❲❡ ❛❞❞r❡ss t❤❡ st❛❜✐❧✐③❛t✐♦♥ ♣r♦❜❧❡♠ ❢♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ✉♥❝❡rt❛✐♥ ♥♦♥❧✐♥❡❛r s②st❡♠




ẋ1 = a1x
2m+1
2 + f1(t, x, u),

ẋ2 = a2x3 + f2(t, x, u),
ẋ3 = a3u,

✭✶✮

✇❤❡r❡ u ∈ R ✐s ❛ ❝♦♥tr♦❧ ✐♥♣✉t✱ m > 0 ✐s ❛ ❣✐✈❡♥ ✐♥t❡❣❡r ♥✉♠❜❡r✱ ai > 0 ✭i = 1, 2✮ ❛r❡ ✉♥❦♥♦✇♥
♥✉♠❜❡rs✱ fi(t, x, u) ✭i = 1, 2✮ ❛r❡ ✉♥❦♥♦✇♥ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥s✳

❲❡ ❛ss✉♠❡ t❤❛t t❤❡ ❢✉♥❝t✐♦♥s f1(t, x, u) ❛♥❞ f2(t, x, u) s❛t✐s❢② t❤❡ ❝♦♥❞✐t✐♦♥

f1(t, x, u) ≤ c1(|x2|1+δ1 + |x3|2),
f2(t, x, u) ≤ c2|x3|1+δ2

✭✷✮

❢♦r s♦♠❡ ❝♦♥st❛♥ts c1 > 0✱ c2 > 0✱ δ1 > 0✱ δ2 > 0 ✐♥ ❛ ♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ t❤❡ ♦r✐❣✐♥✳ ◆♦t❡ t❤❛t ✇❡
❞♦ ♥♦t r❡q✉✐r❡ c1✱ c2 ✱ δ1✱ ❛♥❞ δ2 t♦ ❜❡ ❦♥♦✇♥ ✐♥ ❛❞✈❛♥❝❡✳

❖✉r ♦❜❥❡❝t✐✈❡ ✐s t♦ ❝♦♥str✉❝t ❛ ❝♦♥t✐♥✉♦✉s ❝♦♥tr♦❧ u(x) t❤❛t ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ t❤❡ ♣❛r❛♠❡t❡rs
ai s✉❝❤ t❤❛t t❤❡ ③❡r♦ ❡q✉✐❧✐❜r✐✉♠ ♣♦✐♥t ♦❢ s②st❡♠ ✭✶✮ ✇✐t❤ u = u(x) ✇✐❧❧ ❜❡ ❛s②♠♣t♦t✐❝❛❧❧② st❛❜❧❡
✐♥ t❤❡ s❡♥s❡ ♦❢ ▲②❛♣✉♥♦✈ ❢♦r ❛♥② ♣♦s✐t✐✈❡ ✈❛❧✉❡s ♦❢ t❤❡ ♣❛r❛♠❡t❡rs ai ❛♥❞ ❛♥② ❢✉♥❝t✐♦♥s fi(t, x, u)
s❛t✐s❢②✐♥❣ t❤❡ ❝♦♥❞✐t✐♦♥ ✭✷✮✳

◆♦t❡ t❤❛t t❤❡ st❛❜✐❧✐③❛t✐♦♥ ♣r♦❜❧❡♠ ❢♦r s②st❡♠ ✭✶✮ ✐s ❞✐✣❝✉❧t ❡✈❡♥ ❢♦r ❦♥♦✇♥ ♣❛r❛♠❡t❡rs
ai ❜❡❝❛✉s❡ ♦❢ t❤❡ ❢❛❝t t❤❛t t❤✐s s②st❡♠ ❤❛s ✉♥❝♦♥tr♦❧❧❛❜❧❡ ✜rst ✭❧✐♥❡❛r✮ ❛♣♣r♦①✐♠❛t✐♦♥✳ ❚❤❡
st❛❜✐❧✐③❛t✐♦♥ ♣r♦❜❧❡♠ ❢♦r t❤❡ ❝❛s❡ ♦❢ ❦♥♦✇♥ ♣❛r❛♠❡t❡rs ai ❢♦r ♠♦r❡ ❣❡♥❡r❛❧ n✲❞✐♠❡♥s✐♦♥❛❧ s②st❡♠s
❤❛s ❜❡❡♥ s♦❧✈❡❞ ✐♥ ❬✶❪✱ ❬✷❪✳ ▲✐♥❡❛r st❛❜✐❧✐③❛t✐♦♥ ❢♦r s②st❡♠ ✭✶✮ ✇✐t❤ ❦♥♦✇♥ ai ❤❛s ❜❡❡♥ ❝♦♥s✐❞❡r❡❞
✐♥ ❬✸❪✳ ❚❤❡ ❝❛s❡ ♦❢ ❧✐♥❡❛r s②st❡♠s ✭m = 0✮ ✇✐t❤ ✉♥❦♥♦✇♥ ai ❤❛s ❜❡❡♥ st✉❞✐❡❞ ✐♥ ❬✹❪✳

❙✉♣♣♦s❡ t❤❛t r1✱ µ1✱ ❛♥❞ µ2 ❛r❡ s♦♠❡ r❡❛❧ ♥✉♠❜❡rs s✉❝❤ t❤❛t r1 ≥ 1 ❛♥❞ µ1 > µ2 > 0✳ ▲❡t
ki > 0 ❜❡ ❛r❜✐tr❛r② ♣♦s✐t✐✈❡ ♥✉♠❜❡rs✳ ❚♦ st❛❜✐❧✐③❡ s②st❡♠ ✭✶✮ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥tr♦❧
❧❛✇

u = −(((k1x1)
p1 + k2x2)

p2 + k3x3), ✭✸✮

✇❤❡r❡ p1 =
r2
r1
✱ p2 =

r3
r2

✇✐t❤ r2 = r1 + µ1✱ r3 = r2 + µ2✳
❲❡ s❤♦✇ t❤❛t t❤❡ ❝♦♥tr♦❧ u = u(x) ♦❢ t❤❡ ❢♦r♠ ✭✸✮ st❛❜✐❧✐③❡s s②st❡♠ ✭✶✮ ❢♦r ❛♥② s❡t ♦❢ ♣♦s✐t✐✈❡

♥✉♠❜❡rs ai ❛♥❞ ❛♥② ❢✉♥❝t✐♦♥s fi(t, x, u) ✉♥❞❡r t❤❡ ❝♦♥❞✐t✐♦♥ ✭✷✮✳

❘❡❢❡r❡♥❝❡s

❬✶❪ ▼✳❖✳ ❇❡❜✐②❛ ❛♥❞ ❱✳■✳ ❑♦r♦❜♦✈✳ ❖♥ ❙t❛❜✐❧✐③❛t✐♦♥ Pr♦❜❧❡♠ ❢♦r ◆♦♥❧✐♥❡❛r ❙②st❡♠s ✇✐t❤ P♦✇❡r
Pr✐♥❝✐♣❛❧ P❛rt ✴✴ ❏♦✉r♥❛❧ ♦❢ ▼❛t❤❡♠❛t✐❝❛❧ P❤②s✐❝s✱ ❆♥❛❧②s✐s✱ ●❡♦♠❡tr② ✕ ✷✵✶✻✳ ✕ ✶✷✱ ◆♦✳
✷✳ ✕ P✳ ✶✶✸✕✶✸✸✳

❬✷❪ ❱✳■✳ ❑♦r♦❜♦✈ ❛♥❞ ▼✳❖✳ ❇❡❜✐②❛✳ ❙t❛❜✐❧✐③❛t✐♦♥ ♦❢ ♦♥❡ ❝❧❛ss ♦❢ ♥♦♥❧✐♥❡❛r s②st❡♠s ✴✴ ❆✉t♦♠❛t✐♦♥
❛♥❞ ❘❡♠♦t❡ Ñ♦♥tr♦❧ ✕ ✷✵✶✼✳ ✕ ✼✽✱ ◆♦✳ ✶✳ ✕ P✳ ✶✕✶✺✳

❬✸❪ ▼✳❖✳ ❇❡❜✐②❛ ❛♥❞ ❱✳❆✳ ▼❛✐str✉❦✳ ❖♥ ❧✐♥❡❛r st❛❜✐❧✐③❛t✐♦♥ ♦❢ ❛ ❝❧❛ss ♦❢ ♥♦♥❧✐♥❡❛r s②st❡♠s ✐♥
❛ ❝r✐t✐❝❛❧ ❝❛s❡ ✴✴ ❱✐s♥②❦ ♦❢ ❱✳◆✳ ❑❛r❛③✐♥ ❑❤❛r❦✐✈ ◆❛t✐♦♥❛❧ ❯♥✐✈❡rs✐t②✱ ❙❡r✳ ▼❛t❤❡♠❛t✐❝s✱
❆♣♣❧✐❡❞ ▼❛t❤❡♠❛t✐❝s ❛♥❞ ▼❡❝❤❛♥✐❝s ✕ ✷✵✷✸✳ ✕ ✾✽✳ ✕ P✳ ✸✻✕✹✾✳

❬✹❪ ❏✳ ❩❤✉ ❛♥❞ ❈✳ ◗✐❛♥✳ ▲♦❝❛❧ ❛s②♠♣t♦t✐❝ st❛❜✐❧✐③❛t✐♦♥ ❢♦r ❛ ❝❧❛ss ♦❢ ✉♥❝❡rt❛✐♥ ✉♣♣❡rtr✐❛♥❣✉❧❛r
s②st❡♠s✳ ✴✴ ❆✉t♦♠❛t✐❝❛ ✕ ✷✵✷✵ ✕ ✶✶✽✱ ✶✵✽✾✺✹✳

❡✲♠❛✐❧✿ ♠✳❜❡❜✐②❛❅❦❛r❛③✐♥✳✉❛

✶✶✶



❙②♠♠❡tr✐❝ P♦❧②♥♦♠✐❛❧s ♦♥ ■♥❢✐♥✐t❡✲❉✐♠❡♥s✐♦♥❛❧ ❙tr✉❝t✉r❡s

❱✐t❛❧✐✐ ❇✐❤✉♥✱ ❘♦st②s❧❛✈ ❙t❛❦❤✐✈✱ ❆♥❞r✐② ❩❛❣♦r♦❞♥②✉❦

❱❛s②❧ ❙t❡❢❛♥②❦ Pr❡❝❛r♣❛t❤✐❛♥ ◆❛t✐♦♥❛❧ ❯♥✐✈❡rs✐t②✱ ■✈❛♥♦✲❋r❛♥❦✐✈s❦✱ ❯❦r❛✐♥❡

▲❡t X ❜❡ ❛♥ ✐♥✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧ ❝♦♠♣❧❡① ❧✐♥❡❛r s♣❛❝❡✳ ■t ✐s ✇❡❧❧✲❦♥♦✇♥ t❤❛t X ❛❞♠✐ts ❛
✭❧✐♥❡❛r✮ ❍❛♠❡❧ ❜❛s✐s✳ ❚❤❛t ✐s✱ t❤❡r❡ ❡①✐sts ❛ ❧✐♥❡❛r❧② ✐♥❞❡♣❡♥❞❡♥t ❢❛♠✐❧② E = (eα) ♦❢ ✈❡❝t♦rs ✐♥
X s✉❝❤ t❤❛t ❡✈❡r② ✈❡❝t♦r x ∈ X ❝❛♥ ❜❡ r❡♣r❡s❡♥t❡❞ ❛s ❛ ✜♥✐t❡ ❛❧❣❡❜r❛✐❝ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ ❡❧❡♠❡♥ts
✐♥ E, ✇❤❡r❡ α ❜❡❧♦♥❣ t♦ ❛ s❡t ♦❢ ✐♥❞❡①❡s A. ❲❡ ✇✐❧❧ ✇r✐t❡

x =
∑

α∈A

xαeα, xα ∈ C

✉♥❞❡rst❛♥❞✐♥❣ t❤❛t ♦♥❧② ❛ ✜♥✐t❡ ♥✉♠❜❡r ♦❢ ❝♦♦r❞✐♥❛t❡s xα ❛r❡ ♥♦t ❡q✉❛❧ t♦ ③❡r♦✳
❆ ♠❛♣♣✐♥❣ f ♦♥ X ✐s ❝❛❧❧❡❞ E✲s②♠♠❡tr✐❝ ✭♦r ❥✉st s②♠♠❡tr✐❝ ✐❢ t❤❡ ❜❛s✐s ✐s ✜①❡❞✮ ✐❢ ❢♦r ❡✈❡r②

♦♥❡✲t♦✲♦♥❡ ♠❛♣ σ : A → A ✇❡ ❤❛✈❡

f
(∑

α∈A

xαeσ(α)

)
= f

(∑

α∈A

xαeα

)
.

❚❤❡♦r❡♠ ✶✳ P♦❧②♥♦♠✐❛❧s

F e
k(x) = Fk(x) =

∑

α∈A

xkα, x ∈ X, k ∈ N

❢♦r♠ ❛♥ ❛❧❣❡❜r❛✐❝ ❜❛s✐s ✐♥ t❤❡ ❛❧❣❡❜r❛ ♦❢ ❛❧❧ E✲s②♠♠❡tr✐❝ ♣♦❧②♥♦♠✐❛❧s ♦♥ X.

❊①❛♠♣❧❡ ✷✳ ▲❡t c00 ❜❡ t❤❡ s♣❛❝❡ ♦❢ ❡✈❡♥t✉❛❧❧② ✜♥✐t❡ s❡q✉❡♥❝❡s✳ ❚❤❛t ✐s✱ ❡✈❡r② x ∈ c00 ✐s ♦❢ t❤❡
❢♦r♠

x = (x1, . . . , xn, . . .) =
∞∑

n=1

xnen, xn ∈ C,

✇❤❡r❡ en = (0, . . . , 0, 1︸ ︷︷ ︸
n

, 0 . . .) ❛♥❞ ♦♥❧② ❛ ✜♥✐t❡ ♥✉♠❜❡r ♦❢ ❝♦♦r❞✐♥❛t❡s xn ❛r❡ ♥♦t ❡q✉❛❧ t♦ ③❡r♦✳

❚❤❡♥ (en) ✐s ❛ ❝♦✉♥t❛❜❧❡ ❍❛♠❡❧ ❜❛s✐s ✐♥ c00 ❛♥❞ ♣♦❧②♥♦♠✐❛❧s

Fk

( ∞∑

n=1

xnen

)
=

∞∑

n=1

xkn

❢♦r♠ ❛♥ ❛❧❣❡❜r❛✐❝ ❜❛s✐s ✐♥ t❤❡ ❛❧❣❡❜r❛Ps(c00) ♦❢ s②♠♠❡tr✐❝ ♣♦❧②♥♦♠✐❛❧s ♦♥ c00.

Pr♦♣♦s✐t✐♦♥ ✷✳ ▲❡t X ❜❡ ❛♥ ✐♥✜♥✐t❡✲❞✐♠❡♥s✐♦♥❛❧ ❧✐♥❡❛r s♣❛❝❡ ✇✐t❤ ❛ ❍❛♠❡❧ ❜❛s✐s E, t❤❡♥ t❤❡
❛❧❣❡❜r❛ ♦❢ ❛❧❧ E✲s②♠♠❡tr✐❝ ♣♦❧②♥♦♠✐❛❧s PsE(X) ✐s ✐s♦♠♦r♣❤✐❝ t♦ Ps(c00).

■♥ t❤❡ t❛❧❦ ✇❡ ❝♦♥s✐❞❡r ❛❧❣❡❜r❛s ♦❢ s②♠♠❡tr✐❝ ♣♦❧②♥♦♠✐❛❧s ♦♥ ③❡r♦✲s❡ts ♦❢ ♣♦❧②♥♦♠✐❛❧s ♦♥
✐♥✜♥✐t❡✲❞✐♠❡♥s✐♦♥❛❧ ❝♦♠♣❧❡① ❧✐♥❡❛r s♣❛❝❡s✳

❡✲♠❛✐❧✿ ❛♥❞r✐②✳③❛❣♦r♦❞♥②✉❦❅♣♥✉✳❡❞✉✳✉❛

✶✶✷



❘❡♣r❡s❡♥t❛t✐♦♥ ♦❢ ▲✐❡ ❛❧❣❡❜r❛s ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❙②❧♦✇ p✲s✉❜❣r♦✉♣s ♦❢
s②♠♠❡tr②❝ ❣r♦✉♣s ❜② ③❡r♦✲tr✐❛♥❣✉❧❛r ♠❛tr✐❝❡s

◆❛t❛❧✐❛ ❇♦♥❞❛r❡♥❦♦

❑②✐✈ ◆❛t✐♦♥❛❧ ❯♥✐✈❡rs✐t② ♦❢ ❈♦♥str✉❝t✐♦♥ ❛♥❞ ❆r❝❤✐t❡❝t✉r❡✱ ❑②✐✈✱ ❯❦r❛✐♥❡

▲❡t p ❜❡ ❛ ♣r✐♠❡ ♥✉♠❜❡r ❛♥❞ n ❜❡ ❛ ✜①❡❞ ✐♥t❡❣❡r✱ n > 2✳ ❲❡ ❝♦♥s✐❞❡r t❤❡ ▲✐❡ ❛❧❣❡❜r❛ Lp,n
❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ❧♦✇❡r ❝❡♥tr❛❧ s❡r✐❡s ♦❢ t❤❡ ❙②❧♦✇ p✲s✉❜❣r♦✉♣ Pn ♦❢ t❤❡ s②♠♠❡tr②❝ ❣r♦✉♣ Spn ✳
❚❤❡ ❡❧❡♠❡♥ts ♦❢ t❤❡ ▲✐❡ ❛❧❣❡❜r❛ Lp,n ❤❛✈❡ ❛ s♣❛❝✐❛❧ t❛❜❧❡❛✉ r❡♣r❡s❡♥t❛t✐♦♥ ✭❬✶❪✱ ❬✷❪✮ s✐♠✐❧❛r t♦
t❤❡ t❛❜❧❡❛✉ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ❡❧❡♠❡♥ts ♦❢ t❤❡ ❙②❧♦✇ ♣✲s✉❜❣r♦✉♣ Pn ♦❢ t❤❡ s②♠♠❡tr✐❝ ❣r♦✉♣
Spn ❝♦♥str✉❝t❡❞ ❜② ▲✳❆✳ ❑❛❧♦✉❥♥✐♥❡ ❬✸❪✳ ❊♠❜❡❞❞✐♥❣ ♦❢ t❤❡ ▲✐❡ ❛❧❣❡❜r❛ ♦❢ ③❡r♦✲tr✐❛♥❣✉❧❛r ♠❛tr✐❝❡s
Tn(p) ✐♥t♦ t❤❡ t❤❡ ▲✐❡ ❛❧❣❡❜r❛ Lp,n ✇❛s ❞♦♥❡ ✐♥ t❤❡ ✇♦r❦ ❬✹❪✳ ■♥ t❤❡ ❝❛s❡ p = 2 ✇❡ ❝♦♥str✉❝t
t❤❡ ✐s♦♠♦r♣❤✐❝ ❡♠❜❡❞✐♥❣ ♦❢ t❤❡ ▲✐❡ ❛❧❣❡❜r❛s L2,n ✐♥t♦ t❤❡ ▲✐❡ ❛❧❣❡❜r❛ ♦❢ ③❡r♦✲tr✐❛♥❣✉❧❛r ♠❛tr✐❝❡s
Tm(2) ♦✈❡r t❤❡ ✜❡❧❞ F2 ♦❢ t❤❡ ❧♦✇❡st ♣♦ss✐❜❧❡ ♦r❞❡r m = 2n−1 + 1✱ s✐♠✐❧❛r❧② t♦ t❤❡ ♠❛tr✐①
r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ n✲✐t❡r❛t❡❞ ✇r❡❛t❤ ♣r♦❞✉❝t ♦❢ ❝②❝❧✐❝ ❣r♦✉♣s C2 ❝♦♥str✉❝t❡❞ ✐♥ ▲❡♦♥♦✈✬s
✇♦r❦ ❬✺❪✳

❚❤❡ ❡❧❡♠❡♥ts ♦❢ t❤❡ ▲✐❡ ❛❧❣❡❜r❛ L2,n ❝❛♥ ❜❡ ✐❞❡♥t✐✜❡❞ ✇✐t❤ t❤❡ t❛❜❧❡❛✉① ♦❢ t❤❡ ❢♦r♠

u = [u1, u2(x1), . . . , un(x1, . . . , xn−1)], ✭✶✮

✇❤❡r❡ u1 ∈ F2✱ ui(x1, ..., xi−1) ∈ F
(0)
2 [x1, . . . , xi−1] ❢♦r i = 2, 3, . . . , n ❛r❡ r❡❞✉❝❡❞ ♣♦❧②♥♦♠✐❛❧s

✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ✐❞❡❛❧ Ii ❣❡♥❡r❛t❡❞ ❜② ♣♦❧②♥♦♠✐❛❧s x21, x
2
2, . . . , x

2
i−1✳ ❚❤❡ k✲t❤ ❝♦♦r❞✐♥❛t❡ ♦❢ t❤❡

t❛❜❧❡❛✉ u ∈ L2,n ✐s ❞❡♥♦t❡❞ ❜② t❤❡ s②♠❜♦❧ uk ✳
❚❤❡ ♦♣❡r❛t✐♦♥s ♦❢ t❤❡ ❛❞❞✐t✐♦♥✱ t❤❡ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ♦♥ t❤❡ ❡❧❡♠❡♥ts ♦❢ t❤❡ ✜❡❧❞ F2 ♦❢ s✉❝❤

t❛❜❧❡❛✉① ✭✶✮ ❛r❡ ❞❡t❡r♠✐♥❡❞ ❝♦♦r❞✐♥❛t❡❧②✱ ❛♥❞ t❤❡ ▲✐❡ ❜r❛❝❦❡t ( , ) ❢♦r t❛❜❧❡❛✉① u, v ∈ Ln ✐s
❞❡t❡r♠✐♥❡❞ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛❧✐t✐❡s ✭1 ≤ i ≤ n, 1 ≤ k ≤ m✮✿

(u, v)k =
k−1∑

i=1

(
∂vk
∂xi

· ui −
∂uk
∂xi

· vi
)
. ✭✷✮

❚❤❡ ❤❡✐❣❤t ♦❢ ❛ ♠♦♥♦♠✐❛❧ xk11 x
k2
2 · · ·xkss ✐s ❝❛❧❧❡❞ t❤❡ ♥✉♠❜❡r h(xk11 x

k2
2 · · ·xkss ) = 1+k1+2k2+

· · ·2s−1ks. ❚❤❡ ❤❡✐❣❤t h(us(x1, ..., xs−1)) ♦❢ ❛ r❡❞✉❝❡❞ ♣♦❧②♥♦♠✐❛❧ us(x1, ..., xs−1) ✐s t❤❡ ❧❛r❣❡st ♦❢
t❤❡ ❤❡✐❣❤ts ♦❢ ✐ts ♠♦♥♦♠✐❛❧s ✇✐t❤ ❛ ♥♦♥✲③❡r♦ ❝♦❡✣❝✐❡♥t✳ ❚❤❡ ❤❡✐❣❤t ♦❢ t❤❡ r❡❞✉❝❡❞ ♣♦❧②♥♦♠✐❛❧
us(x1, ..., xs−1) s❛t✐s✜❡s t❤❡ ✐♥❡q✉❛❧✐t② 0 ≤ h(us(x1, ..., xs−1)) ≤ 2s−1✳

❆♥ ❛r❜✐tr❛r② r❡❞✉❝❡❞ ♣♦❧②♥♦♠✐❛❧ ❝❛♥ ❜❡ ✉♥✐q✉❡❧② r❡♣r❡s❡♥t❡❞ ❛s ❛ s✉♠ ♦❢ ♠♦♥♦♠✐❛❧s ♦❢

♣❛✐r✇✐s❡ ❞✐✛❡r❡♥t ❤❡✐❣❤ts us(x1, ..., xs−1) =
2s−1∑
j=1

usjt(j)✱ ✇❤❡r❡ t(j) ✐s ❛ ♠♦♥♦♠✐❛❧ ♦❢ t❤❡ ❤❡✐❣❤ts

j (1 ≤ j ≤ 2s−1)✱ t(1) = 1 ❛♥❞ usj ∈ F2✳

❋♦r ❛♥ ❛r❜✐tr❛r② ♣♦❧②♥♦♠✐❛❧ g ∈ F
(0)
2 [x1, ..., xn−1] ♦❢ t❤❡ ❤❡✐❣❤t j ✇❡ ❞❡✜♥❡ t❤❡ t❛❜❧❡❛✉

ḡ ∈ L2,n s♦ t❤❛t ✐ts ✜rst (n− 1) ❝♦♦r❞✐♥❛t❡s ❛r❡ ❡q✉❛❧ t♦ ③❡r♦✱ ❛♥❞ t❤❡ n✲t❤ ❝♦♦r❞✐♥❛t❡ ❝♦♥t❛✐♥s
t❤❡ ♣♦❧②♥♦♠✐❛❧ g✱ ✐✳❡✳ ḡ = [0, 0, ..., g] ∈ L2,n✳ ❋♦r ❛♥ ❛r❜✐tr❛r② t❛❜❧❡✉ u ∈ L2,n✱ ❝♦♥s✐❞❡r t❤❡
t❛❜❧❡❛✉ ♦❢ t❤❡ ❢♦r♠

ḡu = (u, ḡ) = [0, ..., 0,

n−1∑

i=1

∂g

∂xi
· ui]. ✭✸✮

❋♦r ❛♥ ❛r❜✐tr❛r② t❛❜❧❡❛✉ u ∈ L2,n t❤❡ ❤❡✐❣❤t ♦❢ t❤❡ ♣♦❧✐♥♦♠✐❛❧ ♦♥ t❤❡ ❧❛st ❝♦♦r❞✐♥❛t❡ ✐s
❧✐♠✐t❡❞ ❜② t❤❡ ♥✉♠❜❡r 2n−1✳ ❈♦♥s✐❞❡r t❤❡ ♠♦♥♦♠✐❛❧s t(j) ♦❢ t❤❡ ❤❡✐❣❤ts j ∈ {1, 2, ..., 2n−1 + 1}
❛♥❞ ♣♦❧②♥♦♠✐❛❧s

t(j)u =
n−1∑

k=1

∂t(j)

∂xk
· uk =

j−1∑

i=1

aij · t(i). ✭✹✮

❲❡ ❞❡✜♥❡ ❛ ③❡r♦✲tr✐❛♥❣✉❧❛r ♠❛tr✐① A = (Aij)m×m ♦❢ t❤❡ ♦r❞❡r m = 2n−1 ❜② t❤❡ ❝♦♥❞✐t✐♦♥

Aij =

{
aij , i < j,

0, i ≥ j.
✭✺✮

✶✶✸



❚❤❡♦r❡♠ ✶✳ ❋♦r ❛♥ ❛r❜✐tr❛r② n ≥ 1 t❤❡ ♠❛♣♣✐♥❣ ϕn : L2,n → T2n−1+1(2) ✱ ❞❡✜♥❡❞ ❜② t❤❡
❡q✉❛❧✐t② ϕn(u) = A ✱ ✐s ❛ ♠♦♥♦♠♦r♣❤✐s♠✳ ■♥ ❛❞❞✐t✐♦♥✱ ❢♦r ❛♥ ❛r❜✐tr❛r② ❛❝❝✉r❛t❡ r❡♣r❡s❡♥t❛t✐♦♥
π : L2,n → Tk(2) t❤❡ ✐♥❡q✉❛❧✐t② k ≥ 2n−1 + 1 ❤♦❧❞s✳

❘❡❢❡r❡♥❝❡s

❬✶❪ ❙✉s❝❤❛♥s❦✐② ❱✳■✳✱ ◆❡tr❡❜❛ ◆✳❱✳ ✭✷✵✵✺✮✳ ▲✐❡ ❛❧❣❡❜r❛s ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❙②❧♦✇ ♣✲s✉❜❣r♦✉♣s ♦❢
✜♥✐t❡ s②♠♠❡tr✐❝ ❣r♦✉♣s ▼❛t❤❡♠❛t✐❝❛❧ st✉❞✐❡s✱ ✈♦❧✳ ✷✹ ✭✷✮✱ ♣♣✳ ✶✷✼✕✶✸✽✳

❬✷❪ ❙✉s❝❤❛♥s❦✐② ❱✳■✳✱ ❇♦♥❞❛r❡♥❦♦ ◆✳❱✳ ✭✷✵✵✺✮✳ ❲r❡❛t❤ ♣r♦❞✉❝t ♦❢ ▲✐❡ ❛❧❣❡❜r❛s ❛♥❞ ▲✐❡
❛❧❣❡❜r❛s ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❙②❧♦✇ ♣✲s✉❜❣r♦✉♣s ♦❢ ✜♥✐t❡ s②♠♠❡tr✐❝ ❣r♦✉♣s ❆❧❣❡❜r❛ ❛♥❞ ❉✐s❝r❡t❡
▼❛t❤❡♠❛t✐❝s✱ ✈♦❧✳ ✹✱ ♣♣✳ ✶✷✷✕✶✸✷✳

❬✸❪ ❑❛❧♦✉❥♥✐♥❡ ▲✳❆✳ ✭✶✾✹✽✮✳ ▲❛ str✉❝t✉r❡ ❞❡s p✕❣r♦✉♣❡s ❞❡ ❙②❧♦✇ ❞❡s ❣r♦✉♣❡s s②♠❡tr✐q✉❡s ✜♥✐s
❆♥♥✳ ❙❝✐ ❞❡ ❧✬❊❝♦❧❡ ◆♦r♠✳ ❙✉♣❡r✳✱ ✈♦❧✳ ✻✺✱ ♥♦✳ ✸✱ ♣♣✳ ✷✸✾✕✷✼✻✳

❬✹❪ ❇♦♥❞❛r❡♥❦♦ ◆✳❱✳ ✭✷✵✵✻✮✳ ▲✐❡ ❛❧❣❡❜r❛s ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❙②❧♦✇ ♣✲s✉❜❣r♦✉♣s ♦❢ s♦♠❡ ❝❧❛ss✐❝❛❧
❧✐♥❡❛r ❣r♦✉♣s ❇✉❧❧❡t✐♥ ♦❢ ❑②✐✈ ❯♥✐✈❡rs✐t②✳ ❙❡r✐❡s✿ ♣❤②s✐❝❛❧ ❛♥❞ ♠❛t❤❡♠❛t✐❝❛❧ s❝✐❡♥❝❡s✳✱ ✈♦❧✳ ✷✱
♣♣✳ ✷✶✕✷✼✳

❬✺❪ ▲❡♦♥♦✈ ❨✉✳❍✳ ✭✷✵✵✹✮✳ ❘❡♣r❡s❡♥t❛t✐♦♥ ♦❢ ✜♥✐t❡✲❛♣♣r♦①✐♠❛t❡ ✷✲❣r♦✉♣s ❜② ✐♥✜♥✐t❡ ✉♥✐tr✐❛♥❣✉❧❛r
♠❛tr✐❝❡s ♦✈❡r ❛ ✜❡❧❞ ♦❢ t✇♦ ❡❧❡♠❡♥ts ▼❛t❤❡♠❛t✐❝❛❧ st✉❞✐❡s✱ ✈♦❧✳ ✷✷✭✷✮✱ ♣♣✳ ✶✸✹✕✶✹✵✳

❡✲♠❛✐❧✿ ♥❛t✈❜♦♥❞❅❣♠❛✐❧✳❝♦♠

✶✶✹



❖♥ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ s②st❡♠s ✇✐t❤ ❞❡❧❛② ❛♥❞ t❤❡✐r st❛❜✐❧✐t②

■❤♦r ❈❤❡r❡✈❦♦✱ ❙✈✐t❧❛♥❛ ■❧✐❦❛✱ ❖❧❡❦s❛♥❞r ▼❛t✇✐②✱ ▲❛r②s❛ P✐❞❞✉❜♥❛

❨✉r✐② ❋❡❞❦♦✈②❝❤ ❈❤❡r♥✐✈ts✐ ◆❛t✐♦♥❛❧ ❯♥✐✈❡rs✐t②✱ ❈❤❡r♥✐✈ts✐✱ ❯❦r❛✐♥❡

❙❝❤❡♠❡s ❢♦r ❛♣♣r♦①✐♠❛t✐♥❣ ❞✐✛❡r❡♥t✐❛❧✲❞✐✛❡r❡♥❝❡ ❡q✉❛t✐♦♥s ❜② s♣❡❝✐❛❧ s❝❤❡♠❡s ♦❢ ♦r❞✐♥❛r② ❞✐✲
✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ❛r❡ ♣r♦♣♦s❡❞ ✐♥ t❤❡ ✇♦r❦ ❬✶❪✳ ❋✉rt❤❡r r❡s❡❛r❝❤ ✇❛s ❢♦✉♥❞ ✐♥ ✈❛r✐♦✉s ❢✉♥❝t✐♦♥❛❧
s♣❛❝❡s ❬✷✱✸❪✳

❈♦♥s✐❞❡r t❤❡ ❈❛✉❝❤② ♣r♦❜❧❡♠ ❢♦r ❛ ❞❡❧❛②❡❞ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥

dx

dt
= F (t, x(t), x(t− τ)), ✭✶✮

x(t) = ϕ(t), t ∈ [t0 − τ, t0] ✭✷✮

✇❤❡r❡ x ∈ Rn✱ τ > 0✱ t0 ∈ R✱ F (t, u, v) ✐s ❛ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥✳
❊q✉❛t✐♦♥ ✭✶✮ ❝♦rr❡s♣♦♥❞s t♦ ❛♥ ❛♣♣r♦①✐♠❛t✐♥❣ s②st❡♠

dt0
dt

= F (t, z0, zm)

dzj
dt

=
m

τ
(tj−1(t)− zj(t)) , j = 1,m,

✭✸✮

zj (t0) = ϕ

(
t0 −

jτ

m

)
, j = 0,m ✭✹✮

❚❤❡♦r❡♠ ✶ ❬✷❪✳ ■❢ t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ♣r♦❜❧❡♠ ✭✶✮✕✭✷✮ x(t) ∈ C([t0 − τ, T ])✱ t❤❡♥
∣∣∣∣x
(
t− jτ

m

)
− zj(t)

∣∣∣∣ ≤ β
(
ω
(
x,
τ

m

))
, j = 0,m, t ∈ [t0, T ] ,

✇❤❡r❡ β(δ) → 0 ïðè δ → 0✱ ω
(
x,
τ

m

)
✕ t❤❡ ❝♦♥t✐♥✉✐t② ♠♦❞✉❧✉s ♦❢ t❤❡ ❢✉♥❝t✐♦♥ x(t) ♦♥ [t0 − τ, T ]✳

❚❤❡ st✉❞② ♦❢ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ ❧✐♥❡❛r st❛t✐♦♥❛r② s②st❡♠s ✇✐t❤ ❛ ❞❡❧❛② ❛❧❧♦✇❡❞ ✉s t♦ ❝♦♥str✉❝t
❛❧❣♦r✐t❤♠s ❢♦r ❛♣♣r♦①✐♠❛t❡ ❞❡t❡❝t✐♦♥ ♦❢ ♥♦♥❛s②♠♣t♦t✐❝ r♦♦ts ♦❢ q✉❛s✐♣♦❧②♥♦♠✐❛❧s✳ ❯s✐♥❣ t❤❡s❡
❛❧❣♦r✐t❤♠s✱ ❛ ♠❡t❤♦❞ ❢♦r ♠♦❞❡❧❧✐♥❣ t❤❡ st❛❜✐❧✐t② ♦❢ s♦❧✉t✐♦♥s ♦❢ ❧✐♥❡❛r s②st❡♠s ✐s ❞❡✈❡❧♦♣❡❞ ❬✷✱✸❪✳

❈♦♥s✐❞❡r t❤❡ ✐♥✐t✐❛❧ ♣r♦❜❧❡♠ ❢♦r ❛ ❧✐♥❡❛r s②st❡♠ ✇✐t❤ ♠❛♥② ❞❡❧❛②s

dx

dt
= Ax(t) +

k∑

i=1

Bix (t− τi) . ✭✺✮

✇❤❡r❡ A✱ Bi✱ i = 1, k ✜①❡❞ n× n ♠❛tr✐①✱ x ∈ Rn✱ 0 < τ1 < τ2 < . . . < τk = τ ✳ ▲❡t ✉s ❝♦rr❡s♣♦♥❞
t♦ t❤❡ ❡q✉❛t✐♦♥ ✭✺✮ t❤❡ s②st❡♠ ♦❢ ♦r❞✐♥❛r② ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s

dz0(t)

dt
= A(t)z0(t) +

k∑

i=1

Bizli(t), li =
[τim
τ

]
,

dzj(t)

dt
= µ (zj−1(t)− zj(t)) , j = 1,m, µ =

m

τ
,m ∈ N.

✭✻✮

❚❤❡♦r❡♠ ✷ ❬✷❪✳ ■❢ t❤❡ ③❡r♦ s♦❧✉t✐♦♥ ♦❢ t❤❡ s②st❡♠ ✇✐t❤ ❞❡❧❛② ✭✶✮ ✐s ❡①♣♦♥❡♥t✐❛❧❧② st❛❜❧❡ ✭♥♦t
st❛❜❧❡✮✱ t❤❡♥ t❤❡r❡ ✐s m0 > 0 s✉❝❤ t❤❛t ❢♦r ❛❧❧ m > m0✱ t❤❡ ③❡r♦ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❛♣♣r♦①✐♠❛t✐♥❣
s②st❡♠ ✭✸✮ ✐s ❛❧s♦ ❡①♣♦♥❡♥t✐❛❧❧② st❛❜❧❡ ✭♥♦t st❛❜❧❡✮✳ ■❢ ❢♦r ❛❧❧ m > m0 t❤❡ ③❡r♦ s♦❧✉t✐♦♥ ♦❢ t❤❡
❛♣♣r♦①✐♠❛t✐♦♥ s②st❡♠ ✭✸✮ ✐s ❡①♣♦♥❡♥t✐❛❧❧② st❛❜❧❡ ✭♥♦t st❛❜❧❡✮ t❤❡♥ t❤❡ ③❡r♦ s♦❧✉t✐♦♥ ♦❢ t❤❡ s②st❡♠
✇✐t❤ ❛ ❞❡❧❛② ✭✶✮ ✐s ❡①♣♦♥❡♥t✐❛❧❧② st❛❜❧❡ ✭♥♦t st❛❜❧❡✮✳

❚❤❡♦r❡♠ ✷ ❝❛♥ ❜❡ ❛♣♣❧✐❡❞ ❢♦r ✜♥❞✐♥❣ t❤❡ ✉♣♣❡r ❧✐♠✐t ♦❢ t❤❡ ❞❡❧❛② ✐♥ t❤❡ s②st❡♠ ✭✺✮ ✇❤✐❝❤ ❤❛s
st❛❜✐❧✐t②✳ ❈❛❧❝✉❧❛t✐♥❣ t❤❡ ❛♣♣r♦①✐♠❛t❡ r♦♦ts ♦❢ t❤❡ q✉❛s✐✲♣♦❧②♥♦♠✐❛❧ ♦❢ ❛ ❧✐♥❡❛r s②st❡♠ ✭✺✮ ✇✐t❤
❞✐✛❡r❡♥t τ ✱ ✇❡ ❝❛♥ ❡st✐♠❛t❡ t❤❡ ✉♣♣❡r ✈❛❧✉❡ ♦❢ t❤❡ ❞❡❧❛② τ ✱ ❢♦r ✇❤✐❝❤ t❤❡ s②st❡♠ ✭✺✮ ✐s st❛❜❧❡ ❬✹❪✳

❯s✐♥❣ t❤❡ ❛♣♣r♦①✐♠❛t❡ ✜♥❞✐♥❣ ❛❧❣♦r✐t❤♠s ❢♦r ♥♦♥❛s②♠♣t♦t✐❝ r♦♦ts ♦❢ q✉❛s✐✲♣♦❧②♥♦♠✐❛❧s✱ ❛
✇❛② ❢♦r ❝♦♥str✉❝t✐♥❣ t❤❡ ❝♦❡✣❝✐❡♥t ❛r❡❛s ♦❢ st❛❜✐❧✐t② ❢♦r ❧✐♥❡❛r ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ✇✐t❤ ❞❡❧❛②

✶✶✺



❛♥❞ ✜♥❞✐♥❣ t❤❡ s❡t ♦❢ ❞❡❧❛② ✈❛❧✉❡s ❢♦r ✇❤✐❝❤ t❤❡ ❡q✉❛t✐♦♥ ✐s ❛s②♠♣t♦t✐❝❛❧❧② st❛❜❧❡ ✐s s✉❣❣❡st❡❞
❬✺✱✻❪✳

P❡r❢♦r♠❡❞ ♥✉♠❡r✐❝❛❧ ❡①♣❡r✐♠❡♥ts ❢♦r ♠♦❞❡❧ t❡st ❡①❛♠♣❧❡s ❝♦♥✜r♠ t❤❡ ❡✛❡❝t✐✈❡♥❡ss ♦❢ ♣r♦♣♦s❡❞
s❝❤❡♠❡s ❢♦r ♠♦❞❡❧✐♥❣ t❤❡ ❧✐♥❡❛r ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ✇✐t❤ ❞❡❧❛②✳

✶✳ ❍❛❧❛♥❛② ❆✳ ❆♣♣r♦①✐♠❛t✐♦♥s ♦❢ ❞❡❧❛②s ❜② ♦r❞✐♥❛r② ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s✳ ❘❡❝❡♥t ❛❞✈❛♥❝❡s
✐♥ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s✱ ❆✳ ❍❛❧❛♥❛②✳ ✕ ◆❡✇ ❨♦r❦ ✿ ❆❝❛❞❡♠✐❝ Pr❡ss✱ ✶✾✽✶✳ ✕ P✳ ✶✺✺✕✶✾✼✳

✷✳ ▼❛t✈✐② ❖✳❱✳✱ ❈❤❡r❡✈❦♦ ■✳▼✳ ❆❜♦✉t ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ s②st❡♠ ✇✐t❤ ❞❡❧❛② ❛♥❞ t❤❡♠ st❛❜✐❧✐t②✱
◆♦♥❧✐♥❡❛r ♦s❝✐❧❛t✐♦♥s✳ ✕ ✷✵✵✹✳ ✕ ✼✱ ◆♦✳✷✳ ✕ P✳ ✷✵✽✕✷✶✻✳

✸✳ ■❧✐❦❛ ❙✳❆✳✱ P✐❞❞✉❜♥❛ ▲✳❆✳✱ ❚✉③②❦ ■✳■✳✱ ❈❤❡r❡✈❦♦ ■✳▼✳ ❆♣♣r♦①✐♠❛t✐♦♥ ♦❢ ❧✐♥❡❛r ❞✐✛❡r❡♥✲t✐❛❧✲
❞✐✛❡r❡♥❝❡ ❡q✉❛t✐♦♥s ❛♥❞ t❤❡✐r ❛♣♣❧✐❝❛t✐♦♥✱ ❇✉❦♦✈✐♥✐❛♥ ▼❛t❤❡♠❛t✐❝❛❧ ❏♦✉r♥❛❧✳ ✕ ✷✵✶✽✳ ✕ ✻✱
◆♦✳✸✕✹✳ ✕ P✳ ✽✵✕✽✸✳

✹✳ ❈❤❡r❡✈❦♦ ■✳✱ ❚✉③②❦ ■✳✱ ■❧✐❦❛ ❙✳✱ P❡rts♦✈ ❆✳ ❆♣♣r♦①✐♠❛t✐♦♥ ♦❢ ❙②st❡♠s ✇✐t❤ ❉❡❧❛② ❛♥❞
❆❧❣♦r✐t❤♠s ❢♦r ▼♦❞❡❧✐♥❣ ❚❤❡✐r ❙t❛❜✐❧✐t②✳ ✷✵✷✶ ✶✶t❤ ■♥t❡r♥❛t✐♦♥❛❧ ❈♦♥❢❡r❡♥❝❡ ♦♥ ❆❞✈❛♥❝❡❞
❈♦♠♣✉t❡r ■♥❢♦r♠❛t✐♦♥ ❚❡❝❤♥♦❧♦❣✐❡s ❆❈■❚✬✷✵✷✶✱ ❉❡❣❣❡♥❞♦r❢✱ ●❡r♠❛♥②✱ ✶✺✕✶✼ ❙❡♣t❡♠❜❡r
✷✵✷✶✳ P✳ ✹✾✕✺✷✳

✺✳ ❈❤❡r❡✈❦♦ ■✳✱ ❑❧❡✈❝❤✉❦ ■✳✱ P❡r♥❛② ❙✳ ❇✉✐❧❞✐♥❣ ♦❢ st❛❜✐❧✐t② r❡❣✐♦♥s ♦❢ ❧✐♥❡❛r ❞✐✛❡r❡♥t✐❛❧✲
❞✐✛❡r❡♥❝❡ ❡q✉❛t✐♦♥s✱ ❆❞✈✳ ❆❝❛❞❡♠② ♦❢ ❙❝✐❡♥❝❡s ♦❢ ❯❦r❛✐♥❡✳ ✕ ✷✵✶✷✳ ✕ ◆♦✳✼✳ ✲ P✳ ✷✽✕✸✹✳

✻✳ ❚✉③②❦ ■✳✱ ❈❤❡r❡✈❦♦ ■✳ ❆❧❣♦r✐t❤♠s ❢♦r st✉❞②✐♥❣ t❤❡ st❛❜✐❧✐t② ♦❢ ❧✐♥❡❛r s②st❡♠s ✇✐t❤ ♠❛♥②
❞❡❧❛②✱ ✶✷t❤ ■♥t❡r♥❛t✐♦♥❛❧ ❈♦♥❢❡r❡♥❝❡ ♦♥ ❆❞✈❛♥❝❡❞ ❈♦♠♣✉t❡r ■♥❢♦r♠❛t✐♦♥ ❚❡❝❤♥♦❧♦❣✐❡s✱
✷✻✕✷✽ ❙❡♣t❡♠❜❡r ✷✵✷✷✱ ❙♣✐ss❦❛ ❑❛♣✐t✉❧❛✱ ❙❧♦✈❛❦✐❛✳ P✳ ✶✻✹✕✶✻✼✳

✶✶✻



❘❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ❙♣❡❝tr✉♠ ♦❢ t❤❡ ❆❧❣❡❜r❛ ♦❢ ❙②♠♠❡tr✐❝ ❆♥❛❧②t✐❝

❋✉♥❝t✐♦♥s ♦❢ ❇♦✉♥❞❡❞ ❚②♣❡ ♦♥ ❛ ❇❛♥❛❝❤ s♣❛❝❡

■r②♥❛ ❈❤❡r♥❡❣❛

■♥st✐t✉t❡ ❢♦r ❆♣♣❧✐❡❞ Pr♦❜❧❡♠s ♦❢ ▼❡❝❤❛♥✐❝s ❛♥❞ ▼❛t❤❡♠❛t✐❝s✱ ▲✈✐✈✱ ❯❦r❛✐♥❡

▲❡t X ❜❡ ❛ ❇❛♥❛❝❤ s♣❛❝❡ ❛♥❞ S ❜❡ ❛ ❣r♦✉♣ ♦❢ ✐s♦♠❡tr✐❝ ♦♣❡r❛t♦rs ♦♥ X. ❆ ♠❛♣♣✐♥❣ f ♦♥ X
✐s s❛✐❞ t♦ ❜❡ S✲s②♠♠❡tr✐❝ ✐❢ ✐t ✐s ✐♥✈❛r✐❛♥t ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❛❝t✐♦♥ ♦❢ ♦♣❡r❛t♦rs ✐♥ S.

❆♥ ❛♥❛❧②t✐❝ ❢✉♥❝t✐♦♥ f ♦♥ X ✐s ❛ ❢✉♥❝t✐♦♥ ♦❢ ❜♦✉♥❞❡❞ t②♣❡ ✐❢ ✐t ✐s ❜♦✉♥❞❡❞ ♦♥ ❛❧❧ ❜♦✉♥❞❡❞
s✉❜s❡ts ♦❢ X. ❚❤❡ ❛❧❣❡❜r❛ ♦❢ ❛❧❧ ❛♥❛❧②t✐❝ ❢✉♥❝t✐♦♥s ♦❢ ❜♦✉♥❞❡❞ t②♣❡ ♦♥ ❛ ❝♦♠♣❧❡① ❇❛♥❛❝❤ s♣❛❝❡
X ✐s ❞❡♥♦t❡❞ ❜② Hb(X) ❛♥❞ ✐t ✐s ❛ ❋r✁❡❝❤❡t ❛❧❣❡❜r❛ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ♠❡tr✐③❛❜❧❡ t♦♣♦❧♦❣②
❣❡♥❡r❛t❡❞ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦✉♥t❛❜❧❡ ❢❛♠✐❧② ♦❢ ♥♦r♠s

‖f‖r = sup
‖x‖≤r

|f(x)|, r ∈ Q+, f ∈ Hb(X).

❉✉❡ t♦ t❤❡ ●❡❧❢❛♥❞ t❤❡♦r②✱ ❢♦r ❛ ❣✐✈❡♥ ❝♦♠♠✉t❛t✐✈❡ t♦♣♦❧♦❣✐❝❛❧ ❛❧❣❡❜r❛ ✐t ✐s ✐♠♣♦rt❛♥t t♦
❦♥♦✇ t❤❡ s♣❡❝tr✉♠✱ t❤❛t ✐s✱ t❤❡ s❡t ♦❢ ❝♦♥t✐♥✉♦✉s ❝♦♠♣❧❡① ❤♦♠♦♠♦r♣❤✐s♠s ✭❝❤❛r❛❝t❡rs✮ ♦❢ t❤❡
❛❧❣❡❜r❛✳

■♥ t❤❡ ❝❛s❡ X = ℓp, 1 ≤ p < ∞, ❛♥❞ S t❤❡ ❣r♦✉♣ ♦❢ ♣❡r♠✉t❛t✐♦♥s ♦❢ t❤❡ ❝❛♥♦♥✐❝❛❧ ❜❛s✐s
✈❡❝t♦rs✱ t❤❡ S✲s②♠♠❡tr✐❝ ❢✉♥❝t✐♦♥s ❛r❡ ❝❛❧❧❡❞ s②♠♠❡tr✐❝✳ ❚❤❡ ❛❧❣❡❜r❛ ♦❢ s②♠♠❡tr✐❝ ❛♥❛❧②t✐❝
❢✉♥❝t✐♦♥s ✇✐t❤ t❤❡ t♦♣♦❧♦❣② ♦❢ t❤❡ ✉♥✐❢♦r♠ ❝♦♥✈❡r❣❡♥❝❡ ♦♥ ❜♦✉♥❞❡❞ s❡ts ✐s ❞❡♥♦t❡❞ ❜② Hbs(ℓp).
❲❡ ✉s❡ t❤❡ ♥♦t❛t✐♦♥ Mbs(ℓp) ❢♦r ✐ts s♣❡❝tr✉♠✳

■♥ t❤✐s t❛❧❦ ✇❡ ❝♦♥s✐❞❡r ❛ ❝♦♠♣❧❡t❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ s♣❡❝tr✉♠ Mbs(ℓ1).

❚❤✐s r❡s❡❛r❝❤ ✇❛s s✉♣♣♦rt❡❞ ❜② t❤❡ ◆❛t✐♦♥❛❧ ❘❡s❡❛r❝❤ ❋♦✉♥❞❛t✐♦♥ ♦❢ ❯❦r❛✐♥❡✱ ✷✵✷✸✳✵✸✴✵✶✾✽
✏❆♥❛❧②s✐s ♦❢ t❤❡ s♣❡❝tr❛ ♦❢ ❝♦✉♥t❛❜❧② ❣❡♥❡r❛t❡❞ ❛❧❣❡❜r❛s ♦❢ s②♠♠❡tr✐❝ ♣♦❧②♥♦♠✐❛❧s ❛♥❞ ♣♦ss✐❜❧❡
❛♣♣❧✐❝❛t✐♦♥s ✐♥ q✉❛♥t✉♠ ♠❡❝❤❛♥✐❝s ❛♥❞ ❝♦♠♣✉t❡r s❝✐❡♥❝❡✑

❡✲♠❛✐❧✿ ✐❝❤❡r♥❡❤❛❅✉❦r✳♥❡t

✶✶✼



❘✐♥❣s ♦❢ ▼✉❧t✐♥✉♠❜❡rs ❆ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ❈♦♠♣❧❡① ❙tr✉❝t✉r❡

❨✉r✐✐ ❈❤♦♣✐✉❦✱ ❆♥❞r✐② ❩❛❣♦r♦❞♥②✉❦

❑②✐✈ ❙❝❤♦♦❧ ♦❢ ❊❝♦♥♦♠✐❝s✱ ❑②✐✈✱ ❯❦r❛✐♥❡
❱❛s②❧ ❙t❡❢❛♥②❦ Pr❡❝❛r♣❛t❤✐❛♥ ◆❛t✐♦♥❛❧ ❯♥✐✈❡rs✐t②✱ ■✈❛♥♦✲❋r❛♥❦✐✈s❦✱ ❯❦r❛✐♥❡

❆ r✐♥❣ ♦❢ ♠✉❧t✐s❡tsM0 ✇❛s ❝♦♥str✉❝t❡❞ ✐♥ ❬✶❪ ✉s✐♥❣ s②♠♠❡tr✐❝ ❛♥❞ s✉♣❡rs②♠♠❡tr✐❝ ♣♦❧②♥♦♠✐✲
❛❧s ♦♥ ❛ ❇❛♥❛❝❤ s♣❛❝❡✳ M0 ❝❛♥ ❜❡ r❡♣r❡s❡♥t❡❞ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛②✳ ▲❡t c00(N2) ❜❡ t❤❡ s♣❛❝❡ ♦❢
t✇♦✲s✐❞❡s s❡q✉❡♥❝❡s ♦❢ ❝♦♠♣❧❡① ♥✉♠❜❡rs ♦❢ t❤❡ ❢♦r♠

(y|x) = (. . . , ym, . . . , y1|x1, . . . , xn, . . .)

s✉❝❤ t❤❛t ♦♥❧② ❛ ✜♥✐t❡ ♥✉♠❜❡r ♦❢ ❝♦♦r❞✐♥❛t❡s xn ❛♥❞ ym ❛r❡ ♥♦♥✲③❡r♦✳ ❲❡ s❛② t❤❛t (y|x) ∼ (y′|x′)
✐❢ ❛♥❞ ♦♥❧② ✐❢

Tk(y|x) :=
∞∑

n=1

xkn −
∞∑

n=1

ykn = Tk(y
′|x′), k ∈ N.

❚❤❡ q✉♦t✐❡♥t s❡t c00(N2) ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❡q✉✐✈❛❧❡♥❝❡ ✐s ❞❡♥♦t❡❞ ❜② M0 ❛♥❞ ❝❛♥ ❜❡ ❝♦♥s✐❞❡r❡❞
❛s ❛ s❡t ♦❢ ❈❛rt❡s✐❛♥ ♣r♦❞✉❝ts ♦❢ ✜♥✐t❡ ♠✉❧t✐s❡ts ♦❢ ❝♦♠♣❧❡① ♥✉♠❜❡rs✳ M0 ✐s ❛ r✐♥❣ ✇✐t❤ r❡s♣❡❝t
t♦ s♦♠❡ ♥❛t✉r❛❧ ❛❧❣❡❜r❛✐❝ ♦♣❡r❛t✐♦♥s ✇❤✐❝❤ ✇❡ ✇✐❧❧ ❝♦♥s✐❞❡r ✐♥ ♠♦r❡ ❣❡♥❡r❛❧ s✐t✉❛t✐♦♥✳ ◆♦t❡ t❤❛t
♣♦❧②♥♦♠✐❛❧s Tk ❢♦r♠ ❛♥ ❛❧❣❡❜r❛✐❝ ❜❛s✐s ✐♥ t❤❡ ❛❧❣❡❜r❛ ♦❢ s✉♣❡rs②♠♠❡tr✐❝ ♣♦❧②♥♦♠✐❛❧s ❬✶❪✳ ❙♦♠❡
♣r♦♣❡rt✐❡s ❛♥❞ ❛♣♣❧✐❝❛t✐♦♥s ♦❢ M0 ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❬✷❪✳

▲❡t [(y|x)], [(t|s)] ∈ M0✳ ❲❡ ❞❡✜♥❡ ❜②

[z]I =

[(
y | x
t | s

)]
= [(y|x)] + I[(t|s)], ✭✶✮

✇❤❡r❡ I ✐s ❛♥ ✐♠❛❣✐♥❛r② ✉♥✐t ❢♦r ♠✉❧t✐♥✉♠❜❡rs ❛♥❞ ℜ ([z]I) = [(y|x)],ℑ ([z]I) = [(t|s)]✳
❲❡ ❞❡♥♦t❡ ❜② M0[I] t❤❡ s❡t ♦❢ ❛❧❧ ❡❧❡♠❡♥ts ♦❢ t❤❡ ❢♦r♠ (1)✳
❯s✐♥❣ ✐❞❡❛s ❞❡s❝r✐❜❡❞ ✐♥ ❬✷❪ ✇❡ ✐♥tr♦❞✉❝❡ ❛❧❣❡❜r❛✐❝ ♦♣❡r❛t✐♦♥s ♦♥ M0[I]✳
▲❡t [z1]I =

[(
y1 | x1
t1 | s1

)]
✱ [z2]I =

[(
y2 | x2
t2 | s2

)]
∈ M0[I]✳

[z1]I + [z2]I =

[(
y1 | x1
t1 | s1

)]
+

[(
y2 | x2
t2 | s2

)]
=

[(
y1 • y2 | x1 • x2
t1 • t2 | s1 • s2

)]
.

❚❤❡ ✐♥✈❡rs❡ ❡❧❡♠❡♥t ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ❛s

−[z]I = −
[(
y | x
t | s

)]
=

[(
x | y
s | t

)]

❛♥❞ ♥❡①t ❡q✉❛❧✐t② ❤♦❧❞s
I[a]I[b] = −[a][b].

❚❤❡ s❡❝♦♥❞ ♦♣❡r❛t✐♦♥ ✐s ❞❡✜♥❡❞ ❛s

[z1]I [z2]I =

[(
y1 | x1
t1 | s1

)][(
y2 | x2
t2 | s2

)]
=

=

[(
(y1 ⋄ x2) • (x1 ⋄ y2) • (s1 ⋄ s2) • (t1 ⋄ t2)|(x1 ⋄ x2) • (y1 ⋄ y2) • (t1 ⋄ s2) • (s1 ⋄ t2)
(t1 ⋄ x2) • (s1 ⋄ y2) • (t2 ⋄ x1) • (s2 ⋄ y1)|(s1 ⋄ x2) • (t1 ⋄ y2) • (s2 ⋄ x1) • (t2 ⋄ y1)

)]
.

◆♦t❡ t❤❛t
ℜ ([z]I) = [(y|x)] ∈ M0 ❛♥❞ ℑ ([z]I) = [(t|s)] ∈ M0.

❚❤❡ s❡t ♦❢ ❛❧❧ n × n ♠❛tr✐❝❡s ✇✐t❤ ❡♥tr✐❡s ✐♥ R ✐s ❛ ♠❛tr✐① r✐♥❣ ❞❡♥♦t❡❞ Mn(R)✱ ❛♥❞ t❤❡r❡
❡①✐sts ❛♥ ✐s♦♠♦r♣❤✐s♠ ❜❡t✇❡❡♥ ❝♦♠♣❧❡① ♥✉♠❜❡rs a+ bi✱ ✇❤❡r❡ a, b ∈ R ❛♥❞ q✉❛❞r❛t✐❝ ♠❛tr✐❝❡s
M2(R) ♦❢ ❛ ❢♦r♠ (

a b
−b a

)
.

✶✶✽



▲❡t ✉s ❝♦♥s✐❞❡r ❛ ♠❛♣ A : M0[I] →M2(M0)

A([z]I) =

(
ℜ ([z]I) ℑ ([z]I)
−ℑ ([z]I) ℜ ([z]I)

)
.

❚❤❡♦r❡♠ ✶✳ ❚❤❡ ♠❛♣ A : M0[I] →M2(M0) ✐s ❛♥ ✐s♦♠♦r♣❤✐s♠✳

❈♦r♦❧❧❛r② ✶✳ M0[I] ✐s ❛ ❝♦♠♠✉t❛t✐✈❡ r✐♥❣ t❤❛t ✐s ✐s♦♠♦r♣❤✐❝ t♦ ❝♦♠♠✉t❛t✐✈❡ r✐♥❣ ♦❢ q✉❛❞r❛t✐❝
♠❛tr✐❝❡s M2(M0)✳

■t ✐s ❡❛s② t♦ ❝❤❡❝❦ t❤❛t✿
(
[(−1|1)] 0

0 [(−1|1)]

)(
[(0|1,−1)] 0

0 [(0|1,−1)]

)
=

(
0 0
0 0

)
.

❍❡♥❝❡✱ M0[I] ✐s ♥♦t ❛♥ ✐♥t❡❣r❛❧ ❞♦♠❛✐♥✳

❚❤❡♦r❡♠ ✷✳ ❚❤❡ r✐♥❣ M2(Z) ✐s ❛♥ ✐♥t❡❣r❛❧ ❞♦♠❛✐♥✳

❈♦r♦❧❧❛r② ✷✳ Z[I] ✐s ❛♥ ✐♥t❡❣r❛❧ ❞♦♠❛✐♥ ❛♥❞ ❡✈❡r② ❡❧❡♠❡♥t ✐♥ Z[I] ❤❛s ❛ ✉♥✐q✉❡ r❡♣r❡s❡♥t❛t✐♦♥
❜② t❤❡ ♣r♦❞✉❝t ♦❢ ✐rr❡❞✉❝✐❜❧❡ ❡❧❡♠❡♥ts✳

❬✶❪ ❏❛✇❛❞✱ ❋✳❀ ❩❛❣♦r♦❞♥②✉❦✱ ❆✳ ❙✉♣❡rs②♠♠❡tr✐❝ ♣♦❧②♥♦♠✐❛❧s ♦♥ t❤❡ s♣❛❝❡ ♦❢ ❛❜s♦❧✉t❡❧②
❝♦♥✈❡r❣❡♥t s❡r✐❡s✳ ❙②♠♠❡tr② ✷✵✶✾✱ ✶✶✱ ✶✶✶✶✳

❬✷❪ ❈❤♦♣②✉❦✱ ❨✳❀ ❱❛s②❧②s❤②♥✱ ❚✳❀ ❩❛❣♦r♦❞♥②✉❦✱ ❆✳ ❘✐♥❣s ♦❢ ▼✉❧t✐s❡ts ❛♥❞ ■♥t❡❣❡r ▼✉❧t✐✲
♥✉♠❜❡rs✳ ▼❛t❤❡♠❛t✐❝s ✷✵✷✷✱ ✶✵✱ ✼✼✽✳

❡✲♠❛✐❧✿ ②✉r✐✐✳❝❤♦♣✐✉❦✳✶✾❅♣♥✉✳❡❞✉✳✉❛
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❖♥❡ ✈❡rs✐♦♥ ♦❢ t❤❡ ❛❜str❛❝t t❤❡♦r❡♠ ❲✐❡♥❡r✲P❛❧❡②

❙✈✐t❧❛♥❛ ❉✐♠✐tr♦✈❛✱ ◆❛t❛❧✐❛ ●✐r②❛

◆❛t✐♦♥❛❧ ❚❡❝❤♥✐❝❛❧ ❯♥✐✈❡rs✐t② ✏❑❤❛r❦✐✈ P♦❧②t❡❝❤♥✐❝ ■♥st✐t✉t❡✑✱ ❑❤❛r❦✐✈✱ ❯❦r❛✐♥❡
❱❛s②❧ ❑❛r❛③✐♥ ❑❤❛r❦✐✈ ◆❛t✐♦♥❛❧ ❯♥✐✈❡rs✐t②✱ ❑❤❛r❦✐✈✱ ❯❦r❛✐♥❡

▼❛♥② ❝❧❛ss✐❝❛❧ t❤❡♦r❡♠s ❢♦r ♥✉♠❡r✐❝❛❧ ❝♦♠♣❧❡①✲✈❛❧✉❡❞ ❢✉♥❝t✐♦♥s ❝❛♥ ❜❡ s✉❝❝❡ss❢✉❧❧② ❡①t❡♥❞❡❞
t♦ ♠♦r❡ ❣❡♥❡r❛❧ ❇❛♥❛❝❤ s♣❛❝❡s✳ ❍♦✇❡✈❡r✱ t❤✐s ✐♥tr♦❞✉❝❡s ❝❤❛❧❧❡♥❣❡s ❜♦t❤ ✐♥ t❤❡ ❢♦r♠✉❧❛t✐♦♥ ❛♥❞
✐♥ ♣r❡s❡r✈✐♥❣ t❤❡ ✈❛❧✐❞✐t② ♦❢ t❤❡ ❝❧❛ss✐❝❛❧ r❡s✉❧ts ✐♥ t❤❡ ❣❡♥❡r❛❧✐③❡❞ ❝♦♥t❡①t✳ ❋♦r ❡①❛♠♣❧❡✱ t❤✐s ✐s
t❤❡ ❝❛s❡ ✇✐t❤ t❤❡ ❲✐❡♥❡r✲P❛❧❡② t❤❡♦r❡♠ ❬✶❪✱ ❬✹❪✳ ■♥ ❤✐s ✇♦r❦ ❬✸❪✱ ▼✳ ❆✳ ❑❛♥❞✐❧ ♣r♦✈❡❞ t❤❡ ❲✐❡♥❡r✲
P❛❧❡② t❤❡♦r❡♠ ❢♦r ❢✉♥❝t✐♦♥s ❜❡❧♦♥❣✐♥❣ t♦ t❤❡ L1 ♥♦r♠✱ ❢♦r ✇❤✐❝❤ t❤❡ s❡r✐❡s

∑∞
−∞ ‖f(n)‖ < ∞

❝♦♥✈❡r❣❡s✱ ❛s ✇❡❧❧ ❛s ❢♦r ❢✉♥❝t✐♦♥s t❛❦✐♥❣ ✈❛❧✉❡s ✐♥ ❛ ❍✐❧❜❡rt s♣❛❝❡ ❛♥❞ ❜❡❧♦♥❣✐♥❣ t♦ t❤❡ s❡t
W

(2)
π (H)✳
❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ▼✳ ❆✳ ❑❛♥❞✐❧ ❝♦♥str✉❝t❡❞ ❛♥ ❛❜str❛❝t ❡♥t✐r❡ ❢✉♥❝t✐♦♥ F (z)✱♦❢ ❡①♣♦♥❡♥t✐❛❧

t②♣❡ 2π✱ ✇❤♦s❡ ✈❛❧✉❡s ❜❡❧♦♥❣ t♦ t❤❡ ❇❛♥❛❝❤ s♣❛❝❡ m✱ ❝♦♥s✐st✐♥❣ ♦❢ ❛❧❧ ❜♦✉♥❞❡❞ s❡q✉❡♥❝❡s x =
{ξn}∞n=1 ✇✐t❤ t❤❡ ♥♦r♠ ‖x‖ = supn |ξn|✳ ▼♦r❡♦✈❡r✱ t❤❡ ♥♦r♠ ♦❢ t❤❡ ❢✉♥❝t✐♦♥ F (x) ♦♥ t❤❡ r❡❛❧
❛①✐s ❜❡❧♦♥❣s t♦ t❤❡ s♣❛❝❡ L2(−∞; +∞)✱ ✇❤✐❧❡ t❤❡ ♥♦r♠ ♦❢ t❤❡ ❋♦✉r✐❡r tr❛♥s❢♦r♠ ♦❢ F (x) ❞♦❡s
♥♦t ❜❡❧♦♥❣ t♦ L2(−2π; +2π)✳

❚❤✐s r❡s✉❧t ❞❡♠♦♥str❛t❡❞ t❤❛t t❤❡ ❲✐❡♥❡r✲P❛❧❡② t❤❡♦r❡♠✱ ✇❤✐❝❤ ❛ss❡rts t❤❡ ❡q✉✐✈❛❧❡♥❝❡ ♦❢ ❛
❢✉♥❝t✐♦♥ ❛♥❞ ✐ts ❋♦✉r✐❡r tr❛♥s❢♦r♠ ❜❡❧♦♥❣✐♥❣ t♦ t❤❡ L2 s♣❛❝❡ ♦♥ ❝❡rt❛✐♥ ✐♥t❡r✈❛❧s✱ ❞♦❡s ♥♦t ❤♦❧❞
✐♥ t❤❡ ❝❛s❡ ♦❢ ❛❜str❛❝t ❢✉♥❝t✐♦♥s✱ ❛t ❧❡❛st ✐♥ ✐ts st❛♥❞❛r❞ ❢♦r♠✉❧❛t✐♦♥✳ ▼✳❆✳ ❑❛♥❞✐❧✬s r❡s✉❧t r❛✐s❡❞
t❤❡ q✉❡st✐♦♥ ♦❢ ✇❤✐❝❤ s♣❡❝✐✜❝ s♣❛❝❡s ❛❧❧♦✇ ❢♦r t❤❡ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ❲✐❡♥❡r✲P❛❧❡② t❤❡♦r❡♠
❛♥❞ ✐♥ ✇❤❛t ❢♦r♠✉❧❛t✐♦♥✳

▲❡t ✉s ❝♦♥s✐❞❡r ❛❜str❛❝t ❡♥t✐r❡ ❛♥❛❧②t✐❝ ❢✉♥❝t✐♦♥s ♦❢ ❛ ❝♦♠♣❧❡① ✈❛r✐❛❜❧❡ z (z = x+iy)✱ ❞❡✜♥❡❞
❜② ❛♥ ❡✈❡r②✇❤❡r❡ ❝♦♥✈❡r❣❡♥t s❡r✐❡s✿

f(z) = c0 + c1z + c2z
2 + ...+ cnz

n + ...,

✇❤❡r❡ ci ∈ X✱ X ❜❡✐♥❣ ❛ ❇❛♥❛❝❤ s♣❛❝❡✳

❉❡✜♥✐t✐♦♥ ✶✳ ❆ ❢✉♥❝t✐♦♥ f(z) ✐s ❝❛❧❧❡❞ ❛♥ ❡♥t✐r❡ ❢✉♥❝t✐♦♥ ♦❢ ❡①♣♦♥❡♥t✐❛❧ t②♣❡ σ (f(z) ∈ Bσ)✱ ✐❢
❢♦r ❛♥② ε > 0 t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t Aε > 0✱ s✉❝❤ t❤❛t ❢♦r ❛❧❧ z✱

‖f(z)‖ ≤ Aεe
(σ+ε)|z|,

❛♥❞ ❢♦r t❤❡ ✈❛❧✉❡s ẑ ♦❢ s♦♠❡ s❡q✉❡♥❝❡✱

‖f(ẑ)‖ > Aεe
(σ−ε)|ẑ|,

♦r

σ = lim
z→∞

ln ‖f(z)‖
|z| .

❉❡✜♥✐t✐♦♥ ✷✳ ❚❤❡ ♥♦t❛t✐♦♥ W (2)
(∗,σ) ❞❡♥♦t❡s t❤❡ ❝❧❛ss ♦❢ ❛❜str❛❝t ❢✉♥❝t✐♦♥s ♦❢ ❡①♣♦♥❡♥t✐❛❧ t②♣❡ σ✱

❜♦✉♥❞❡❞ ♦♥ t❤❡ r❡❛❧ ❛①✐s✱ ✇❤✐❝❤ ❛r❡ ✇❡❛❦❧② ❛❜s♦❧✉t❡❧② sq✉❛r❡✲✐♥t❡❣r❛❜❧❡ ♦♥ t❤❡ ❛①✐s✳

f ∈W
(2)
(∗,σ) ≡





1. f(x) ∈ Bσ

2. sup
−∞<x<+∞

|〈x∗, f(x)〉| <∞, ∀x∗ ∈ X∗

3.
∞∫

−∞

|〈x∗, f(x)〉|2dx <∞, ∀x∗ ∈ X∗

▲❡t ✉s ❡①t❡♥❞ t❤❡ ❲✐❡♥❡r✲P❛❧❡② t❤❡♦r❡♠ ❢♦r ♥✉♠❡r✐❝❛❧ ❢✉♥❝t✐♦♥s t♦ ❇❛♥❛❝❤ s♣❛❝❡s ♥♦t ❝♦♥t❛✐✲
♥✐♥❣ c0 ✭t❤❡ s♣❛❝❡ ♦❢ s❡q✉❡♥❝❡s ❝♦♥✈❡r❣✐♥❣ t♦ ③❡r♦✮ ❛s ❢♦❧❧♦✇s✿ ❲❡ ♣r♦✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠s✳

❚❤❡♦r❡♠ ✶✳ ■❢ ❇❛♥❛❝❤ s♣❛❝❡ X ♥♦t ❝♦♥t❛✐♥✐♥❣ c0 t❤❡♥ t❤❡ ❝❧❛ss ♦❢ ❢✉♥❝t✐♦♥s W (2)
∗,σ ❝♦✐♥❝✐❞❡s

✇✐t❤ t❤❡ ❝❧❛ss ♦❢ ❢✉♥❝t✐♦♥s t❤❛t ❝❛♥ ❜❡ r❡♣r❡s❡♥t❡❞ ✐♥ t❤❡ ❢♦r♠✿

f(z) =
1

2
√
π

σ∫

−σ

φ(t)eiztdt,

✇❤❡r❡ φ(t) ∈ X, 〈x∗, φ(t)〉 ∈ L2(−σ, σ), ∀x∗ ∈ X∗, z = x+ iy.

✶✷✵



❘❡❢❡r❡♥❝❡s

❬✶❪ ◆✳■✳ ❆❦❤✐❡③❡r✳ ▲❡❝t✉r❡s ♦♥ ❆♣♣r♦①✐♠❛t✐♦♥ ❚❤❡♦r②✳ ◆❛✉❦❛✱ ▼✳✱ ✶✾✻✺✱ ✹✵✽♣✳

❬✷❪ ❉✳❇✳ ❉✐♠✐tr♦✈✳ ❆ ◆♦t❡ ♦♥ t❤❡ ●❡❧❢❛♥❞ ■♥t❡❣r❛❧✳ ❋✉♥❝t✐♦♥❛❧ ❆♥❛❧②s✐s ❛♥❞ ■ts ❆♣♣❧✐❝❛t✐♦♥s✳
❱✳✺ ◆♦✳✷ ✭✶✾✼✶✮✱ ♣✳✽✹✲✽✺✳

❬✸❪ ▼✳❆✳ ❑❛♥❞✐❧✳ ❖♥ t❤❡ ❲✐❡♥❡r✲P❛❧❡② ❚❤❡♦r❡♠ ❛♥❞ ❙♦♠❡ ❖t❤❡r Pr♦❜❧❡♠s ✐♥ t❤❡ ❚❤❡♦r② ♦❢
❆❜str❛❝t ❊♥t✐r❡ ❋✉♥❝t✐♦♥s✳ ▼❛t❤❡♠❛t✐❝❛❧ ❈♦❧❧❡❝t✐♦♥✱ ❱✳ ✼✸✭✶✶✺✮✱ ◆♦✳✸✱ ✶✾✻✼✱ ♣✳✸✵✺✲✸✶✾✳

❬✹❪ ❇✳❨❛✳ ▲❡✈✐♥✳ ❉✐str✐❜✉t✐♦♥ ♦❢ ❩❡r♦s ♦❢ ❊♥t✐r❡ ❋✉♥❝t✐♦♥s✳ ❙t❛t❡ P✉❜❧✐s❤✐♥❣ ❍♦✉s❡ ♦❢ ❚❡❝❤♥✐❝❛❧
❛♥❞ ❚❤❡♦r❡t✐❝❛❧ ▲✐t❡r❛t✉r❡✱ ❱✳✹✱ ◆♦✳✹ ▼✳✱ ✶✾✺✻✱ ✻✸✸♣✳

❡✲♠❛✐❧✿ s✳❞✐♠✐tr♦✈❛❜✉r❧❛②❡♥❦♦❅❣♠❛✐❧✳❝♦♠✱ ♥✽✷❣✐r②❛❅❣♠❛✐❧✳❝♦♠

✶✷✶



◆♦♥❧✐♥❡❛r ❇❛❝❦✇❛r❞ ❙❤✐❢ts ♦♥ t❤❡ ❘✐♥❣ ♦❢ ▼✉❧t✐s❡ts

❉❛r②♥❛ ❉♦❧✐s❤♥✐❛❦✱ P❛✈❧♦ ❉♦❧✐s❤♥✐❛❦✱ ❆♥❞r✐② ❩❛❣♦r♦❞♥②✉❦

❱❛s②❧ ❙t❡❢❛♥②❦ Pr❡❝❛r♣❛t❤✐❛♥ ◆❛t✐♦♥❛❧ ❯♥✐✈❡rs✐t②✱ ■✈❛♥♦✲❋r❛♥❦✐✈s❦✱ ❯❦r❛✐♥❡

▲❡t X ❜❡ ❛ ♠❡tr✐❝ s♣❛❝❡ ❛♥❞ T ❜❡ ❛ ❝♦♥t✐♥✉♦✉s ♠❛♣♣✐♥❣ T : X → X. ❲❡ s❛② t❤❛t t❤❡
s❡q✉❡♥❝❡ ♦❢ ♠❛♣s {Tn}, n ∈ N ✐s ❛ ❞②♥❛♠✐❝❛❧ s②st❡♠ ♦♥ X ✇❤✐❝❤ ✇✐❧❧ ❜❡ ❞❡♥♦t❡❞ ❜② t❤❡ s❛♥❡
s②♠❜♦❧ T.

❆ ❞②♥❛♠✐❝❛❧ s②st❡♠ T : X → X ✐s ❝❛❧❧❡❞ t♦♣♦❧♦❣✐❝❛❧❧② tr❛♥s✐t✐✈❡ ✐❢ ❢♦r ❛♥② ♣❛✐r U, V ♦❢
♥♦♥❡♠♣t② ♦♣❡♥ s✉❜s❡ts ♦❢ X t❤❡r❡ ❡①✐sts s♦♠❡ ✐♥t❡❣❡r k ≥ 0 s✉❝❤ t❤❛t T k(U) ∩ V 6= ∅.

■t ✐s ✇❡❧❧ ❦♥♦✇♥ t❤❛t t❤❡ ✇❡✐❣❤t❡❞ ❜❛❝❦✇❛r❞ s❤✐❢t

Bλ : (x1, . . . , xn, . . .) 7→ λ(x2, . . . , xn, . . .)

✐s ❛ t♦♣♦❧♦❣✐❝❛❧❧② tr❛♥s✐t✐✈❡ ❧✐♥❡❛r ♦♣❡r❛t♦r ✐❢ X = ℓp, 1 ≤ p <∞ ♦r ✐❢ X = c0.

❚❤❡♦r❡♠ ✶✳ ▲❡t (Q,+) ❜❡ ❛ ♠❡tr✐❝ s❡♠✐❣r♦✉♣✱ ♥♦t ♥❡❝❡ss❛r② ❛ss♦❝✐❛t✐✈❡✱ ✇✐t❤ ❛ t❤❡ ♥❡✉tr❛❧
❡❧❡♠❡♥t 0. ❲❡ ❛ss✉♠❡ t❤❛t t❤❡ ❛❞❞✐t✐♦♥ ✐s ❝♦♥t✐♥✉♦✉s ✐♥ Q. ▲❡t T ❜❡ ❛ ♠❛♣♣✐♥❣ ❢r♦♠ Q t♦ ✐ts❡❧❢✳
❙✉♣♣♦s❡ t❤❛t t❤❡r❡ ✐s ❛ ❞❡♥s❡ s✉❜s❡ts Ω ⊂ Q ❛♥❞ Ξ ∈ Q ❛♥❞ ❢♦r ❡✈❡r② u ∈ Ω ❛ ♥✉♠❜❡r m ∈ N

❛♥❞ ❛ s❡q✉❡♥❝❡ ♦❢ ♠❛♣s Su,k : Ξ → Q, k ∈ N s✉❝❤ t❤❛t

✭✐✮ Su,k(v) → 0 ❢♦r ❡✈❡r② v ∈ Ξ ❛s k → ∞❀

✭✐✐✮ ❢♦r ❡❛❝❤ u ∈ Ω, T k+m[Su,k(v) + u] → v ❢♦r ❡✈❡r② u ∈ Ω ❛s k → ∞.

❚❤❡♥ T ✐s t♦♣♦❧♦❣✐❝❛❧❧② tr❛♥s✐t✐✈❡✳

■♥ ❬✶❪ ✇❡r❡ ✐♥tr♦❞✉❝❡❞ ♥♦r♠❡❞ r✐♥❣s ❛♥❞ ♥♦r♠❡❞ s❡♠✐r✐♥❣s ♦❢ ♠✉❧t✐s❡ts ✉s✐♥❣ s②♠♠❡tr✐❝ ❛♥❞
s✉♣❡rs②♠♠❡tr✐❝ ♣♦❧②♥♦♠✐❛❧s ♦♥ ℓ1. ■♥ t❛❧❦ ✇❡ ❝♦♥s✐❞❡r ❤♦✇ t♦ ✉s❡ ❚❤❡♦r❡♠ ✶ t♦ ♣r♦✈❡ t♦♣♦❧♦❣✐❝❛❧
tr❛♥s✐t✐✈✐t② ♦❢ s♦♠❡ ❣❡♥❡r❛❧✐③❛t✐♦♥s ♦❢ t❤❡ ✇❡✐❣❤t❡❞ ❜❛❝❦✇❛r❞ s❤✐❢t ❢♦r t❤❡ ✭s❡♠✐✮r✐♥❣s ♦❢ ♠✉❧t✐s❡ts✳

❚❤✐s r❡s❡❛r❝❤ ✇❛s s✉♣♣♦rt❡❞ ❜② t❤❡ ◆❛t✐♦♥❛❧ ❘❡s❡❛r❝❤ ❋♦✉♥❞❛t✐♦♥ ♦❢ ❯❦r❛✐♥❡✱ ✷✵✷✸✳✵✸✴✵✶✾✽
✏❆♥❛❧②s✐s ♦❢ t❤❡ s♣❡❝tr❛ ♦❢ ❝♦✉♥t❛❜❧② ❣❡♥❡r❛t❡❞ ❛❧❣❡❜r❛s ♦❢ s②♠♠❡tr✐❝ ♣♦❧②♥♦♠✐❛❧s ❛♥❞ ♣♦ss✐❜❧❡
❛♣♣❧✐❝❛t✐♦♥s ✐♥ q✉❛♥t✉♠ ♠❡❝❤❛♥✐❝s ❛♥❞ ❝♦♠♣✉t❡r s❝✐❡♥❝❡✑✳

❘❡❢❡r❡♥❝❡s

❬✶❪ ❏❛✇❛❞✱ ❋✳❀ ❩❛❣♦r♦❞♥②✉❦✱ ❆✳ ❙✉♣❡rs②♠♠❡tr✐❝ ♣♦❧②♥♦♠✐❛❧s ♦♥ t❤❡ s♣❛❝❡ ♦❢ ❛❜s♦❧✉t❡❧②
❝♦♥✈❡r❣❡♥t s❡r✐❡s✳ ❙②♠♠❡tr② ✷✵✶✾✱ ✶✶✱ ✶✶✶✶✳ ❤tt♣s✿✴✴❞♦✐✳♦r❣✴✶✵✳✸✸✾✵✴s②♠✶✶✵✾✶✶✶✶

❡✲♠❛✐❧✿ ❞❛r②♥❛✳❞♦❧✐s❤♥✐❛❦❅♣♥✉✳❡❞✉✳✉❛✱ ♣❛✈❧♦✳❞♦❧✐s❤♥✐❛❦✳✷✷❅♣♥✉✳❡❞✉✳✉❛✱
❛♥❞r✐②✳③❛❣♦r♦❞♥②✉❦❅♣♥✉✳❡❞✉✳✉❛

✶✷✷



❙②♠♠❡tr✐❝ ❆♥❛❧②t✐❝ ❋✉♥❝t✐♦♥s ❆ss♦❝✐❛t❡❞ ❲✐t❤ ❛♥ ■♥❢✐♥✐t❡ ❚r❡❡

◆❛t❛❧✐✐❛ ❉✉❜❡✐✱ ❆♥❞r✐② ❩❛❣♦r♦❞♥②✉❦

❱❛s②❧ ❙t❡❢❛♥②❦ Pr❡❝❛r♣❛t❤✐❛♥ ◆❛t✐♦♥❛❧ ❯♥✐✈❡rs✐t②✱ ■✈❛♥♦✲❋r❛♥❦✐✈s❦✱ ❯❦r❛✐♥❡

❙②♠♠❡tr✐❝ ♣♦❧②♥♦♠✐❛❧s ❛♥❞ ❛♥❛❧②t✐❝ ❢✉♥❝t✐♦♥s ♦♥ ❛ ❝♦♠♣❧❡① ❇❛♥❛❝❤ s♣❛❝❡ X ✇✐t❤ r❡s♣❡❝t
t♦ ❛ ❣r♦✉♣ ✭♦r s❡♠✐❣r♦✉♣✮ ♦❢ ✐s♦♠❡tr✐❝ ♦♣❡r❛t♦rs ✇❡r❡ st✉❞✐❡❞ ❜② ♠❛♥② ❛✉t❤♦rs✳ ❙✉❝❤ ❦✐♥❞s ♦❢
✐♥✈❡st✐❣❛t✐♦♥s ❝❛♥ ❜❡ ❝♦♥s✐❞❡r❡❞ ❛s ❛ ❝♦♥t✐♥✉❛t✐♦♥ ♦❢ t❤❡ ❝❧❛ss✐❝❛❧ ✐♥✈❛r✐❛♥t t❤❡♦r② t♦ ✐♥✜♥✐t❡✲
❞✐♠❡♥s✐♦♥❛❧ s♣❛❝❡s ✉s✐♥❣ ♠❡t❤♦❞s ♦❢ ❢✉♥❝t✐♦♥❛❧ ❛♥❛❧②s✐s ❛♥❞ t♦♣♦❧♦❣✐❝❛❧ ❛❧❣❡❜r❛s✳ ❙✐♠✐❧❛r❧② ❛s
✐♥ ❝❧❛ss✐❝❛❧ ✐♥✈❛r✐❛♥t t❤❡♦r②✱ ❢♦r ❛ ❣✐✈❡♥ ♦♣❡r❛t♦r ❣r♦✉♣ S ♦♥ X✱ t❤❡ ✜rst ✐♠♣♦rt❛♥t q✉❡st✐♦♥ ✐s
❛❜♦✉t ❛ ♠✐♥✐♠❛❧ s❡t ♦❢ ❣❡♥❡r❛t♦rs ♦❢ ❛❧❣❡❜r❛✐❝ ✐♥✈❛r✐❛♥ts ♦❢ S. ■♥ ♦t❤❡r ✇♦r❞s✱ ✐t ✐s ✐♠♣♦rt❛♥t
t♦ ❞❡s❝r✐❜❡ ❛ ♠✐♥✐♠❛❧ s❡t ♦❢ S✲✐♥✈❛r✐❛♥t ♣♦❧②♥♦♠✐❛❧s ❣❡♥❡r❛t✐♥❣ t❤❡ ❛❧❣❡❜r❛ ♦❢ ❛❧❧ ✭❝♦♥t✐♥✉♦✉s✮
S✲✐♥✈❛r✐❛♥t ♣♦❧②♥♦♠✐❛❧s ✐♥ t❤❡ ♠❡❛♥s ♦❢ ❛❧❣❡❜r❛✐❝ ❝♦♠❜✐♥❛t✐♦♥s✳ ❆❧s♦✱ ✐t ✐s ✐♥t❡r❡st✐♥❣ ✐❢ ✇❡ t❤❡
s②st❡♠ ♦❢ ❣❡♥❡r❛t♦rs ❝❛♥ ❜❡ ❝❤♦s❡♥ ❛❧❣❡❜r❛✐❝❛❧❧② ✐♥❞❡♣❡♥❞❡♥t✳

▲❡t
A =

{
α = (α1, α2, . . .) : αi ∈ {0, 1}

}

❚❤❡ s❡t A ✐s ❛ ❝♦♠♠✉t❛t✐✈❡ ❣r♦✉♣ ✇✐t❤ r❡s♣❡❝t t♦ ❝♦♦r❞✐♥❛t❡✲✇✐s❡ ❛❞❞✐t✐♦♥ ♠♦❞✉❧♦ 2. ❚❤❛t ✐s✱

(α1, α2, . . .) + (β1, β2, . . .) = ((α1 + β1)mod 2, (α2 + β2)mod 2, . . .).

❲❡ ❞❡♥♦t❡ ❜② A0 t❤❡ s✉❜❣r♦✉♣ ♦❢ A ❝♦♥s✐st✐♥❣ ♦❢ ❡❧❡♠❡♥ts α = (α1, α2, . . .) s✉❝❤ t❤❛t ♦♥❧② ❛
✜♥✐t❡ ♥✉♠❜❡r ♦❢ αi ✐s ♥♦t ❡q✉❛❧ t♦ ③❡r♦✳

▲❡t X(A) ❜❡ ❛ ❧✐♥❡❛r s♣❛❝❡ ♦❢ ❝♦♠♣❧❡①✲✈❛❧✉❡❞ ❢✉♥❝t✐♦♥s ♦♥ A. ❉❡♥♦t❡ ❜② A t❤❡ ❣r♦✉♣ ♦❢
♦♣❡r❛t♦rs Tβ , β ∈ A s✉❝❤ t❤❛t

Tβ(x(α)) = x(α+ β), x(α) ∈ X(A),

❛♥❞ ❜② A0 ✐ts s✉❜❣r♦✉♣ ❢♦r β ∈ A0.
▲❡t 1 ≤ p < ∞ ❛♥❞ Lp(A) ❜❡ ❛ s♣❛❝❡ ♦❢ ❛❧❧ ❝♦♠♣❧❡①✲✈❛❧✉❡❞ ▲❡❜❡s❣✉❡ ✐♥t❡❣r❛❜❧❡ ✐♥ ❛ ♣♦✇❡r

p ❢✉♥❝t✐♦♥s x(t) : A → C ✇✐t❤ t❤❡ ♥♦r♠

‖x‖ =

(∫

A2

|x(t)|pdt
)1/p

.

▲❡t ✉s ❞❡✜♥❡ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ ❣r♦✉♣ A ♦♥ Lp(A). ❚❤❡ s❡t ♦❢ ✐♥❞❡①❡s A ❝❛♥ ❜❡
♥❛t✉r❛❧❧② ✐❞❡♥t✐✜❡❞ ✇✐t❤ t❤❡ ✐♥t❡r✈❛❧ [0, 1] ❜② ❛ss♦❝✐❛t✐♥❣ ❡❛❝❤ ❜✐♥❛r② s❡q✉❡♥❝❡ α ✇✐t❤ ✐ts ❜✐♥❛r②
❞❡❝✐♠❛❧ r❡♣r❡s❡♥t❛t✐♦♥ ✐♥ [0, 1]. ❋♦r ❡❛❝❤ ♣♦s✐t✐✈❡ ✐♥t❡❣❡r n✱ ❞✐✈✐❞❡ t❤❡ ✐♥t❡r✈❛❧ [0, 1] ✐♥t♦ 2n ❡q✉❛❧
s❡♠✐✲♦♣❡♥ ✐♥t❡r✈❛❧ ♦❢ t❤❡ ❢♦r♠ Ini =

[
i−1
2n ,

i
2n

)
❢♦r i = 1, 2, . . . , 2n✳ ❚❤❡ ❣r♦✉♣ A ♦❢ ♦♣❡r❛t♦rs

Tβ , β ∈ A✱ ❛❝ts ❜② ♣❡r♠✉t✐♥❣ ✐♥t❡r✈❛❧s Ini ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ r✉❧❡✿ ❡❛❝❤ ✐♥t❡r✈❛❧ Ini ✐s
❛ss♦❝✐❛t❡❞ ✇✐t❤ ✐ts ✐♥❞❡① i✱ r❡♣r❡s❡♥t❡❞ ❛s ❛ s❡q✉❡♥❝❡ ♦❢ n 0s ❛♥❞ 1s✳ ❚❤❡ ♦♣❡r❛t♦r Tβ ♣❡r♠✉t❡s
Ini t♦ t❤❡ ✐♥t❡r✈❛❧ Inj ✱ ✇❤❡r❡ j ✐s t❤❡ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ r❡s✉❧t ♦❢ ❝♦♦r❞✐♥❛t❡✲✇✐s❡ ❛❞❞✐t✐♦♥
♠♦❞✉❧♦ 2 ❜❡t✇❡❡♥ t❤❡ ❜✐♥❛r② r❡♣r❡s❡♥t❛t✐♦♥s ♦❢ i ❛♥❞ β✳

■t ✐s ✇❡❧❧✲❦♥♦✇♥ ❬✶✱ ✷❪ t❤❛t ♣♦❧②♥♦♠✐❛❧s

Rk(x) =

∫

[0,1]

(
x(t)

)k
dt, k ≤ ⌊p⌋

❢♦r♠ ❛♥ ❛❧❣❡❜r❛✐❝ ❜❛s✐s ✐♥ t❤❡ ❛❧❣❡❜r❛ ♦❢ ❛❧❧ s②♠♠❡tr✐❝ ♣♦❧②♥♦♠✐❛❧s ♦♥ Ps(Lp[0, 1]). ▲❡t ❛s ❞❡✜♥❡
♣♦❧②♥♦♠✐❛❧s

R0,m
k (x) = (Rk(x))

m,

R1,m
k (x) =

(∫

[0, 12)

(
x(t)

)k
dt

)m
+

(∫

[ 12 ,1)

(
x(t)

)k
dt

)m
,

. . .

Rn,mk (x) =

2n∑

i=1

(∫

[ i−1
2n

, i
2n )

(
x(t)

)k
dt

)m

✶✷✸



✇❤❡r❡ m = 1, 2, . . . r❡♣r❡s❡♥ts t❤❡ ♣♦✇❡r t♦ ✇❤✐❝❤ t❤❡ ♣♦❧②♥♦♠✐❛❧ ✐s r❛✐s❡❞ ❛♥❞ n = 0, 1, . . . ✐♥❞✐✲
❝❛t❡s t❤❡ ❧❡✈❡❧ ♦❢ s✉❜❞✐✈✐s✐♦♥✳ ❋♦r m ≥ 2 ♣♦❧②♥♦♠✐❛❧s Rn,mk ❛r❡ A✲s②♠♠❡tr✐❝ ❜✉t ♥♦t s②♠♠❡tr✐❝
♦♥ Lp(A)✳

■♥ t❤❡ t❛❧❦✱ ✇❡ ✇✐❧❧ ✐♥tr♦❞✉❝❡ ❛♥♦t❤❡r s②♠♠❡tr② ❣r♦✉♣✱ B✱ ❛♥❞ ❝♦♥s✐❞❡r t❤❡ s♣❛❝❡ ℓp(B)✳ ❲❡
✇✐❧❧ t❤❡♥ ❝♦♥str✉❝t ♣♦❧②♥♦♠✐❛❧s Fn,mk (x) ❢♦r t❤✐s s♣❛❝❡ ❛♥❞ ❛♥❛❧②③❡ t❤❡ ❛❧❣❡❜r❛✐❝ ❞❡♣❡♥❞❡♥❝✐❡s
✇✐t❤✐♥ t❤✐s ❢❛♠✐❧② ♦❢ ♣♦❧②♥♦♠✐❛❧s✳

❘❡❢❡r❡♥❝❡s

❬✶❪ ●♦♥③✁❛❧❡③✱ ▼✳❀ ●♦♥③❛❧♦✱ ❘✳❀ ❏❛r❛♠✐❧❧♦✱ ❏✳❆✳ ❙②♠♠❡tr✐❝ ♣♦❧②♥♦♠✐❛❧s ♦♥
r❡❛rr❛♥❣❡♠❡♥t✲✐♥✈❛r✐❛♥t ❢✉♥❝t✐♦♥ s♣❛❝❡s✳ ❏✳ ▲♦♥❞✳ ▼❛t❤✳ ❙♦❝✳ ✶✾✾✾✱ ✺✾✱ ✻✽✶✕✻✾✼✳
❤tt♣s✿✴✴❞♦✐✳♦r❣✴✶✵✳✶✶✶✷✴❙✵✵✷✹✻✶✵✼✾✾✵✵✼✶✻✹✳

❬✷❪ ●❛❧✐♥❞♦✱ P✳❀ ❱❛s②❧②s❤②♥✱ ❚✳❀ ❩❛❣♦r♦❞♥②✉❦✱ ❆✳ ❚❤❡ ❛❧❣❡❜r❛ ♦❢ s②♠♠❡tr✐❝ ❛♥❛❧②t✐❝
❢✉♥❝t✐♦♥s ♦♥ L∞. Pr♦❝✳ ❘✳ ❙♦❝✳ ❊❞✐♥❜✳ ❙❡❝t✳ ❆ ▼❛t❤✳ ✷✵✶✼✱ ✶✹✼✱ ✼✹✸✕✼✻✶✳
❤tt♣s✿✴✴❞♦✐✳♦r❣✴✶✵✳✶✵✶✼✴❙✵✸✵✽✷✶✵✺✶✻✵✵✵✷✽✼✳

✶✷✹



❖♥ ✉♥✐q✉❡♥❡ss ♦❢ ❙②❧✈❡st❡r✲t②♣❡ ♠❛tr✐① ♣♦❧②♥♦♠✐❛❧ ❡q✉❛t✐♦♥✬s s♦❧✉t✐♦♥

◆❛t❛❧✐✐❛ ❉③❤❛❧✐✉❦✱ ❱❛s②❧✬ P❡tr②❝❤❦♦✈②❝❤

P✐❞str②❤❛❝❤ ■♥st✐t✉t❡ ❢♦r ❆♣♣❧✐❡❞ Pr♦❜❧❡♠s ♦❢ ▼❡❝❤❛♥✐❝s ❛♥❞ ▼❛t❤❡♠❛t✐❝s ♦❢ t❤❡ ◆❆❙ ♦❢
❯❦r❛✐♥❡✱ ▲✬✈✐✈✱ ❯❦r❛✐♥❡

▼❛♥② ♣r♦❜❧❡♠s ♦❢ t❤❡ ❞②♥❛♠✐❝❛❧ s②st❡♠s t❤❡♦r② ❬✶❪ ❛♥❞ t❤❡ ❝♦♥tr♦❧ t❤❡♦r② ❬✷❪ ✐♥❝❧✉❞❡ t❤❡
✜♥❞✐♥❣ ♦❢ s♦❧✉t✐♦♥s ❢♦r t❤❡ ❙②❧✈❡st❡r✲t②♣❡ ♠❛tr✐① ♣♦❧②♥♦♠✐❛❧ ❡q✉❛t✐♦♥

A(λ)X(λ) + Y (λ)B(λ) = C(λ). (1)

❚❤❡ s♦❧✈❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥s ♦❢ t❤✐s ❦✐♥❞ ♦❢ ♠❛tr✐① ❡q✉❛t✐♦♥s✱ ♠❡t❤♦❞s ❢♦r t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢
s♦❧✉t✐♦♥s✱ ❛♥❞ t❤❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡✐r str✉❝t✉r❡ ❛r❡ ♣r❡s❡♥t❡❞ ✐♥ ❬✸✱ ✹❪✳

❋r♦♠ t❤❡ r❡s✉❧ts ♦❢ ♣❛♣❡rs ❬✺✱ ✻❪✱ t❤❡ ❝♦♥❞✐t✐♦♥s ❢♦r t❤❡ ✉♥✐q✉❡♥❡ss ♦❢ ❜♦✉♥❞❡❞ ❞❡❣r❡❡s s♦❧✉t✐✲
♦♥s ❢♦❧❧♦✇✿ t❤❡ ❙②❧✈❡st❡r✲t②♣❡ ♠❛tr✐① ♣♦❧②♥♦♠✐❛❧ ❡q✉❛t✐♦♥ ✭✶✮✱ ✇❤❡r❡ A(λ), B(λ) ❛r❡ r❡❣✉❧❛r
♣♦❧②♥♦♠✐❛❧ ♠❛tr✐❝❡s ❛♥❞ degC(λ) ≤ degA(λ)+degB(λ)− 2, ❤❛s ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ X(λ), Y (λ)
s✉❝❤ t❤❛t

degX(λ) < degB(λ), degY (λ) < degA(λ)

✐❢ ❛♥❞ ♦♥❧② ✐❢ (detA(λ), detB(λ)) = 1.
■♥ ❬✼❪✱ ✇❡ ❡st❛❜❧✐s❤ t❤❡ ♥❡❝❡ss❛r② ❛♥❞ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥s ❢♦r t❤❡ ❡①✐st❡♥❝❡✱ ❛♥❞ ✐♥ t❤✐s

❛❜str❛❝t✱ t❤❡ ❝♦♥❞✐t✐♦♥s ❢♦r t❤❡ ✉♥✐q✉❡♥❡ss ♦❢ t❤❡ s♦❧✉t✐♦♥ X(λ), Y (λ) ✇✐t❤ ❛ ✜①❡❞ ❞❡❣r❡❡ ❢♦r t❤❡
❙②❧✈❡st❡r✲t②♣❡ ♠❛tr✐① ♣♦❧②♥♦♠✐❛❧ ❡q✉❛t✐♦♥ ✭✶✮✳

▲❡t A(λ) ∈ M(n,m,F [λ]), B(λ) ∈ M(p, q,F [λ]), ❛♥❞ C(λ) ∈ M(n, q,F [λ]) ❜❡ ❦♥♦✇♥
♣♦❧②♥♦♠✐❛❧ ♠❛tr✐❝❡s ❢r♦♠ t❤❡ ❙②❧✈❡st❡r✲t②♣❡ ♠❛tr✐① ♣♦❧②♥♦♠✐❛❧ ❡q✉❛t✐♦♥ ✭✶✮ ♦✈❡r ❛ r✐♥❣ ♦❢
♣♦❧②♥♦♠✐❛❧s F [λ], F ✐s ❛ ✜❡❧❞✳ ❲r✐t❡ t❤❡♠ ✐♥ t❤❡ ❢♦r♠ ♦❢ ♠❛tr✐① ♣♦❧②♥♦♠✐❛❧s✿

A(λ) = Arλ
r + . . .+A1λ+A0, degA(λ) = r, Ai ∈M(n,m,F), i = 0, 1, . . . , r,

B(λ) = Bsλ
s + . . .+B1λ+B0, degB(λ) = s,Bj ∈M(p, q,F), j = 0, 1, . . . , s,

C(λ) = Ctλ
t + . . .+ C1λ+ C0, degC(λ) = t, Cf ∈M(n, q,F), f = 0, 1, . . . , t.

▼❛tr✐❝❡s X(λ) ∈ M(m, q,F [λ]), Y (λ) ∈ M(n, p,F [λ]) ❛r❡ ✉♥❦♥♦✇♥ ♣♦❧②♥♦♠✐❛❧ ♠❛tr✐❝❡s ❛♥❞
✇r✐t❡ t❤❡♠ ✐♥ t❤❡ ❢♦r♠ ♦❢ ♠❛tr✐① ♣♦❧②♥♦♠✐❛❧s✿

X(λ) = Xkλ
k + . . .+X1λ+X0, degX(λ) = k,

Y (λ) = Ylλ
l + . . .+ Y1λ+ Y0, degY (λ) = l.

❚❤❡♦r❡♠✳ ▲❡t ✐♥ t❤❡ ❙②❧✈❡st❡r✲t②♣❡ ♠❛tr✐① ♣♦❧②♥♦♠✐❛❧ ❡q✉❛t✐♦♥ ✭✶✮

degA(λ) + degX(λ) = degB(λ) + degY (λ) = degC(λ),

✐✳❡✳✱ r+k = s+ l = t. ❚❤❡♥ t❤❡ ♠❛tr✐① ❡q✉❛t✐♦♥ ✭✶✮ ❤❛s ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ X(λ), Y (λ) ♦❢ ❞❡❣r❡❡s
k, l, r❡s♣❡❝t✐✈❡❧②✱ ✐❢ ❛♥❞ ♦♥❧② ✐❢

rank G = rank
∥∥ G c

∥∥ = (k + 1)mq + (l + 1)np

✇❤❡r❡ t❤❡ ♠❛tr✐①

G =




Ar 0 0 . . . 0 Bs 0 0 . . . 0

Ar−1 Ar . . . 0 0 Bs−1 Bs 0 . . . 0

· · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·
A0 A1 A2 . . . Ak B0 B1 B2 . . . Bl

0 A0 A1 . . . Ak−1 0 B0 B1 . . . Bl−1

0 0 A0 . . . Ak−2 0 0 B0 . . . Bl−2

· · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·
0 0 0 . . . A0 0 0 0 . . . B0




,

✶✷✺



Ai = Ai ⊗ Iq, Bj = In ⊗B⊺
j ,

i = 0, 1, . . . , r, j = 0, 1, . . . , s, ❛♥❞

c =
[
ct . . . c1 c0

]⊺
,

cf =
[
row1(Cf ) row2(Cf ) . . . rown(Cf )

]
, rowj(Cf ) ✐s t❤❡ j−t❤ r♦✇ ♦❢ ♠❛tr✐① Cf , f =

0, 1, . . . , t, j = 1, . . . , n, In ✐s t❤❡ n × n ✐❞❡♥t✐t② ♠❛tr✐①✱ t❤❡ s②♠❜♦❧ ⊗ ❞❡♥♦t❡s t❤❡ ❑r♦♥❡❝❦❡r
♣r♦❞✉❝t✱ ⊺ ❞❡♥♦t❡s t❤❡ tr❛♥s♣♦s✐t✐♦♥✳

❘❡❢❡r❡♥❝❡s✿

✶✳ ❑❛❝③♦r❡❦ ❚✳ P♦❧②♥♦♠✐❛❧ ❛♥❞ r❛t✐♦♥❛❧ ♠❛tr✐❝❡s✳ ❆♣♣❧✐❝❛t✐♦♥s ✐♥ ❞②♥❛♠✐❝❛❧ s②st❡♠s t❤❡♦r②✳
✕ ▲♦♥❞♦♥✿ ❙♣r✐♥❣❡r✱ ✷✵✵✼✳ ✕ ✺✵✸ ♣✳

✷✳ ❇❛r♥❡tt ❙✳ ▼❛tr✐❝❡s ✐♥ ❝♦♥tr♦❧ t❤❡♦r② ✇✐t❤ ❛♣♣❧✐❝❛t✐♦♥s t♦ ❧✐♥❡❛r ♣r♦❣r❛♠♠✐♥❣✳ ✕ ▲♦♥❞♦♥✿
❱❛♥ ◆♦str❛♥❞ ❘❡✐♥❣♦❧❞ ❈♦♠♣❛♥②✱ ✶✾✼✶✳ ✕ ✷✷✶ ♣✳

✸✳ ❉③❤❛❧✐✉❦✱ ◆✳❙✳✱ P❡tr②❝❤❦♦✈②❝❤ ❱✳▼✳ ❙♦❧✉t✐♦♥s ♦❢ t❤❡ ♠❛tr✐① ❧✐♥❡❛r ❜✐❧❛t❡r❛❧ ♣♦❧②♥♦♠✐❛❧
❡q✉❛t✐♦♥ ❛♥❞ t❤❡✐r str✉❝t✉r❡✳ ❆❧❣❡❜r❛ ❉✐s❝r❡t❡ ▼❛t❤✳✱ ✷✵✶✾✱ ✷✼ ✭✷✮✱ ✷✹✸✕✷✺✶✳

✹✳ ❉③❤❛❧✐✉❦✱ ◆✳❙✳✱ P❡tr②❝❤❦♦✈②❝❤ ❱✳▼✳ ▼❛tr✐① ❧✐♥❡❛r ❜✐❧❛t❡r❛❧ ❡q✉❛t✐♦♥s ♦✈❡r ❞✐✛❡r❡♥t ❞♦♠❛✐✲
♥s✱ ♠❡t❤♦❞s ❢♦r t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ s♦❧✉t✐♦♥s✱ ❛♥❞ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡✐r str✉❝t✉r❡✳ ❏♦✉r♥❛❧
♦❢ ▼❛t❤❡♠❛t✐❝❛❧ ❙❝✐❡♥❝❡s✱ ✷✵✷✹✱ ✷✽✷ ✭✺✮✱ ✻✶✻✕✻✹✺✳

✺✳ ❇❛r♥❡tt ❙✳ ❘❡❣✉❧❛r ♣♦❧②♥♦♠✐❛❧ ♠❛tr✐❝❡s ❤❛✈✐♥❣ r❡❧❛t✐✈❡❧② ♣r✐♠❡ ❞❡t❡r♠✐♥❛♥ts✱ ▼❛t❤✳ Pr♦❝✳
❈❛♠❜r✐❞❣❡ P❤✐❧♦s✳ ❙♦❝✳✱ ✶✾✻✾✱ ✻✺ ✭✸✮✱ ✺✽✺✕✺✾✵✳

✻✳ ❋❡✐♥st❡✐♥ ❏✳✱ ❇❛r✲◆❡ss ❨✳ ❖♥ t❤❡ ✉♥✐q✉❡♥❡ss ♦❢ t❤❡ ♠✐♥✐♠❛❧ s♦❧✉t✐♦♥ t♦ t❤❡ ♠❛tr✐① ♣♦❧②♥♦♠✐✲
❛❧ ❡q✉❛t✐♦♥ A(λ)X(λ) + Y (λ)B(λ) = C(λ), ❏✳ ❋r❛♥❦❧✐♥ ■♥st✳✱ ✶✾✽✵✱ ✸✶✵ ✭✷✮✱ ✶✸✶✕✶✸✹✳

✼✳ ❉③❤❛❧✐✉❦✱ ◆✳❙✳✱ P❡tr②❝❤❦♦✈②❝❤ ❱✳▼✳ ❑r♦♥❡❝❦❡r ♣r♦❞✉❝t ♦❢ ♠❛tr✐❝❡s ❛♥❞ s♦❧✉t✐♦♥s ♦❢ ❙②❧✈❡st❡r✲
t②♣❡ ♠❛tr✐① ♣♦❧②♥♦♠✐❛❧ ❡q✉❛t✐♦♥s✳ ▼❛t❡♠❛t②❝❤♥✐ ❙t✉❞✐✐✱ ✷✵✷✹✱ ✻✶ ✭✷✮✱ ✶✶✺✕✶✷✷✳

❡✲♠❛✐❧✿ ♥❛t❛❧✐②❛✳❞③❤❛❧②✉❦❅❣♠❛✐❧✳❝♦♠✱ ✈❛s❴♣❡tr②❝❤❅②❛❤♦♦✳❝♦♠

✶✷✻



❖♥ ❛ ❙♣❡❝✐❛❧ ❆♥❛❧②t✐❝ ▼❛♣♣✐♥❣ ♦❢ ❯♥❜♦✉♥❞❡❞ ❚②♣❡ ♦♥ ℓ1.
❉♠②tr♦ ❋❛r②♠❛✱ ❖❧❡❤ ❍♦❧✉❜❝❤❛❦✱ ❆♥❞r✐② ❩❛❣♦r♦❞♥②✉❦

❱❛s②❧ ❙t❡❢❛♥②❦ Pr❡❝❛r♣❛t❤✐❛♥ ◆❛t✐♦♥❛❧ ❯♥✐✈❡rs✐t②✱ ■✈❛♥♦✲❋r❛♥❦✐✈s❦✱ ❯❦r❛✐♥❡
▲✈✐✈ ◆❛t✐♦♥❛❧ ❆❣r❛r✐❛♥ ❯♥✐✈❡rs✐t②✱ ❯❦r❛✐♥❡

▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ♠❛♣♣✐♥❣ ♦♥ t❤❡ s♣❛❝❡ ♦❢ ❛❜s♦❧✉t❡❧② s✉♠♠✐♥❣ s❡q✉❡♥❝❡s ℓ1✿

I : ℓ1 ∋ x = (x1, . . . , xn, . . .) 7→ (I1(x), . . . , In(x), . . .) ∈ ℓ1,

✇❤❡r❡ Ik(x) = xkk.

Pr♦♣♦s✐t✐♦♥ ✸✳ ❚❤❡ ♠❛♣♣✐♥❣ I ❤❛s t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt✐❡s✳

✶✳ I ✐s ❡♥t✐r❡ ❛♥❛❧②t✐❝ ♠❛♣♣✐♥❣✱ ♥♦t s✉r❥❡❝t✐✈❡✳

✷✳ I ✐s ♦❢ ✉♥❜♦✉♥❞❡❞ t②♣❡✳

✸✳ I ❝❛♥ ❜❡ ❡①t❡♥❞❡❞ t♦ ❛ ♠❛♣♣✐♥❣ I0 : c0 → ℓ1. ❚❤❡ r❛❞✐✉s ♦❢ ❜♦✉♥❞❡❞♥❡ss ̺a(I0) ♦❢ I0 ✐s
❡q✉❛❧ t♦ 1 ❛t ❛♥② ♣♦✐♥t a ✐♥ c0.

✹✳ I ❝❛♥ ❜❡ ❡①t❡♥❞❡❞ t♦ ❛♥ ℓ1✲✈❛❧✉❡❞ ♠❛♣♣✐♥❣ I∞ ❢r♦♠ t❤❡ ✉♥✐♦♥ ♦❢ ❛❧❧ ♦♣❡♥ ✉♥✐t ❜❛❧❧s ♦❢ ℓ∞
❝❡♥t❡r❡❞ ❛t ♣♦✐♥ts ♦❢ c0.

◆♦t❡ t❤❛t I∞ ✐s ♥♦t ❞❡✜♥❡❞ ♦♥ t❤❡ ✉♥✐t s♣❤❡r❡ ♦❢ ℓ∞. ■♥❞❡❡❞✱ ■❢ z = (1, 1, . . .) ∈ ℓ∞, t❤❡♥
I∞(z) = ∞. ❍♦✇❡✈❡r✱ ✐t ❝❛♥ ❞❡✜♥❡❞ ❛t s♦♠❡ ♣♦✐♥ts ♦❢ t❤❡ ✉♥✐t s♣❤❡r❡ ♦❢ ℓ∞.

❊①❛♠♣❧❡ ✶✳ ▲❡t

zn =

{
m−1
m ✐❢ n = m2

0 ♦t❤❡r✇✐s❡✳

❚❤❡♥ z = (z1, . . . , zn, . . .) ∈ ℓ∞, ‖z‖ = 1 ❛♥❞

‖I∞(z)‖ℓ1 =
∞∑

n=1

In(z) =
∞∑

m=1

(m− 1

m

)m2

. ✭✶✮

❙✐♥❝❡

lim
m→∞

n

√(m− 1

m

)m2

= lim
m→∞

(m− 1

m

)m
=

1

e
< 1,

t❤❡♥✱ ❜② t❤❡ r♦♦t t❡st t❤❡ s❡r✐❡s ✭✶✮ ❝♦♥✈❡r❣❡s ❛♥❞ s♦ I∞(z) ✐s ✇❡❧❧✲❞❡✜♥❡❞✱ ❛♥❞ ❜❡❧♦♥❣s t♦ ℓ1.

❲❡ ❞❡♥♦t❡ ❜② S(I) t❤❡ s❡t ♦❢ z ∈ ℓ∞ s✉❝❤ t❤❛t I∞(z) ✐s ✇❡❧❧✲❞❡✜♥❡❞✳

Pr♦♣♦s✐t✐♦♥ ✹✳ ❚❤❡ ♠❛♣♣✐♥❣ I∞ : S(I) → ℓ1 ✐s ❛ s✉r❥❡❝t✐♦♥✳ ❊✈❡r② ❡❧❡♠❡♥t z ∈ S(I) ❝❛♥ ❜❡
r❡♣r❡s❡♥t❡❞ ❛s z = z′ + z′′, ✇❤❡r❡ z′ ∈ c0 ❛♥❞ ‖z′′‖ℓ∞ = 1.

▲❡t ❛s ❞❡✜♥❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♠♣♦s✐t✐♦♥ ♦♣❡r❛t♦r

CI : H(ℓ1) −→ HI(ℓ1),

CI : f 7−→ f ◦ I.
❚❤❡♦r❡♠ ✷✳ ✶✳ CI ✐s ✐♥❥❡❝t✐✈❡ ❜✉t ♥♦t s✉r❥❡❝t✐✈❡✳ ■♥ ♣❛rt✐❝✉❧❛r✱ HbI(ℓ1) ❞♦❡s ♥♦t ❜❡❧♦♥❣ t♦

t❤❡ r❛♥❣❡ ♦❢ CI .

✷✳ ■❢ ̺a(f) ≥ 1 ❢♦r s♦♠❡ f ∈ H(ℓ1) ❛♥❞ a ∈ ℓ1, t❤❡♥ ̺a(CI(f)) ≥ 1.

✸✳ ❋♦r ❡✈❡r② f ∈ H(ℓ1), CI(f) ❝❛♥ ❜❡ ❡①t❡♥❞❡❞ t♦ c0 ❛♥❞ t❤✐s ❡①t❡♥s✐♦♥ ✐s ❡q✉❛❧ t♦ CI0(f) =
f ◦ I0.

✹✳ ■❢ ̺a(f) ≥ 1 ❢♦r ❡✈❡r② a ∈ ℓ1, t❤❡♥ ̺d(CI0(f)) ≥ 1 ❢♦r ❡✈❡r② d ∈ c0, ❛♥❞ CI0(f) ❝❛♥ ❜❡
❡①t❡♥❞❡❞ t♦ t❤❡ ✉♥✐♦♥ ♦❢ ♦♣❡♥ ✉♥✐t ❜❛❧❧s ✐♥ ℓ∞ ❝❡♥t❡r❡❞ ❛t ♣♦✐♥ts ♦❢ c0.

❡✲♠❛✐❧✿ ❞❛r❦✾✵✸✸✶✼❅❣♠❛✐❧✳❝♦♠ ✱ ❛♥❞r✐②✳③❛❣♦r♦❞♥②✉❦❅♣♥✉✳❡❞✉✳✉❛✱ ♦❧❡❣❣♦❧❅✉❦r✳♥❡t

✶✷✼



❖♥ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ❝♦♠♠♦♥ ✐♥✈❛r✐❛♥t s♦❧✉t✐♦♥s ❢♦r s♦♠❡

P (1, 4)✲✐♥✈❛r✐❛♥t ♣❛rt✐❛❧ ❞✐❢❢❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s

❱❛s②❧ ❋❡❞♦r❝❤✉❦✱ ❱♦❧♦❞②♠②r ❋❡❞♦r❝❤✉❦

P✐❞str②❤❛❝❤ ■♥st✐t✉t❡ ❢♦r ❆♣♣❧✐❡❞ Pr♦❜❧❡♠s ♦❢ ▼❡❝❤❛♥✐❝s ❛♥❞ ▼❛t❤❡♠❛t✐❝s ♦❢ t❤❡ ◆❆❙ ♦❢
❯❦r❛✐♥❡✱ ▲✬✈✐✈✱ ❯❦r❛✐♥❡

❲❡ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ (1 + 3)✲❞✐♠❡♥s✐♦♥❛❧ P (1, 4)✲✐♥✈❛r✐❛♥t ♣❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐✲
♦♥s ✭P❉❊s✮✿ t❤❡ ❊✐❦♦♥❛❧ ❡q✉❛t✐♦♥✱ t❤❡ ❊✉❧❡r✲▲❛❣r❛♥❣❡✲❇♦r♥✲■♥❢❡❧❞ ❡q✉❛t✐♦♥✱ t❤❡ ❤♦♠♦❣❡♥❡♦✉s
▼♦♥❣❡✲❆♠♣�❡r❡ ❡q✉❛t✐♦♥✱ t❤❡ ✐♥❤♦♠♦❣❡♥❡♦✉s ▼♦♥❣❡✲❆♠♣�❡r❡ ❡q✉❛t✐♦♥✳ ❆t t❤❡ ♣r❡s❡♥t t✐♠❡✱ ✇❡
❤❛✈❡ ❝♦♥str✉❝t❡❞ t❤❡ ♠❛❥♦r✐t② ❝♦♠♠♦♥ ✐♥✈❛r✐❛♥t s♦❧✉t✐♦♥s ❢♦r t❤♦s❡ ❡q✉❛t✐♦♥s✳ ❋♦r t❤✐s ❛✐♠✱ ✇❡
❤❛✈❡ ✉s❡❞ t❤❡ r❡s✉❧ts ❝♦♥❝❡r♥✐♥❣ ❝♦♥str✉❝t✐♦♥ ❛♥❞ ❝❧❛ss✐✜❝❛t✐♦♥ ♦❢ ✐♥✈❛r✐❛♥t s♦❧✉t✐♦♥s ❢♦r t❤❡
(1+3)✲❞✐♠❡♥s✐♦♥❛❧ P (1, 4)✲✐♥✈❛r✐❛♥t ❊✐❦♦♥❛❧ ❡q✉❛t✐♦♥✱ s✐♥❝❡ t❤✐s ❡q✉❛t✐♦♥ ✐s t❤❡ s✐♠♣❧❡st ❛♠♦♥❣
t❤❡ ❡q✉❛t✐♦♥s ✉♥❞❡r ✐♥✈❡st✐❣❛t✐♦♥✳

■♥ ♦✉r t❛❧❦✱ ✇❡ ♣❧❛♥ t♦ ♣r❡s❡♥t s♦♠❡ ♦❢ t❤❡ r❡s✉❧ts ♦❜t❛✐♥❡❞✳

❘❡❢❡r❡♥❝❡s

❬✶❪ ▲✐❡ ❙✳ ❩✉r ❛❧❧❣❡♠❡✐♥❡♥ ❚❤❡♦r✐❡ ❞❡r ♣❛rt✐❡❧❧❡♥ ❉✐✛❡r❡♥t✐❛❧❣❧❡✐❝❤✉♥❣❡♥ ❜❡❧✐❡❜✐❣❡r ❖r❞♥✉♥❣✱
▲❡✐♣③✳ ❇❡r✐❝❤t❡✱ ■✳ ✺✸✳ ✭❘❡♣r✐♥t❡❞ ✐♥ ▲✐❡✱ ❙✳✱ ●❡s❛♠♠❡❧t❡ ❆❜❤❛♥❞❧✉♥❣❡♥✱ ✹✱ P❛♣❡r ■❳✳✮✱ ✶✽✾✺✳

❬✷❪ ❖✈s✐❛♥♥✐❦♦✈ ▲✳❱✳ ●r♦✉♣ ❆♥❛❧②s✐s ♦❢ ❉✐✛❡r❡♥t✐❛❧ ❊q✉❛t✐♦♥s✱ ❆❝❛❞❡♠✐❝ Pr❡ss✱ ◆❡✇ ❨♦r❦✱
✶✾✽✷✳

❬✸❪ ❖❧✈❡r P✳❏✳ ❆♣♣❧✐❝❛t✐♦♥s ♦❢ ▲✐❡ ●r♦✉♣s t♦ ❉✐✛❡r❡♥t✐❛❧ ❊q✉❛t✐♦♥s✱ ❙♣r✐♥❣❡r✲❱❡r❧❛❣✱ ◆❡✇ ❨♦r❦✱
✶✾✽✻✳

❬✹❪ ❋✉s❤❝❤②❝❤ ❲✳■✳✱ ❙❤t❡❧❡♥ ❲✳▼✳✱ ❙❡r♦✈ ◆✳■✳ ❙②♠♠❡tr② ❆♥❛❧②s✐s ❛♥❞ ❊①❛❝t ❙♦❧✉t✐♦♥s ♦❢
❊q✉❛t✐♦♥s ♦❢ ◆♦♥❧✐♥❡❛r ▼❛t❤❡♠❛t✐❝❛❧ P❤②s✐❝s✱ ❑❧✉✈❡r ❆❝❛❞❡♠✐❝ P✉❜❧✐s❤❡rs✱ ❉♦r❞r❡❝❤t✱
✶✾✾✸✳

❬✺❪ ❋❡❞♦r❝❤✉❦ ❱✳▼✳✱ ❋❡❞♦r❝❤✉❦ ❱✳■✳ ❖♥ ❝❧❛ss✐✜❝❛t✐♦♥ ♦❢ t❤❡ ❧♦✇✲❞✐♠❡♥s✐♦♥❛❧ ♥♦♥❝♦♥❥✉❣❛t❡
s✉❜❛❧❣❡❜r❛s ♦❢ t❤❡ ▲✐❡ ❛❧❣❡❜r❛ ♦❢ t❤❡ P♦✐♥❝❛r✁❡ ❣r♦✉♣ P (1, 4)✱ Pr♦❝❡❡❞✐♥❣s ♦❢ ■♥st✐t✉t❡ ♦❢
▼❛t❤❡♠❛t✐❝s ♦❢ ◆❆❙ ♦❢ ❯❦r❛✐♥❡✱ ✷✵✵✻✱ ✸✱ ◆ ✷✱ ✸✵✷✕✸✵✽✳

❬✻❪ ❋❡❞♦r❝❤✉❦ ❱✳✱ ❋❡❞♦r❝❤✉❦ ❱✳ ❖♥ ❈❧❛ss✐✜❝❛t✐♦♥ ♦❢ ❙②♠♠❡tr② ❘❡❞✉❝t✐♦♥s ❢♦r t❤❡ ❊✐❦♦♥❛❧
❊q✉❛t✐♦♥✱ ❙②♠♠❡tr② ✷✵✶✻✱ ✽✭✻✮✱ ✺✶❀ ❤tt♣s✿✴✴❞♦✐✳♦r❣✴✶✵✳✸✸✾✵✴s②♠✽✵✻✵✵✺✶✳

❬✼❪ ❋❡❞♦r❝❤✉❦ ❱✳✱ ❋❡❞♦r❝❤✉❦ ❱✳ ❈❧❛ss✐✜❝❛t✐♦♥ ♦❢ ❙②♠♠❡tr② ❘❡❞✉❝t✐♦♥s ❢♦r t❤❡ ❊✐❦♦♥❛❧ ❊q✉❛t✐♦♥✱
P✐❞str②❤❛❝❤ ■♥st✐t✉t❡ ❢♦r ❆♣♣❧✐❡❞ Pr♦❜❧❡♠s ♦❢ ▼❡❝❤❛♥✐❝s ❛♥❞ ▼❛t❤❡♠❛t✐❝s ♦❢ ◆❛t✐♦♥❛❧
❆❝❛❞❡♠② ♦❢ ❙❝✐❡♥❝❡s ♦❢ ❯❦r❛✐♥❡✱ ▲✈✐✈✱ ✷✵✶✽✳ ✶✼✻ ♣♣✳

❬✽❪ ❋❡❞♦r❝❤✉❦ ❱✳▼✳✱ ❋❡❞♦r❝❤✉❦ ❱✳■✳ ❖♥ t❤❡ ❈♦♥str✉❝t✐♦♥ ❛♥❞ ❈❧❛ss✐✜❝❛t✐♦♥ ♦❢ t❤❡ ❈♦♠♠♦♥
■♥✈❛r✐❛♥t ❙♦❧✉t✐♦♥s ❢♦r ❙♦♠❡ P (1, 4) ✲ ■♥✈❛r✐❛♥t P❛rt✐❛❧ ❉✐✛❡r❡♥t✐❛❧ ❊q✉❛t✐♦♥s✳ ❆♣♣❧✐❡❞
▼❛t❤❡♠❛t✐❝s✱ ✷✵✷✸✱ ✶✹✱ ◆ ✶✶✱ ✼✷✽✲✼✹✼✳ ❉❖■✿✶✵✳✹✷✸✻✴❛♠✳✷✵✷✸✳✶✹✶✶✵✹✹

❡✲♠❛✐❧✿ ✈❛s❢❡❞❅❣♠❛✐❧✳❝♦♠✱ ✈♦❧❢❡❞❅❣♠❛✐❧✳❝♦♠

✶✷✽



❙♦♠❡ ❚♦❡♣❧✐t③✕❍❡ss❡♥❜❡r❣ ❉❡t❡r♠✐♥❛♥ts ✇✐t❤ ❙❝❤r☎♦❞❡r ◆✉♠❜❡r ❊♥tr✐❡s

❚❛r❛s ●♦②

❱❛s②❧ ❙t❡❢❛♥②❦ Pr❡❝❛r♣❛t❤✐❛♥ ◆❛t✐♦♥❛❧ ❯♥✐✈❡rs✐t②✱ ■✈❛♥♦✲❋r❛♥❦✐✈s❦✱ ❯❦r❛✐♥❡

■♥ t❤✐s ♥♦t❡✱ ✇❡ ♣r❡s❡♥t ❞❡t❡r♠✐♥❛♥t ❢♦r♠✉❧❛s ♦❢ s❡✈❡r❛❧ ❍❡ss❡♥❜❡r❣ ♠❛tr✐❝❡s ✇❤♦s❡ ♥♦♥③❡r♦
❡♥tr✐❡s ❛r❡ ❞❡r✐✈❡❞ ❢r♦♠ t❤❡ s♠❛❧❧ ❛♥❞ ❧❛r❣❡ ❙❝❤r☎♦❞❡r ♥✉♠❜❡rs✳ ❖✉r r❡s❡❛r❝❤ ✐s s✐♠✐❧❛r t♦ t❤❛t
♣r❡s❡♥t❡❞ ✐♥ ❬✶✱ ✷✱ ✸❪✳

▲❡t Sn ❞❡♥♦t❡ t❤❡ n✲t❤ ❧❛r❣❡ ❙❝❤r☎♦❞❡r ♥✉♠❜❡r ❣✐✈❡♥ ❜②

Sn =
1

n

n∑

k=1

2k
(
n

k

)(
n

k − 1

)
, n ≥ 1,

✇✐t❤ S0 = 1✳ ❚❤❡ s♠❛❧❧ ❙❝❤☎♦❞❡r ♥✉♠❜❡r sn ✐s ❞❡✜♥❡❞ ❛s sn = 1
2Sn ❢♦r n ≥ 1✱ ✇✐t❤ s0 = 1✳

❚❤❡ s❡q✉❡♥❝❡s {sn}n≥0 ❛♥❞ {Sn}n≥0 ❛r❡ ❜♦t❤ ✐♥❞❡①❡❞ ✐♥ t❤❡ ❖♥✲▲✐♥❡ ❊♥❝②❝❧♦♣❡❞✐❛ ♦❢ ■♥t❡❣❡r
❙❡q✉❡♥❝❡s ❬✺❪ ❛s ❆✵✵✶✵✵✸ ❛♥❞ ❆✵✵✻✸✶✽✱ r❡s♣❡❝t✐✈❡❧②✳

❚❤❡ ❚♦❡♣❧✐t③✕❍❡ss❡♥❜❡r❣ ♠❛tr✐① ✐s ❛♥ n× n ♠❛tr✐① ♦❢ t❤❡ ❢♦r♠

Hn(a0; a1, a2, . . . , an) =




a1 a0 0 · · · 0 0
a2 a1 a0 · · · 0 0
a3 a2 a1 · · · 0 0

· · · · · · · · · ✳ ✳ ✳ · · · · · ·
an−1 an−2 an−3 · · · a1 a0
an an−1 an−2 · · · a2 a1




. ✭✶✮

❚❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ✐s ❦♥♦✇♥ ❛s ❚r✉❞✐✬s ❢♦r♠✉❧❛ ❬✹❪✿

det(Hn) = (−a0)n
∑

τn=n

mn(t)

(
−a1
a0

)t1 (
−a2
a0

)t2
· · ·
(
−an
a0

)tn
, ✭✷✮

✇❤❡r❡ τn = t1 + 2t2 + · · ·+ ntn ❛♥❞ mn(t) =
(

|t|
t1,...,tn

)
✐s t❤❡ ♠✉❧t✐♥♦♠✐❛❧ ❝♦❡✣❝✐❡♥t✳

❲❡ ✇✐❧❧ ❝♦♥s✐❞❡r t❤❡ ♠❛tr✐① ✭✷✮ ✇✐t❤ a0 = ±2✳ ❋♦r ❜r❡✈✐t②✱ ✇❡ ❞❡♥♦t❡ D±(a1, . . . , an) ❛s
det
(
Hn(±2; a1, a2, . . . , an)

)
✳

❚❤❡♦r❡♠ ✶✳ ❋♦r n ≥ 2✱

D−(s0, . . . , sn−1) =
1

n

n∑

k=1

n−k∑

j=0

(−1)k−1k

2k−n

(
n

k + j

)(
n− 1 + j

j

)
− 1,

D+(s1, . . . , sn) =
(−1)n−1

n

n∑

k=1

n−k∑

j=0

k2n−k
(

n

k + j

)(
n− 1 + j

j

)
− 1.

❚❤❡♦r❡♠ ✷✳ ❋♦r n ≥ 2✱

D+(S0, . . . , Sn−1) =
1

n

n∑

k=1

n−k∑

j=0

k

(−2)k−n

(
n

k + j

)(
n− 1 + j

j

)
+ (−1)n,

D−(S0, . . . , Sn−1) =
1

n

n∑

k=1

n−k∑

j=0

k2n−k
(

n

k + j

)(
n− 1 + j

j

)
+ (−1)n,

D+(S1, . . . , Sn) =
(−1)n−1

n− 1

n−1∑

k=1

2n+k
(
n− 1

k − 1

)(
n− 1

k

)
.

❯t✐❧✐③✐♥❣ ✭✷✮ ②✐❡❧❞s t❤❡ ♠✉❧t✐♥♦♠✐❛❧ ✐❞❡♥t✐t✐❡s ❢♦r t❤❡ t✇♦ ❦✐♥❞s ♦❢ ❙❤r☎♦❡❞❡r ♥✉♠❜❡rs✳ ❲❡ ✇✐❧❧
❣✐✈❡ ♦♥❧② t✇♦ ❢♦r♠✉❧❛s✳

✶✷✾



❈♦r♦❧❧❛r② ✸✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠✉❧❛s ❤♦❧❞ ❢♦r n ≥ 2✿

∑

τn=n

(
− 1

2

)|t|
mn(t)s

t1
1 s

t2
2 · · · stnn

= − 1

n

n−1∑

k=1

n−k∑

j=0

k

2k

(
n

k + j

)(
n− 1 + j

j

)
−
(
− 1

2

)n
,

∑

τn=n

(
− 1

2

)|t|
mn(t)S

t1
1 S

t2
2 · · ·Stnn

= − 1

n

n−1∑

k=1

2k
(
n− 1

k − 1

)(
n− 1

k

)
,

✇❤❡r❡ mn(t) ✐s t❤❡ ♠✉❧t✐♥♦♠✐❛❧ ❝♦❡✣❝✐❡♥t✱ τn = t1 + 2t2 + · · ·+ ntn✱ |t| = t1 + · · ·+ tn✱ ❛♥❞ t❤❡
s✉♠♠❛t✐♦♥ ✐s ♦✈❡r ♥♦♥♥❡❣❛t✐✈❡ ✐♥t❡❣❡rs tj s❛t✐s❢②✐♥❣ t❤❡ ❉✐♦♣❤❛♥t✐♥❡ ❡q✉❛t✐♦♥ τn = n✳

❘❡❢❡r❡♥❝❡s

❬✶❪ ❚✳ ●♦②✱ ▼✳ ❙❤❛tt✉❝❦✱ ❉❡t❡r♠✐♥❛♥t ❢♦r♠✉❧❛s ♦❢ s♦♠❡ ❚♦❡♣❧✐t③✕❍❡ss❡♥❜❡r❣ ♠❛tr✐❝❡s ✇✐t❤
❈❛t❛❧❛♥ ❡♥tr✐❡s✱ Pr♦❝✳ ■♥❞✐❛♥ ❆❝❛❞✳ ❙❝✐✳ ▼❛t❤✳ ❙❝✐✳ ✶✷✾ ✭✷✵✶✾✮✱ ✹✻✳

❬✷❪ ❚✳ ●♦②✱ ▼✳ ❙❤❛tt✉❝❦✱ ❍❡ss❡♥❜❡r❣✕❚♦❡♣❧✐t③ ♠❛tr✐① ❞❡t❡r♠✐♥❛♥ts ✇✐t❤ ❙❝❤r☎♦❞❡r ❛♥❞ ❋✐♥❡
♥✉♠❜❡r ❡♥tr✐❡s✱ ❈❛r♣❛t❤✐❛♥ ▼❛t❤✳ P✉❜❧✳ ✶✺✭✷✮ ✭✷✵✷✸✮✱ ✹✷✵✲✹✸✻✳

❬✸❪ ❚✳ ●♦②✱ ▼✳ ❙❤❛tt✉❝❦✱ ❉❡t❡r♠✐♥❛♥t ✐❞❡♥t✐t✐❡s ❢♦r t❤❡ ❈❛t❛❧❛♥✱ ▼♦t③❦✐♥ ❛♥❞ ❙❝❤r☎♦❞❡r ♥✉♠❜❡rs✱
❆rt ❉✐s❝r❡t❡ ❆♣♣❧✳ ▼❛t❤✳ ✼✭✶✮ ✭✷✵✷✹✮✱ ★P✶✳✵✾✳

❬✹❪ ❚✳ ▼✉✐r✱ ❚❤❡ ❚❤❡♦r② ♦❢ ❉❡t❡r♠✐♥❛♥ts ✐♥ t❤❡ ❍✐st♦r✐❝❛❧ ❖r❞❡r ♦❢ ❉❡✈❡❧♦♣♠❡♥t✳ ❱♦❧✳ ✸✱ ❉♦✈❡r
P✉❜❧✐❝❛t✐♦♥s✱ ◆❡✇ ❨♦r❦✱ ✶✾✻✵✳

❬✺❪ ◆✳ ❏✳ ❆✳ ❙❧♦❛♥❡ ✭❡❞✳✮✱ ❚❤❡ ❖♥✲▲✐♥❡ ❊♥❝②❝❧♦♣❡❞✐❛ ♦❢ ■♥t❡❣❡r ❙❡q✉❡♥❝❡s✳ ❆✈❛✐❧❛❜❧❡ ❛t ❤tt♣s✿
✴✴♦❡✐s✳♦r❣✳

❡✲♠❛✐❧✿ t❛r❛s✳❣♦②❅♣♥✉✳❡❞✉✳✉❛

✶✸✵
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◆♦♥❧✐♥❡❛r P❛rt✐❛❧ ❉✐❢❢❡r❡♥t✐❛❧ ❊q✉❛t✐♦♥s ✐♥ ▼♦❞✉❧❡ ♦❢ ❈♦♣♦❧②♥♦♠✐❛❧s ♦✈❡r ❛

❈♦♠♠✉t❛t✐✈❡ ❘✐♥❣

❙❡r❤✐✐ ●❡❢t❡r✱ ❖❧❡❦s✐✐ P✐✈❡♥✬

❱✳ ◆✳ ❑❛r❛③✐♥ ❑❤❛r❦✐✈ ◆❛t✐♦♥❛❧ ❯♥✐✈❡rs✐t②✱ ❑❤❛r❦✐✈✱ ❯❦r❛✐♥❡

▲❡t K ❜❡ ❛♥ ❛r❜✐tr❛r② ❝♦♠♠✉t❛t✐✈❡ ✐♥t❡❣r❛❧ ❞♦♠❛✐♥ ✇✐t❤ ✐❞❡♥t✐t② ♦❢ ❝❤❛r❛❝t❡r✐st✐❝ ✵ ❛♥❞ ❧❡t
K[x1, ..., xn] ❜❡ ❛ r✐♥❣ ♦❢ ♣♦❧②♥♦♠✐❛❧s ✇✐t❤ ❝♦❡✣❝✐❡♥ts ✐♥ K✳

❉❡✜♥✐t✐♦♥ ✶✳ ❇② ❛ ❝♦♣♦❧②♥♦♠✐❛❧ ♦✈❡r t❤❡ r✐♥❣ K ✇❡ ♠❡❛♥ ❛ K✲❧✐♥❡❛r ❢✉♥❝t✐♦♥❛❧ ❞❡✜♥❡❞ ♦♥ t❤❡
r✐♥❣ K[x1, ..., xn]✱ ✐✳❡✳ ❛ ❤♦♠♦♠♦r♣❤✐s♠ ❢r♦♠ t❤❡ ♠♦❞✉❧❡ K[x1, ..., xn] ✐♥t♦ t❤❡ r✐♥❣ K✳

❲❡ ❞❡♥♦t❡ t❤❡ ♠♦❞✉❧❡ ♦❢ ❝♦♣♦❧②♥♦♠✐❛❧s ♦✈❡r K ❜② K[x1, .., xn]
′✳ ■❢ T ∈ K[x1, .., xn]

′ ❛♥❞
p ∈ K[x1, ..., xn]✱ t❤❡ ❢♦r t❤❡ ✈❛❧✉❡ ♦❢ T ♦♥ p ✇❡ ✉s❡ t❤❡ ♥♦t❛t✐♦♥ (T, p)✳ ❲❡ ❛❧s♦ ✇r✐t❡ t❤❡
❝♦♣♦❧②♥♦♠✐❛❧ T ∈ K[x1, ..., xn]

′ ✐♥ t❤❡ ❢♦r♠ T (x)✱ ✇❤❡r❡ x = (x1, ..., xn) ✐s r❡❣❛r❞❡❞ ❛s t❤❡
❛r❣✉♠❡♥t ♦❢ ♣♦❧②♥♦♠✐❛❧s p(x) ∈ K[x1, ..., xn] s✉❜❥❡❝t❡❞ t♦ t❤❡ ❛❝t✐♦♥ ♦❢ t❤❡ K✲❧✐♥❡❛r ♠❛♣♣✐♥❣ T ✳

❉❡✜♥✐t✐♦♥ ✷✳ ❋♦r ❛♥② ♠✉❧t✐✲✐♥❞❡① α = (α1, ..., αn) ∈ Nn0 t❤❡ ❞❡r✐✈❛t✐✈❡ DαT = ∂|α|T
∂x

α1
1 ∂x

α2
2 ···∂xαn

n

(|α| =
n∑
j=1

αj) ♦❢ ❛ ❝♦♣♦❧②♥♦♠✐❛❧ T ✐s ❞❡✜♥❡❞ ✐♥ t❤❡ s❛♠❡ ✇❛② ❛s ✐♥ t❤❡ ❝❧❛ss✐❝❛❧ t❤❡♦r② ♦❢

❣❡♥❡r❛❧✐③❡❞ ❢✉♥❝t✐♦♥s✿ (DαT, p) = (−1)|α|(T,Dαp), p ∈ K[x1, ..., xn]✳

❊①❛♠♣❧❡ ✶✳ ❚❤❡ ❝♦♣♦❧②♥♦♠✐❛❧ δ✲❢✉♥❝t✐♦♥ ✐s ❣✐✈❡♥ ❜② t❤❡ ❢♦r♠✉❧❛ (δ, p) = p(0), p ∈ K[x1, ..., xn]✳

❉❡✜♥✐t✐♦♥ ✸✳ ▲❡t T ∈ K[x1, ..., xn]
′ ❛♥❞ s = (s1, ..., sn)✳ ❈♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠❛❧ ▲❛✉r❡♥t

s❡r✐❡s ❢r♦♠ t❤❡ r✐♥❣ 1
s1s2···sn

K[[ 1s1 ,
1
s2
, ..., 1

sn
]]✿

C(T )(s) =

∞∑

|α|=0

(T, xα)

sα+ι
,

✇❤❡r❡ ι = (1, ..., 1) ∈ Nn0 ✳ ❚❤❡ ▲❛✉r❡♥t s❡r✐❡s C(T )(s) ✇✐❧❧ ❜❡ ❝❛❧❧❡❞ t❤❡ ❈❛✉❝❤②✲❙t✐❡❧t❥❡s tr❛♥s❢♦r♠
♦❢ ❛ ❝♦♣♦❧②♥♦♠✐❛❧ T ✳

▲❡t F =
∞∑

|α|=0

aαD
α ❜❡ ❛ ❧✐♥❡❛r ❞✐✛❡r❡♥t✐❛❧ ♦♣❡r❛t♦r ♦❢ ✐♥✜♥✐t❡ ♦r❞❡r ✇✐t❤ ❝♦❡✣❝✐❡♥ts aα ∈ K✳

❖❜✈✐♦✉s❧② t❤❡ ♦♣❡r❛t♦r F ✐s ✇❡❧❧ ❞❡✜♥❡❞ ♦♥ K[x1, ..., xn]
′ ❛♥❞ ♦♥ t❤❡ K✲♠♦❞✉❧❡ ♦❢ ❢♦r♠❛❧ ▲❛✉r❡♥t

s❡r✐❡s 1
s1s2···sn

K[[ 1s1 ,
1
s2
, ..., 1

sn
]]✳

Pr♦♣♦s✐t✐♦♥ ✺✳ ❋♦r ❛♥② T ∈ K[x1, ..., xn]
′ t❤❡ ❡q✉❛❧✐t② C(FT ) = F(C(T )) ❤♦❧❞s✳

❚❤❡ ❈❛✉❝❤②✲❙t✐❡❧t❥❡s tr❛♥s❢♦r♠ ❛♥❞ Pr♦♣♦s✐t✐♦♥ ✺ ❛❧❧♦✇ t♦ ✐♥tr♦❞✉❝❡ t❤❡ ♠✉❧t✐♣❧✐❝❛t✐♦♥
♦♣❡r❛t✐♦♥ ♦♥ t❤❡ ♠♦❞✉❧❡ ♦❢ ❝♦♣♦❧②♥♦♠✐❛❧s s✉❝❤ t❤❛t t❤✐s ♦♣❡r❛t✐♦♥ ✐s ❝♦♥s✐st❡♥t ✇✐t❤ t❤❡ ❞✐✲
✛❡r❡♥t✐❛t✐♦♥✳

❉❡✜♥✐t✐♦♥ ✹✳ ▲❡t T1, T2 ∈ K[x1, ..., xn]
′✱ ✐✳❡✳ T1, T2 ❛r❡ ❝♦♣♦❧②♥♦♠✐❛❧s✳ ❉❡✜♥❡ t❤❡✐r ♣r♦❞✉❝t

❜② t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛❧✐t②✿ C(T1T2) = C(T1)C(T2)✱ ✐✳❡✳ T1T2 = C−1 (C(T1)C(T2))✱ ✇❤❡r❡ C :
K[x1, ..., xn]

′ → 1
s1s2···sn

K[[ 1s1 ,
1
s2
, ..., 1

sn
]] ✐s ❛ ❈❛✉❝❤②✲❙t✐❡❧t❥❡s tr❛♥s❢♦r♠✳

❊①❛♠♣❧❡ ✷✳ ▲❡t n = 1✳ ❲❡ ✜♥❞ t❤❡ sq✉❛r❡ ♦❢ δ✲❢✉♥❝t✐♦♥✿

C(δ2)(s) = (C(δ))2(s) =
1

s2
=

(−1

s

)′

= (−C(δ))′ = C(−δ′),

✐✳❡✳
δ2 = −δ′.

✶✸✶



❚❤❡ r✐♥❣ ♦❢ ❢♦r♠❛❧ ♣♦✇❡r s❡r✐❡s ♦❢ t❤❡ ❢♦r♠ u(t, x) =
∞∑
k=0

uk(x)t
k ✇✐t❤ ❝♦❡✣❝✐❡♥ts uk(x) ∈

K[x1, ..., xn]
′ ✇✐❧❧ ❜❡ ❞❡♥♦t❡❞ ❜② K[x1, ..., xn]

′[[t]]✳
❚❤❡ ♣❛rt✐❛❧ ❞❡r✐✈❛t✐✈❡ ✇✐t❤ r❡s♣❡❝t t♦ t ♦❢ t❤❡ s❡r✐❡s u(t, x) ∈ K[x1, ...., xn]

′[[t]] ✐s ❞❡✜♥❡❞ ❜②

t❤❡ ❢♦r♠✉❧❛ ∂u
∂t =

∞∑
k=1

kuk(x)t
k−1✳ ❚❤❡ ♣❛rt✐❛❧ ❞❡r✐✈❛t✐✈❡s Dα ✇✐t❤ r❡s♣❡❝t t♦ ✈❛r✐❛❜❧❡s x1, ..., xn

♦❢ t❤❡ s❡r✐❡s u(t, x) ∈ K[x1, ..., xn]
′[[t]] ✐s ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✿ Dαu(t, x) =

∞∑
k=0

(Dαuk)(x)t
k✳

▲❡t P ∈ K[z1, ..., zm]✱ P (0) = 0 ❛♥❞ ❧❡t Fj =
∞∑

|α|=0

aj,αD
α (j = 1, ...,m) ❜❡ ❧✐♥❡❛r ❞✐✛❡r❡♥t✐❛❧

♦♣❡r❛t♦rs ♦❢ ✐♥✜♥✐t❡ ♦r❞❡r ✇✐t❤ ❝♦❡✣❝✐❡♥ts aj,α ∈ K ✇❤✐❝❤ ❛❝t ♦♥ t❤❡ ♠♦❞✉❧❡ ♦❢ ❝♦♣♦❧②♥♦♠✐❛❧s
K[x1, ..., xn]

′✳ ❈♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ♥♦♥❧✐♥❡❛r ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥ ✐♥ t❤❡ r✐♥❣ K[x1, ..., xn]
′[[t]]✿

∂u(t, x)

∂t
= P ((F1u)(t, x), ...., (Fmu)(t, x)) , ✭✶✮

u(0, x) = Q(x) ∈ K[x1, ..., xn]
′. ✭✷✮

❲❡ ❢♦r♠✉❧❛t❡ t❤❡ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss t❤❡♦r❡♠ ❢♦r t❤❡ ❈❛✉❝❤② ♣r♦❜❧❡♠ ✭✶✮✱ ✭✷✮✳

❚❤❡♦r❡♠ ✸✳ ▲❡t K ❝♦♥t❛✐♥s t❤❡ ✜❡❧❞ ♦❢ r❛t✐♦♥❛❧ ♥✉♠❜❡rs✳ ❚❤❡♥ ❢♦r ❛♥② ❝♦♣♦❧②♥♦♠✐❛❧ Q ∈
K[x1, ..., xn]

′ t❤❡ ❈❛✉❝❤② ♣r♦❜❧❡♠ ✭✶✮✱ ✭✷✮ ❤❛s ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥✳

❊①❛♠♣❧❡ ✹✳ ▲❡t a, b, u0 ∈ K ❛♥❞ ❧❡t n = 1✳ ■♥ t❤✐s ❡①❛♠♣❧❡ ✇❡ ❞♦ ♥♦t ❛ss✉♠❡ t❤❛t K ⊃ Q✳
❈♦♥s✐❞❡r ✐♥ t❤❡ r✐♥❣ K[x]′[[t]] t❤❡ ❈❛✉❝❤② ♣r♦❜❧❡♠ ❢♦r t❤❡ ❇✉r❣❡rs ❡q✉❛t✐♦♥

∂u

∂t
= a

∂2u

∂x2
+ bu

∂u

∂x
, u(0, x) = u0δ(x).

❚❤✐s ❈❛✉❝❤② ♣r♦❜❧❡♠ ❤❛s ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ ❛♥❞ t❤✐s s♦❧✉t✐♦♥ ✐s ♦❢ t❤❡ ❢♦r♠

u(t, x) =

∞∑

k=0

ukδ
2k+1tk,

✇❤❡r❡

uk+1 = a(4k + 2)uk − b
k∑

j=0

ujuk−j ∈ K, k = 0, 1, 2, ...

❚❤✐s ✇♦r❦ ✇❛s s✉♣♣♦rt❡❞ ❜② t❤❡ ❆❦❤✐❡③❡r ❋♦✉♥❞❛t✐♦♥✳

✶✳ ●❡❢t❡r✱ ❙✳▲✳✱ P✐✈❡♥✬✱ ❆✳▲✳ ▲✐♥❡❛r P❛rt✐❛❧ ❉✐✛❡r❡♥t✐❛❧ ❊q✉❛t✐♦♥s ✐♥ ▼♦❞✉❧❡ ♦❢ ❈♦♣♦❧②♥♦♠✐❛❧s
♦❢ ❙❡✈❡r❛❧ ❱❛r✐❛❜❧❡s ♦✈❡r ❛ ❈♦♠♠✉t❛t✐✈❡ ❘✐♥❣✳ ❤tt♣✿✴✴❛r①✐✈✳♦r❣✴❛❜s✴✷✹✵✼✳✵✹✶✷✷✱ t♦ ❛♣♣❡❛r
✐♥ ❏✳ ▼❛t❤✳ P❤②s✐❝s✱ ❆♥❛❧②s✐s✱ ●❡♦♠❡tr②✳

✷✳ ●❡❢t❡r✱ ❙✳▲✳✱ P✐✈❡♥✬✱ ❆✳▲✳ ▲✐♥❡❛r P❛rt✐❛❧ ❉✐✛❡r❡♥t✐❛❧ ❊q✉❛t✐♦♥s ✐♥ ▼♦❞✉❧❡ ♦❢ ❋♦r♠❛❧ ●❡♥❡r❛❧✐✲
③❡❞ ❋✉♥❝t✐♦♥s ♦✈❡r ❈♦♠♠✉t❛t✐✈❡ ❘✐♥❣✳ ❏✳ ▼❛t❤✳ ❙❝✐✳ ✭✷✵✷✶✮✱ ✷✺✼ ✭✺✮✱ ✺✼✾✕✺✾✻✳

❡✲♠❛✐❧✿ ❣❡❢t❡r❅❦❛r❛③✐♥✳✉❛✱ ❛❧❡❦s❡✐✳♣✐✈❡♥❅❦❛r❛③✐♥✳✉❛

✶✸✷



❖♥ ❧♦❝❛❧❧② ❝♦♠♣❛❝t s❤✐❢t✲❝♦♥t✐♥✉♦✉s t♦♣♦❧♦❣✐❡s ♦♥ ✉♣♣❡r ❛♥❞ ❞♦✇♥

s✉❜s❡♠✐❣r♦✉♣s ♦❢ t❤❡ ❜✐❝②❝❧✐❝ ♠♦♥♦✐❞ ✇✐t❤ ❛❞❥♦✐♥❡❞ ③❡r♦

❖❧❡❣ ●✉t✐❦

■✈❛♥ ❋r❛♥❦♦ ◆❛t✐♦♥❛❧ ❯♥✐✈❡rs✐t② ♦❢ ▲✈✐✈✱ ▲✈✐✈✱ ❯❦r❛✐♥❡

❲❡ ❢♦❧❧♦✇ t❤❡ s❡♠✐❣r♦✉♣ t❡r♠✐♥♦❧♦❣② ♦❢ ❬✹✱ ✺✱ ✻✱ ✶✻❪✳ ❚❤r♦✉❣❤♦✉t t❤❡s❡ ❛❜str❛❝t ✇❡ ❛❧✇❛②s
❛ss✉♠❡ t❤❛t ❛❧❧ t♦♣♦❧♦❣✐❝❛❧ s♣❛❝❡s ✐♥✈♦❧✈❡❞ ❛r❡ ❍❛✉s❞♦r✛ ✖ ✉♥❧❡ss ❡①♣❧✐❝✐t❧② st❛t❡❞ ♦t❤❡r✇✐s❡✳

▲❡t S ❜❡ ❛ ♥♦♥✲✈♦✐❞ t♦♣♦❧♦❣✐❝❛❧ s♣❛❝❡ ✇❤✐❝❤ ✐s ♣r♦✈✐❞❡❞ ✇✐t❤ ❛♥ ❛ss♦❝✐❛t✐✈❡ ♠✉❧t✐♣❧✐❝❛t✐♦♥
✭❛ s❡♠✐❣r♦✉♣ ♦♣❡r❛t✐♦♥✮ µ : S × S → S✱ (x, y) 7→ µ(x, y) = xy✳ ❚❤❡♥ t❤❡ ♣❛✐r (S, µ) ✐s ❝❛❧❧❡❞

(i) ❛ r✐❣❤t ✭❧❡❢t✮ t♦♣♦❧♦❣✐❝❛❧ s❡♠✐❣r♦✉♣ ✐❢ ❛❧❧ ✐♥t❡r✐♦r ❧❡❢t s❤✐❢ts λs : S → S✱ x 7→ sx ✭r✐❣❤t s❤✐❢ts
ρs : S → S✱ x 7→ xs✮✱ ❛r❡ ❝♦♥t✐♥✉♦✉s ♠❛♣s✱ s ∈ S❀

(ii) ❛ s❡♠✐t♦♣♦❧♦❣✐❝❛❧ s❡♠✐❣r♦✉♣ ✐❢ t❤❡ ♠❛♣ µ ✐s s❡♣❛r❛t❡❧② ❝♦♥t✐♥✉♦✉s❀

(iii) ❛ t♦♣♦❧♦❣✐❝❛❧ s❡♠✐❣r♦✉♣ ✐❢ t❤❡ ♠❛♣ µ ✐s ❥♦✐♥t❧② ❝♦♥t✐♥✉♦✉s✳

❲❡ ✉s✉❛❧❧② ♦♠✐t t❤❡ r❡❢❡r❡♥❝❡ t♦ µ ❛♥❞ ✇r✐t❡ s✐♠♣❧② S ✐♥st❡❛❞ ♦❢ (S, µ)✳ ■t ❣♦❡s ✇✐t❤♦✉t s❛②✐♥❣
t❤❛t ❡✈❡r② t♦♣♦❧♦❣✐❝❛❧ s❡♠✐❣r♦✉♣ ✐s ❛❧s♦ s❡♠✐t♦♣♦❧♦❣✐❝❛❧ ❛♥❞ ❡✈❡r② s❡♠✐t♦♣♦❧♦❣✐❝❛❧ s❡♠✐❣r♦✉♣ ✐s
❜♦t❤ ❛ r✐❣❤t ❛♥❞ ❧❡❢t t♦♣♦❧♦❣✐❝❛❧ s❡♠✐❣r♦✉♣✳

❆ t♦♣♦❧♦❣② τ ♦♥ ❛ s❡♠✐❣r♦✉♣ S ✐s ❝❛❧❧❡❞✿

❼ ❛ s❡♠✐❣r♦✉♣ t♦♣♦❧♦❣② ✐❢ (S, τ) ✐s ❛ t♦♣♦❧♦❣✐❝❛❧ s❡♠✐❣r♦✉♣❀

❼ ❛ s❤✐❢t✲❝♦♥t✐♥✉♦✉s t♦♣♦❧♦❣② ✐❢ (S, τ) ✐s ❛ s❡♠✐t♦♣♦❧♦❣✐❝❛❧ s❡♠✐❣r♦✉♣❀

❼ ❛♥ ❧❡❢t✲❝♦♥t✐♥✉♦✉s t♦♣♦❧♦❣② ✐❢ (S, τ) ✐s ❛ ❧❡❢t t♦♣♦❧♦❣✐❝❛❧ s❡♠✐❣r♦✉♣❀

❼ ❛♥ r✐❣❤t✲❝♦♥t✐♥✉♦✉s t♦♣♦❧♦❣② ✐❢ (S, τ) ✐s ❛ r✐❣❤t t♦♣♦❧♦❣✐❝❛❧ s❡♠✐❣r♦✉♣✳

❚❤❡ ❜✐❝②❝❧✐❝ ♠♦♥♦✐❞ C (p, q) ✐s t❤❡ s❡♠✐❣r♦✉♣ ✇✐t❤ t❤❡ ✐❞❡♥t✐t② 1 ❣❡♥❡r❛t❡❞ ❜② t✇♦ ❡❧❡♠❡♥ts p
❛♥❞ q s✉❜❥❡❝t❡❞ ♦♥❧② t♦ t❤❡ ❝♦♥❞✐t✐♦♥ pq = 1✳ ❚❤❡ s❡♠✐❣r♦✉♣ ♦♣❡r❛t✐♦♥ ♦♥ C (p, q) ✐s ❞❡t❡r♠✐♥❡❞
❛s ❢♦❧❧♦✇s✿

qkpl · qmpn =





qk−l+mpn, ✐❢ l < m;
qkpn, ✐❢ l = m;
qkpl−m+n, ✐❢ l > m.

■♥ ❬✶✸❪ ▼❛❦❛♥❥✉♦❧❛ ❛♥❞ ❯♠❛r st✉❞② ❛❧❣❡❜r❛✐❝ ♣r♦♣❡rt② ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛♥t✐✲✐s♦♠♦r♣❤✐❝
s✉❜s❡♠✐❣r♦✉♣s

C+(p, q) =
{
qipj ∈ C (p, q) : i 6 j

}
❛♥❞ C−(p, q) =

{
qipj ∈ C (p, q) : i > j

}
,

♦❢ t❤❡ ❜✐❝②❝❧✐❝ ♠♦♥♦✐❞✳ ■♥ t❤❡ ♣❛♣❡r ❬✽❪ ✇❡ ♣r♦✈❡ t❤❛t ❡✈❡r② ❍❛✉s❞♦r✛ ❧❡❢t✲❝♦♥t✐♥✉♦✉s ✭r✐❣❤t✲
❝♦♥t✐♥✉♦✉s✮ t♦♣♦❧♦❣② ♦♥ t❤❡ ♠♦♥♦✐❞ C+(a, b) ✭C−(a, b)✮ ✐s ❞✐s❝r❡t❡ ❛♥❞ s❤♦✇ t❤❛t t❤❡r❡ ❡①✐sts
❛ ❝♦♠♣❛❝t ❍❛✉s❞♦r✛ t♦♣♦❧♦❣✐❝❛❧ ♠♦♥♦✐❞ S ✇❤✐❝❤ ❝♦♥t❛✐♥s C+(a, b) ✭C−(a, b)✮ ❛s ❛ s✉❜♠♦♥♦✐❞✳
❆❧s♦✱ ✐♥ ❬✽❪ ✇❡ ❝♦♥str✉❝t❡❞ ❛ ♥♦♥✲❞✐s❝r❡t❡ r✐❣❤t✲❝♦♥t✐♥✉♦✉s ✭❧❡❢t✲❝♦♥t✐♥✉♦✉s✮ t♦♣♦❧♦❣② τ+p ✭τ−p ✮ ♦♥
t❤❡ s❡♠✐❣r♦✉♣ C+(a, b) ✭C−(a, b)✮ ✇❤✐❝❤ ✐s ♥♦t ❧❡❢t✲❝♦♥t✐♥✉♦✉s ✭r✐❣❤t✲❝♦♥t✐♥✉♦✉s✮✳

■♥ ❬✻❪ ✐t ✐s ♣r♦✈❡❞ t❤❛t ❡✈❡r② ❍❛✉s❞♦r✛ ❧♦❝❛❧❧② ❝♦♠♣❛❝t s❤✐❢t✲❝♦♥t✐♥✉♦✉s t♦♣♦❧♦❣② ♦♥ t❤❡
❜✐❝②❝❧✐❝ ♠♦♥♦✐❞ ✇✐t❤ ❛❞❥♦✐♥❡❞ ③❡r♦ ✐s ❡✐t❤❡r ❝♦♠♣❛❝t✱ ♦r ❞✐s❝r❡t❡✳ ❚❤❡ ♣r♦❜❧❡♠ ♦❢ ❛❞❥♦✐♥✐♥❣ ♦❢
③❡r♦ t♦ ❛ s❡♠✐t♦♣♦❧♦❣✐❝❛❧ s❡♠✐❣r♦✉♣ ✐♥ ❧♦❝❛❧❧② ❝♦♠♣❛❝t ❝❛s❡ ✐s st✉❞✐❡❞ ❢♦r ❞✐✛❡r❡♥t s❡♠✐t♦♣♦❧♦❣✐❝❛❧
s❡♠✐❣r♦✉♣s ✐♥ ❬✶✱ ✷✱ ✸✱ ✾✱ ✶✵✱ ✶✶✱ ✶✷✱ ✾✱ ✶✵❪✳

▲❛t❡r ❜② C+(p, q)
0 ❛♥❞ C−(p, q)

0 ✇❡ ❞❡♥♦t❡ t❤❡ s❡♠✐❣r♦✉♣s C+(a, b) ❛♥❞ C−(a, b) ✇✐t❤ t❤❡
❛❞❥♦✐♥❡❞ ③❡r♦✳

❚❤❡♦r❡♠ ✶✳ ❖♥ t❤❡ s❡♠✐❣r♦✉♣ C+(p, q)
0 (C−(p, q)

0) t❤❡r❡ ❡①✐st ❝♦♥t✐♥✉✉♠ ♠❛♥② ❍❛✉s❞♦r✛
❧♦❝❛❧❧② ❝♦♠♣❛❝t s❤✐❢t✲❝♦♥t✐♥✉♦✉s t♦♣♦❧♦❣✐❡s ✉♣ t♦ t♦♣♦❧♦❣✐❝❛❧ ✐s♦♠♦r♣❤✐s♠✳

❈♦r♦❧❧❛r② ✸✳ ❖♥ t❤❡ s❡♠✐❣r♦✉♣ C+(p, q)
0 (C−(p, q)

0) t❤❡r❡ ❡①✐st ❡①❛❝t❧② t❤r❡❡ ❍❛✉s❞♦r✛ ❧♦❝❛❧❧②
❝♦♠♣❛❝t s❤✐❢t✲❝♦♥t✐♥✉♦✉s t♦♣♦❧♦❣✐❡s ✉♣ t♦ ❤♦♠❡♦♠♦r♣❤✐s♠✳

✶✸✸



❘❡❢❡r❡♥❝❡s

❬✶❪ ❙✳ ❇❛r❞②❧❛✱ ❈❧❛ss✐❢②✐♥❣ ❧♦❝❛❧❧② ❝♦♠♣❛❝t s❡♠✐t♦♣♦❧♦❣✐❝❛❧ ♣♦❧②❝②❝❧✐❝ ♠♦♥♦✐❞s✱ ▼❛t✳ ❱✐s♥✳ ◆❛✉❦✳
❚♦✈✳ ■♠✳ ❙❤❡✈❝❤❡♥❦❛ ✶✸ ✭✷✵✶✻✮✱ ✷✶✕✷✽✳

❬✷❪ ❙✳ ❇❛r❞②❧❛✱ ❖♥ ❧♦❝❛❧❧② ❝♦♠♣❛❝t s❡♠✐t♦♣♦❧♦❣✐❝❛❧ ❣r❛♣❤ ✐♥✈❡rs❡ s❡♠✐❣r♦✉♣s✱ ▼❛t✳ ❙t✉❞✳ ✹✾
✭✷✵✶✽✮✱ ♥♦✳ ✶✱ ✶✾✕✷✽✳

❬✸❪ ❙✳ ❇❛r❞②❧❛✱ ❖♥ t♦♣♦❧♦❣✐❝❛❧ ▼❝❆❧✐st❡r s❡♠✐❣r♦✉♣s✱ ❏✳ P✉r❡ ❆♣♣❧✳ ❆❧❣❡❜r❛ ✷✷✼ ✭✷✵✷✸✮✱ ♥♦✳ ✹✱
✶✵✼✷✼✹✳

❬✹❪ ❏✳ ❍✳ ❈❛rr✉t❤✱ ❏✳ ❆✳ ❍✐❧❞❡❜r❛♥t✱ ❛♥❞ ❘✳ ❏✳ ❑♦❝❤✱ ❚❤❡ t❤❡♦r② ♦❢ t♦♣♦❧♦❣✐❝❛❧ s❡♠✐❣r♦✉♣s✱ ❱♦❧✳
■✱ ▼❛r❝❡❧ ❉❡❦❦❡r✱ ■♥❝✳✱ ◆❡✇ ❨♦r❦ ❛♥❞ ❇❛s❡❧✱ ✶✾✽✸✳

❬✺❪ ❆✳ ❍✳ ❈❧✐✛♦r❞ ❛♥❞ ●✳ ❇✳ Pr❡st♦♥✱ ❚❤❡ ❛❧❣❡❜r❛✐❝ t❤❡♦r② ♦❢ s❡♠✐❣r♦✉♣s✱ ❱♦❧✳ ■✱ ❆♠❡r✳ ▼❛t❤✳
❙♦❝✳ ❙✉r✈❡②s ✼✱ Pr♦✈✐❞❡♥❝❡✱ ❘✳■✳✱ ✶✾✻✶✳

❬✻❪ ❘✳ ❊♥❣❡❧❦✐♥❣✱ ●❡♥❡r❛❧ t♦♣♦❧♦❣②✱ ✷♥❞ ❡❞✳✱ ❍❡❧❞❡r♠❛♥♥✱ ❇❡r❧✐♥✱ ✶✾✽✾✳

❬✼❪ ❖✳ ●✉t✐❦✱ ❖♥ t❤❡ ❞✐❝❤♦t♦♠② ♦❢ ❛ ❧♦❝❛❧❧② ❝♦♠♣❛❝t s❡♠✐t♦♣♦❧♦❣✐❝❛❧ ❜✐❝②❝❧✐❝ ♠♦♥♦✐❞ ✇✐t❤ ❛❞❥♦✐✲
♥❡❞ ③❡r♦✱ ❱✐s♥②❦ ▲✬✈✐✈ ❯♥✐✈✳✱ ❙❡r✳ ▼❡❝❤✳✲▼❛t❤✳ ✽✵ ✭✷✵✶✺✮✱ ✸✸✕✹✶✳

❬✽❪ ❖✳ ●✉t✐❦✱ ❖♥ ♥♦♥✲t♦♣♦❧♦❣✐③❛❜❧❡ s❡♠✐❣r♦✉♣s✱ Pr❡♣r✐♥t ✭❛r❳✐✈✿✷✹✵✺✳✶✻✾✾✷✮✳

❬✾❪ ❖✳ ❱✳ ●✉t✐❦✱ ▼✳ ❇✳ ❑❤②❧②♥s❦②✐✱ ❖♥ ❧♦❝❛❧❧② ❝♦♠♣❛❝t s❤✐❢t ❝♦♥t✐♥✉♦✉s t♦♣♦❧♦❣✐❡s ♦♥ t❤❡ s❡♠✐✲
❣r♦✉♣ B[0,∞) ✇✐t❤ ❛♥ ❛❞❥♦✐♥❡❞ ❝♦♠♣❛❝t ✐❞❡❛❧✱ ▼❛t✳ ❙t✉❞✳ ✻✶ ✭✷✵✷✹✮✱ ♥♦✳ ✶✱ ✶✵✕✷✵✳

❬✶✵❪ ❖✳ ●✉t✐❦ ❛♥❞ P✳ ❑❤②❧②♥s❦②✐✱ ❖♥ ❛ ❧♦❝❛❧❧② ❝♦♠♣❛❝t s✉❜♠♦♥♦✐❞ ♦❢ t❤❡ ♠♦♥♦✐❞ ❝♦✜♥✐t❡ ♣❛rt✐❛❧
✐s♦♠❡tr✐❡s ♦❢ N ✇✐t❤ ❛❞❥♦✐♥❡❞ ③❡r♦✱ ❚♦♣♦❧✳ ❆❧❣❡❜r❛ ❆♣♣❧✳ ✶✵ ✭✷✵✷✷✮✱ ♥♦✳ ✶✱ ✷✸✸✕✷✹✺✳

❬✶✶❪ ❖✳ ❱✳ ●✉t✐❦ ❛♥❞ ❑✳ ▼✳ ▼❛❦s②♠②❦✱ ❖♥ ❛ s❡♠✐t♦♣♦❧♦❣✐❝❛❧ ❡①t❡♥❞❡❞ ❜✐❝②❝❧✐❝ s❡♠✐❣r♦✉♣ ✇✐t❤
❛❞❥♦✐♥❡❞ ③❡r♦✱ ❏✳ ▼❛t❤✳ ❙❝✐✳ ✷✻✺ ✭✷✵✷✷✮✱ ♥♦✳ ✸✱ ✸✻✾✕✸✽✶✳

❬✶✷❪ ❖✳ ●✉t✐❦✱ ❛♥❞ ▼✳ ▼②❦❤❛❧❡♥②❝❤✱ ❖♥ ❛ s❡♠✐t♦♣♦❧♦❣✐❝❛❧ s❡♠✐❣r♦✉♣ B
F
ω ✇❤❡♥ ❛ ❢❛♠✐❧② F

❝♦♥s✐sts ♦❢ ✐♥❞✉❝t✐✈❡ ♥♦♥✲❡♠♣t② s✉❜s❡ts ♦❢ ω✱ ▼❛t✳ ❙t✉❞✳ ✺✾ ✭✷✵✷✸✮✱ ♥♦✳ ✶✱ ✷✵✕✷✽✳

❬✶✸❪ ❙✳ ❖✳ ▼❛❦❛♥❥✉♦❧❛ ❛♥❞ ❆✳ ❯♠❛r✱ ❖♥ ❛ ❝❡rt❛✐♥ s✉❜ s❡♠✐❣r♦✉♣ ♦❢ t❤❡ ❜✐❝②❝❧✐❝ s❡♠✐❣r♦✉♣✱
❈♦♠♠✉♥✐❝❛t✐♦♥s ✐♥ ❆❧❣❡❜r❛✱ ✷✺ ✭✶✾✾✼✮✱ ♥♦✳ ✷✱ ✺✵✾✕✺✶✾✳

❬✶✹❪ ❑✳ ▼❛❦s②♠②❦✱ ❖♥ ❧♦❝❛❧❧② ❝♦♠♣❛❝t ❣r♦✉♣s ✇✐t❤ ③❡r♦✱ ❱✐s♥✳ ▲✈✐✈ ❯♥✐✈✳✱ ❙❡r✳ ▼❡❦❤✳✲▼❛t✳ ✽✽
✭✷✵✶✾✮✱ ✺✶✕✺✽✳ ✭✐♥ ❯❦r❛✐♥✐❛♥✮✳

❬✶✺❪ ❚✳ ▼♦❦r②ts❦②✐✱ ❖♥ t❤❡ ❞✐❝❤♦t♦♠② ♦❢ ❛ ❧♦❝❛❧❧② ❝♦♠♣❛❝t s❡♠✐t♦♣♦❧♦❣✐❝❛❧ ♠♦♥♦✐❞ ♦❢ ♦r❞❡r
✐s♦♠♦r♣❤✐s♠s ❜❡t✇❡❡♥ ♣r✐♥❝✐♣❛❧ ✜❧t❡rs ♦❢ Nn ✇✐t❤ ❛❞❥♦✐♥❡❞ ③❡r♦✱ ❱✐s♥✳ ▲✈✐✈ ❯♥✐✈✳✱ ❙❡r✳
▼❡❦❤✳✲▼❛t✳ ✽✼ ✭✷✵✶✾✮✱ ✸✼✕✹✺✳

❬✶✻❪ ❲✳ ❘✉♣♣❡rt✱ ❈♦♠♣❛❝t s❡♠✐t♦♣♦❧♦❣✐❝❛❧ s❡♠✐❣r♦✉♣s✿ ❛♥ ✐♥tr✐♥s✐❝ t❤❡♦r②✱ ▲❡❝t✳ ◆♦t❡s ▼❛t❤✳✱
✶✵✼✾✱ ❙♣r✐♥❣❡r✱ ❇❡r❧✐♥✱ ✶✾✽✹✳

❡✲♠❛✐❧✿ ♦❧❡❣✳❣✉t✐❦❅❧♥✉✳❡❞✉✳✉❛

✶✸✹



❚❤❡ ❲❛r✐♥❣✲●✐r❛r❞ ❢♦r♠✉❧❛ ❢♦r s②♠♠❡tr✐❝ ♣♦❧②♥♦♠✐❛❧s ♦♥ t❤❡ s♣❛❝❡ ℓp
❖❧❤❛ ❍❛♥❞❡r❛✲❑❛❧②♥♦✈s❦❛✱ ❱✐❦t♦r✐✐❛ ❑r❛✈ts✐✈

❱❛s②❧ ❙t❡❢❛♥②❦ Pr❡❝❛r♣❛t❤✐❛♥ ◆❛t❤✐♦♥❛❧ ❯♥✐✈❡rs✐t②✱ ■✈❛♥♦✲❋r❛♥❦✐✈s❦✱ ❯❦r❛✐♥❡

▲❡t X ❜❡ ❛ ❝♦♠♣❧❡① ❇❛♥❛❝❤ s♣❛❝❡s ✇✐t❤ ❛ s②♠♠❡tr✐❝ ❜❛s✐s (en). ▲❡t ✉s r❡❝❛❧❧ t❤❛t ❛ ❙❝❤❛✉❞❡r
❜❛s✐s (en) ✐s s②♠♠❡tr✐❝ ✐❢ ❢♦r ❡✈❡r② ♣❡r♠✉t❛t✐♦♥ ✭♦♥❡✲t♦✲♦♥❡ ♠❛♣✮ σ ∈ SN, t❤❡ ❜❛s✐s (eσ(n)) ✐s
❡q✉✐✈❛❧❡♥t t♦ (en), ✇❤❡r❡ SN ✐s t❤❡ s❡♠✐❣r♦✉♣ ♦❢ ❛❧❧ ♣❡r♠✉t❛t✐♦♥s ♦♥ t❤❡ s❡t ♦❢ ❛❧❧ ♥❛t✉r❛❧ ♥✉♠❜❡rs
N. ❙♦✱ ✇❡ ❝❛♥ ✉♥✐q✉❡❧② r❡♣r❡s❡♥t ❡✈❡r② x ∈ X ❛s

x = (x1, x2, . . .) =
∞∑

n=1

xnen.

❆ ♠❛♣♣✐♥❣ F ♦♥ X ✐s s❛✐❞ t♦ ❜❡ s②♠♠❡tr✐❝ ✐❢

F (x1, x2, . . .) = F (xσ(1), xσ(2), . . .)

❢♦r ❡❛❝❤ σ ∈ SN. ❆ ❢✉♥❝t✐♦♥ P : X → C ✐s ❛ ♣♦❧②♥♦♠✐❛❧ ♦❢ ❞❡❣r❡❡ m ✐❢ t❤❡ r❡str✐❝t✐♦♥ ♦❢ P t♦ ❛♥②
✜♥✐t❡✲❞✐♠❡♥s✐♦♥❛❧ s✉❜s♣❛❝❡ ♦❢ X ✐s ❛ ♣♦❧②♥♦♠✐❛❧ ♦❢ s❡✈❡r❛❧ ✈❛r✐❛❜❧❡s ♦❢ ❞❡❣r❡❡ ≤ m ❛♥❞ t❤❡r❡
✐s ❛ ✜♥✐t❡✲❞✐♠❡♥s✐♦♥❛❧ s✉❜s♣❛❝❡ V ♦❢ X s✉❝❤ t❤❛t t❤❡ r❡str✐❝t✐♦♥ ♦❢ P t♦ V ✐s ❛ ♣♦❧②♥♦♠✐❛❧ ♦❢
❞❡❣r❡❡ m. ❲❡ ❞❡♥♦t❡ ❜② Ps(X) t❤❡ ❛❧❣❡❜r❛ ♦❢ ❛❧❧ ❝♦♥t✐♥✉♦✉s s②♠♠❡tr✐❝ ♣♦❧②♥♦♠✐❛❧s ♦♥ X.

■♥ t❤❡ ❝❛s❡ X = ℓ1, ♣♦❧②♥♦♠✐❛❧s

Fk(x) =
∞∑

n=1

xkn, k ∈ N,

❢♦r♠ ❛♥ ❛❧❣❡❜r❛✐❝ ❜❛s✐s ♦❢ Ps(ℓ1). ❚❤❛t ✐s✱ ❢♦r ❛♥② ♣♦❧②♥♦♠✐❛❧s P ∈ Ps(ℓ1) t❤❡r❡ ✐s ❛ ✉♥✐q✉❡
♣♦❧②♥♦♠✐❛❧ ♦❢ s❡✈❡r❛❧ ❝♦♠♣❧❡① ✈❛r✐❛❜❧❡s Q(t1, . . . , tm) s✉❝❤ t❤❛t P (x) = Q(F1(x), . . . , Fm(x)).
P♦❧②♥♦♠✐❛❧s Fk ❛r❡ ❝❛❧❧❡❞ ♣♦✇❡r s②♠♠❡tr✐❝ ♣♦❧②♥♦♠✐❛❧s✳ ❚❤❡ ❛❧❣❡❜r❛✐❝ ❜❛s✐s ✐s ♥♦t ✉♥✐q✉❡✱ ♦❢
❝♦✉rs❡✱ ❛♥❞ ✇❡ ✇✐❧❧ ✉s❡ ❛❧s♦ ❜❛s❡s

Gn(x) =
∑

i1<...<in

xi1 · · ·xin , ✭✶✮

✇❤✐❝❤ ✐s ❝❛❧❧❡❞ t❤❡ ❜❛s✐s ♦❢ ❡❧❡♠❡♥t❛r② s②♠♠❡tr✐❝ ♣♦❧②♥♦♠✐❛❧s ❛♥❞

Hn(x) =
∑

i1≤...≤in

xi1 · · ·xin , ✭✷✮

✇❤✐❝❤ ✐s ❝❛❧❧❡❞ t❤❡ ❜❛s✐s ♦❢ ❤♦♠♦❣❡♥❡♦✉s s②♠♠❡tr✐❝ ♣♦❧②♥♦♠✐❛❧s✳
❲❡ ❞❡♥♦t❡ ❜② Z+ t❤❡ s❡t ♦❢ ❛❧❧ ♥♦♥♥❡❣❛t✐✈❡ ✐♥t❡❣❡rs✳ ■t ✐s ✇❡❧❧✲❦♥♦✇♥ t❤❛t t❤❡ ❡❧❡♠❡♥t❛r②

❛♥❞ ❤♦♠♦❣❡♥❡♦✉s s②♠♠❡tr✐❝ ♣♦❧②♥♦♠✐❛❧s ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ✐♥ t❡r♠s ♦❢ t❤❡ ♣♦✇❡r s②♠♠❡tr✐❝
♣♦❧②♥♦♠✐❛❧s ❜② ❲❛r✐♥❣✲●✐r❛r❞ ❢♦r♠✉❧❛s✿

Gn =
∑

λ1+2λ2+...+nλn=n

(−1)n+(λ1+λ2+...+λn)

1λ1 · 2λ2 · . . . · nλnλ1! · λ2! · . . . · λn!
(F1)

λ1(F2)
λ2 . . . (Fn)

λn ✭✸✮

❛♥❞

Hn =
∑

λ1+2λ2+...+nλn=n

1

1λ1 · 2λ2 · . . . · nλnλ1! · λ2! · . . . · λn!
(F1)

λ1(F2)
λ2 . . . (Fn)

λn , ✭✹✮

✇❤❡r❡ λj ∈ Z+, j = ¯1, n.
■♥ t❤❡ ❝❛s❡ p > 1 ✇❡ ❤❛✈❡ ♥♦ ❡❧❡♠❡♥t❛r② ❛♥❞ ❤♦♠♦❣❡♥❡♦✉s s②♠♠❡tr✐❝ ♣♦❧②♥♦♠✐❛❧s✳ ■♥ t❤✐s

t❛❧❦ ✇❡ ✇✐❧❧ ✐♥tr♦❞✉❝❡ ❲❛r✐♥❣✲●✐r❛r❞ ❢♦r♠✉❧❛s ✐♥ t❤❡ ❝❛s❡ ♦❢ s♣❛❝❡ ℓp, p > 1 ❛♥❞ ✜♥❞ t❤❡ ❝❧❡❛r
❢♦r♠ ♦❢ t❤❡ ❡❧❡♠❡♥t❛r② ❛♥❞ ❤♦♠♦❣❡♥❡♦✉s s②♠♠❡tr✐❝ ♣♦❧②♥♦♠✐❛❧s ✐♥ t❤✐s ❝❛s❡✳

❚❤✐s r❡s❡❛r❝❤ ✇❛s ❢✉♥❞❡❞ ❜② t❤❡ ♣r♦❥❡❝t ♦❢ ▼✐♥✐str② ♦❢ ❊❞✉❝❛t✐♦♥ ❛♥❞ ❙❝✐❡♥❝❡ ♦❢ ❯❦r❛✐♥❡
✭✵✶✷✸❯✶✵✶✼✾✶✮✳

❡✲♠❛✐❧✿ ♦❧❤❛✳❤❛♥❞❡r❛✲❦❛❧②♥♦✈s❦❛❅♣♥✉✳❡❞✉✳✉❛✱ ✈✐❦t♦r✐✐❛✳❦r❛✈ts✐✈❅♣♥✉✳❡❞✉✳✉❛

✶✸✺



❘❛t✐♦♥❛❧❧② ❢❛❝t♦r✐③❡❞ ▲❛① t②♣❡ ❢❧♦✇s ✐♥ t❤❡ s♣❛❝❡ ❞✉❛❧ t♦ t❤❡ ❝❡♥tr❛❧❧②

❡①t❡♥❞❡❞ ▲✐❡ ❛❧❣❡❜r❛ ♦❢ ♠❛tr✐① s✉♣❡r✲✐♥t❡❣r♦✲❞✐❢❢❡r❡♥t✐❛❧ ♦♣❡r❛t♦rs ❛♥❞

t❤❡✐r ❍❛♠✐❧t♦♥✐❛♥ str✉❝t✉r❡

❖❦s❛♥❛ ❍❡♥t♦s❤

P✐❞sr②❤❛❝❤ ■❆P▼▼✱ ◆❆❙ ♦❢ ❯❦r❛✐♥❡✱ ▲✈✐✈✱ ❯❦r❛✐♥❡

▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ ▲✐❡ ❛❧❣❡❜r❛ g ✇❤✐❝❤ ❝♦♥s✐sts ♦❢ ♠❛tr✐① s✉♣❡r✲✐♥t❡❣r♦✲❞✐✛❡r❡♥t✐❛❧ ♦♣❡r❛t♦rs
✇✐t❤ ♦♥❡ ❛♥t✐❝♦♠♠✉t✐♥❣ ✈❛r✐❛❜❧❡ s✉❝❤ ❛s A := 1∂q +

∑
p<2q ApD

p
θ ✱ ✇❤❡r❡ Ar ∈ C∞(S ×

Λ1; gl(m|n))✱ gl(m|n)) ✐s ❛ s❡♠✐✲s✐♠♣❧❡ ▲✐❡ s✉♣❡r❛❧❣❡❜r❛ ♦❢ sq✉❛r❡ s✉♣❡r♠❛tr✐❝❡s✱ t❤❡ s✉♣❡r♠❛tr✐✲
❝❡s Ap ❛r❡ ❡✈❡♥ ❢♦r ❡✈❡r② ❡✈❡♥ p ❛♥❞ ♦❞❞ ❢♦r ❡✈❡r② ♦❞❞ p✱ 1 ∈ gl(m + n) ✐s ❛♥ ✉♥✐t ♠❛tr✐①✱
Ap = Ap(x, θ) := A0

p(x) + θA1
p(x)✱ p ∈ Z✱ p < 2q✱ q ∈ N✱ ∂ = ∂/∂x✱ x ∈ S ≃ R/2πZ✱ θ ∈ Λ1✱

Λ := Λ0⊕Λ1 ✐s ❛ ❝♦♠♠✉t❛t✐✈❡ ❇❛♥❛❝❤ s✉♣❡r❛❧❣❡❜r❛ ♦✈❡r t❤❡ ✜❡❧❞ C ⊂ Λ0✱ Dθ := ∂/∂θ+θ∂/∂x ✐s
❛ s✉♣❡r❞❡r✐✈❛t✐✈❡✱ D2

θ = ∂/∂x✱ ❛♥❞ ∂/∂θ ✐s ❛ ❧❡❢t ♣❛rt✐❛❧ ❞❡r✐✈❛t✐✈❡ ❜② t❤❡ ❛♥t✐❝♦♠♠✉t✐♥❣ ✈❛r✐❛❜❧❡
θ✱ ✇✐t❤ t❤❡ st❛♥❞❛r❞ ❝♦♠♠✉t❛t♦r [., .]✱ ❛❝t✐♥❣ ❜② t❤❡ r✉❧❡ [A, B] = A◦B−B◦A ❢♦r ❛♥② A,B ∈ g✱
✇❤❡r❡ s②♠❜♦❧ ✧◦✧ ❞❡♥♦t❡s t❤❡ ♣r♦❞✉❝t ♦❢ ♦♣❡r❛t♦rs✳ ❚❤❡ s❝❛❧❛r ♣r♦❞✉❝t (A, B) =

∫
x∈S dx

∫
dθ

s❙♣ r❡sDθ
(AB)✱ ✇❤❡r❡ ✧r❡sDθ

✧ ❞❡♥♦t❡s t❤❡ ❝♦❡✣❝✐❡♥t ❛t D−1
θ ✐♥ t❤❡ ❡①♣❛♥s✐♦♥ ♦❢ ❛ ♠❛tr✐① s✉♣❡r✲

✐♥t❡❣r♦✲❞✐✛❡r❡♥t✐❛❧ ♦♣❡r❛t♦r ❛♥❞ ✧s❙♣✧ ✐s ❛ s✉♣❡r♠❛tr✐① s✉♣❡rtr❛❝❡✱ ❜❡✐♥❣ ✐♥✈❛r✐❛♥t ✇✐t❤ r❡s♣❡❝t
t♦ t❤❡ ♠❡♥t✐♦♥❡❞ ❛❜♦✈❡ ❝♦♠♠✉t❛t♦r [., .]✱ ❛❧❧♦✇s ✉s t♦ ✐❞❡♥t✐❢② t❤❡ ❞✉❛❧ s♣❛❝❡ g∗ t♦ g ✇✐t❤
t❤❡ ▲✐❡ ❛❧❣❡❜r❛ ✐ts❡❧❢✳ ❚❤❡ ❧❛tt❡r ✐s s♣❧✐tt✐♥❣ ✐♥t♦ t❤❡ ❞✐r❡❝t s✉♠ g := g+ ⊕ g− ♦❢ t✇♦ ✐ts ▲✐❡
s✉❜❛❧❣❡❜r❛s✱ ✇❤❡r❡ g+ ✐s ❛ ▲✐❡ s✉❜❛❧❣❡❜r❛ ♦❢ ❢♦r♠❛❧ ♣♦❧②♥♦♠✐❛❧s ❜② t❤❡ s✉♣❡r❞❡r✐✈❛t✐✈❡ ♦♣❡r❛t♦r
✇✐t❤ s✉♣❡r♠❛tr✐①✲✈❛❧✉❡❞ ❝♦❡✣❝✐❡♥ts✱ ❛♥❞ g∗+ ≃ g−, g

∗
− ≃ g+✳

❖♥❡ ❝♦♥str✉❝ts t❤❡ ❝❡♥tr❛❧ ❡①t❡♥s✐♦♥ ĝ := g̃⊕C ♦❢ ♣❛r❛♠❡t❡r✐③❡❞ ▲✐❡ ❛❧❣❡❜r❛ g̃ :=
∏
y∈S g ❜②

t❤❡ ▼❛✉r❡r✲❈❛rt❛♥ ✷✲❝♦❝②❝❧❡ ♦♥ g̃ s✉❝❤ ❛s ω2(A,B) =
∫
y∈S dy (A, ∂B/∂y)✱ ✇❤❡r❡ A,B ∈ g̃✱ ✇✐t❤

t❤❡ ❝♦♠♠✉t❛t♦r [(A, d), (B, e)] = ([A,B], ω2(A,B)) ❢♦r ❛♥② (A, d), (B, e) ∈ ĝ✱ ❛♥❞ ✐♥tr♦❞✉❝❡s
❛♥♦t❤❡r ❝♦♠♠✉t❛t♦r ♦♥ ĝ ✐♥ t❤❡ ❢♦r♠

[(A, d), (B, e)]R = ([A,B]R, ω2,R(A,B)), ✭✶✮

✇❤❡r❡ [A,B]R = [RA,B]+[A,RB]✱ ω2,R(A,B) = ω2(RA,B)+ω2(A,RB)✱ R = (P+−P−)/2 ❛♥❞
P± ❛r❡ ♣r♦❥❡❝t♦rs ♦♥ t❤❡ ▲✐❡ s✉❜❛❧❣❡❜r❛s g̃±✳ ❖♥ t❤❡ s♣❛❝❡ ĝ∗✱ ❞✉❛❧ t♦ ĝ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ s❝❛❧❛r
♣r♦❞✉❝t ((A, d), (B, e)) =

∫
y∈S dy (A,B) + de✱ t❤❡ ❝♦♠♠✉t❛t♦r ✭✶✮ ❞❡t❡r♠✐♥❡s t❤❡ ▲✐❡✲P♦✐ss♦♥

❜r❛❝❦❡t

{γ, µ}R(l) =
∫
y∈S dy (l, [∇lγ(l),∇rµ(l)]R) + cω2,R(∇lγ(l),∇rµ(l)) = (∇lγ(l), Θ∇rµ(l)), ✭✷✮

✇❤❡r❡ γ, µ ∈ D(g̃∗) ❛r❡ s♠♦♦t❤ ❜② ❋r❡❝❤❡t ❢✉♥❝t✐♦♥❛❧s ♦♥ g̃∗ ≃ g̃✱ ❛t ❛ ♣♦✐♥t (l, c) ∈ ĝ∗✳ ❍❡r❡
l ∈ g̃∗ ✐s s♦♠❡ ♠❛tr✐① s✉♣❡r✲✐♥t❡❣r♦✲❞✐✛❡r❡♥t✐❛❧ ♦♣❡r❛t♦r ♦❢ ♦r❞❡r q ∈ N✱ c ∈ C✱ ∇l,∇r ❛r❡ ❧❡❢t ❛♥❞
r✐❣❤t ❣r❛❞✐❡♥t ♦♣❡r❛t♦rs ❛❝❝♦r❞✐♥❣❧②✱ Θ : T ∗(g̃∗) → T (g̃∗) ✐s t❤❡ P♦✐ss♦♥ ♦♣❡r❛t♦r ❣❡♥❡r❛t✐♥❣ t❤❡
▲✐❡✲P♦✐ss♦♥ ❜r❛❝❦❡t ✭✷✮ ❛t ❛ ♣♦✐♥t l ∈ g̃∗ ❛♥❞ ❛❝t✐♥❣ ❛s Θ : ∇γ(l) 7→ −[l−c1∂/∂y, (∇γ(l))−]+[l−
c1∂/∂y, ∇γ(l)]− ❢♦r ❛♥② γ ∈ D(g̃∗)✱ t❤❡ s✉❜s❝r✐♣t ✧−✧ ❞❡♥♦t❡s t❤❡ ♣r♦❥❡❝t✐♦♥ ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐✲
♥❣ ❡❧❡♠❡♥t ❢r♦♠ g̃ ♦♥ t❤❡ ▲✐❡ s✉❜❛❧❣❡❜r❛ g̃− :=

∏
y∈S g−✱ ❛♥❞ T (g̃∗), T ∗(g̃∗) ❛r❡ t❛♥❣❡♥t ❛♥❞

❝♦t❛♥❣❡♥t s♣❛❝❡s t♦ g̃∗✳
❚❤❡ R✲❞❡❢♦r♠❡❞ ▲✐❡✲P♦✐ss♦♥ ❜r❛❝❦❡t ✭✷✮ ❛♥❞ t❤❡ ❈❛s✐♠✐r ❢✉♥❝t✐♦♥❛❧s γj ∈ I(ĝ∗)✱ j ∈ N✱ ♦❢

t❤❡ ❝❡♥tr❛❧ ❡①t❡♥s✐♦♥ ĝ✱ ✇❤♦s❡ ❧❡❢t ❣r❛❞✐❡♥ts ♦❜❡② t❤❡ ❡q✉❛❧✐t✐❡s [l− c1∂/∂y, ∇lγj(l)] = 0✱ ✇❤❡r❡
∇lγj(l) := 1∂j +

∑
p<2j Aj,pD

p
θ ✱ Aj,p ❛r❡ s✉♣❡r♠❛tr✐①✲✈❛❧✉❡❞ ❢✉♥❝t✐♦♥s ♦❢ s✉✐t❛❜❧❡ ♣❛r✐t②✱ j ∈ N✱

p ∈ Z✱ p < 2j✱ ❛t ❛ ♣♦✐♥t (l, c) ∈ ĝ∗✱ ❣✐✈❡ ✉s t❤❡ ❤✐❡r❛r❝❤② ♦❢ ▲❛① t②♣❡ ❍❛♠✐❧t♦♥✐❛♥ ✢♦✇s ♦♥
g̃∗ ≃ g̃✿

dl/dtj = [(∇lγj(l)))+, l − c1∂/∂y], j ∈ N, tj ∈ R, ✭✸✮

✇❤❡r❡ t❤❡ s✉❜s❝r✐♣t ✧+✧ ❞❡♥♦t❡s t❤❡ ♣r♦❥❡❝t✐♦♥ ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❡❧❡♠❡♥t ❢r♦♠ g̃ ♦♥ t❤❡ ▲✐❡
s✉❜❛❧❣❡❜r❛ g̃+ :=

∏
y∈S g+✳ ❖♥❡ ❝♦♥s✐❞❡rs ❛♥♦t❤❡r ❤✐❡r❛r❝❤② ♦❢ ▲❛① t②♣❡ ❍❛♠✐❧t♦♥✐❛♥ ✢♦✇s

dl̃/dtj = [(∇lγj(l̃))+, l̃ − c1∂/∂y], j ∈ N, tj ∈ R, ✭✹✮

❢♦r s♦♠❡ ♠❛tr✐① s✉♣❡r✲✐♥t❡❣r♦✲❞✐✛❡r❡♥t✐❛❧ ♦♣❡r❛t♦r l̃ ∈ g̃∗ ♦❢ ♦r❞❡r q ∈ N✱ r❡❧❛t❡❞ ✇✐t❤ l ∈ g̃∗ ❜②
t❤❡ ❣❡♥❡r❛❧✐③❡❞ ❣❛✉❣❡ tr❛♥s❢♦r♠❛t✐♦♥

l̃(0)− c1∂/∂y = B(0)−1(l(0)− c1∂/∂y)B(0), ✭✺✮

✶✸✻



✇❤❡r❡ B(0) ∈ g̃+ ✐s ❛ ♠❛tr✐① s✉♣❡r❞✐✛❡r❡♥t✐❛❧ ♦♣❡r❛t♦r ♦❢ ♦r❞❡r s ∈ N ✇✐t❤ ❝♦♥st❛♥t ❝♦❡✣❝✐❡♥ts✱
❛t t❤❡ ✐♥✐t✐❛❧ ♠♦♠❡♥t ♦❢ t❤❡ t✐♠❡ tj ∈ R ❢♦r ❡✈❡r② j ∈ N✳
❚❤❡♦r❡♠ ✶✳ ■❢ ❢♦r ❡✈❡r② j ∈ N ❛t t❤❡ ✐♥✐t✐❛❧ ♠♦♠❡♥t ♦❢ t❤❡ t✐♠❡ tj ∈ R t❤❡ ♠❛tr✐① s✉♣❡r✲✐♥t❡❣r♦✲
❞✐✛❡r❡♥t✐❛❧ ♦♣❡r❛t♦rs l, l̃ ∈ g̃∗ ♦❢ ♦r❞❡r q ∈ N✱ s❛t✐s❢②✐♥❣ t❤❡ ❡q✉❛t✐♦♥s ✭✸✮ ❛♥❞ ✭✹✮✱ ❛r❡ r❡❧❛t❡❞
❜② t❤❡ r❡❧❛t✐♦♥s❤✐♣ ✭✺✮✱ t❤❡r❡ ❡①✐st s✉❝❤ ♠❛tr✐① s✉♣❡r❞✐✛❡r❡♥t✐❛❧ ♦♣❡r❛t♦rs ♦❢ ♦r❞❡rs q + s ❛♥❞ s
❛❝❝♦r❞✐♥❣❧②✱ ✇❤❡r❡ s ∈ Z+✱ s < q✱ t❤❛t t❤❡ ❡q✉❛❧✐t✐❡s

l = AB−1, l̃ = B−1(A− c∂B/∂y) ✭✻✮

❤♦❧❞✳ ❚❤❡ ♦♣❡r❛t♦rs A,B ∈ g̃+ ♦❜❡② t❤❡ ❢♦❧❧♦✇✐♥❣ s②st❡♠s ♦❢ ❡✈♦❧✉t✐♦♥ ❡q✉❛t✐♦♥s

dA/dtj = (∇lγj(l))+A−A(∇lγj(l̃))+ − c(∂(∇lγj(l))+/∂y)B,
dB/dtj = (∇lγj(l))+B − B(∇lγj(l̃))+, j ∈ N. ✭✼✮

❚❤❡ ❡q✉❛❧✐t✐❡s ✭✻✮ ❞❡t❡r♠✐♥❡ t❤❡ ❇❛❝❦❧✉♥❞ tr❛♥s❢♦r♠❛t✐♦♥

P : (A,B) ∈ g̃ × g̃ 7→ (l, l̃) ∈ g̃∗ ⊕ g̃∗. ✭✽✮

❚❤❡♦r❡♠ ✷✳ ❋♦r ❡✈❡r② j ∈ N t❤❡ s②st❡♠ ♦❢ ❡✈♦❧✉t✐♦♥ ❡q✉❛t✐♦♥s ✭✼✮✱ ❣✐✈❡♥ ♦♥ t❤❡ s✉❜s♣❛❝❡
g̃+ × g̃+ ⊂ g̃ × g̃✱ ✐s ❍❛♠✐❧t♦♥✐❛♥ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ P♦✐ss♦♥ ❜r❛❝❦❡t {., .}L✱ ✇❤✐❝❤ ❛r✐s❡s ❛s ❛
r❡❞✉❝t✐♦♥ ♦❢ t❤❡ P♦✐ss♦♥ ❜r❛❝❦❡t {., .}L̄ ✇✐t❤ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ P♦✐ss♦♥ ♦♣❡r❛t♦r L̄ : T ∗(g̃× g̃) →
T (g̃ × g̃) s✉❝❤ ❛s L̄ = (P ′)−1(Θ ⊕ Θ̃)(P ′∗)−1✱ ✇❤❡r❡ Θ, Θ̃ : T ∗(g̃ × g̃) → T (g̃ × g̃) ❛r❡ P♦✐ss♦♥
♦♣❡r❛t♦rs ❣❡♥❡r❛t✐♥❣ t❤❡ ▲✐❡✲P♦✐ss♦♥ ❜r❛❝❦❡t {., .}R ❛t ♣♦✐♥ts l, l̃ ∈ g̃∗ ❛❝❝♦r❞✐♥❣❧②✱ P ′∗ : T ∗(g̃∗ ⊕
g̃∗) → T ∗(g̃ × g̃) ✐s ❛♥ ♦♣❡r❛t♦r ❛❞❥♦✐♥t t♦ t❤❡ ❋r❡❝❤❡t ❞❡r✐✈❛t✐✈❡ P ′ : T (g̃ × g̃) → T (g̃∗ ⊕ g̃∗) ♦❢
t❤❡ ❇❛❝❦❧✉♥❞ tr❛♥s❢♦r♠❛t✐♦♥ ✭✽✮ ❛♥❞ (P ′∗)−1 ✐s ❛♥ ♦♣❡r❛t♦r ✐♥✈❡rs❡ t♦ P ′✱ ♦♥ g̃+ × g̃+ ❛♥❞ t❤❡
❍❛♠✐❧t♦♥✐❛♥s H̄j ∈ D(g̃+ × g̃+)✱ j ∈ N✱ ✐♥ t❤❡ ❢♦r♠

H̄j(A,B) := γj(l)|l=AB−1 + γj(l̃)|l̃=B−1(A−c∂B/∂y).

❚❤❡ ♣r♦❝❡❞✉r❡ ♦❢ r❡❞✉❝✐♥❣ t❤❡ P♦✐ss♦♥ ❜r❛❝❦❡t {., .}L̄ ♦♥ t❤❡ s✉❜s♣❛❝❡ g̃+×g̃+ ⊂ g̃×g̃ ✐s ❞❡s❝r✐❜❡❞
❛♥❞ t❤❡ P♦✐ss♦♥ ♦♣❡r❛t♦r L : T ∗(g̃+× g̃+) → T (g̃+× g̃+)✱ r❡❧❛t❡❞ ✇✐t❤ t❤❡ P♦✐ss♦♥ ❜r❛❝❦❡t {., .}L
♦♥ g̃+ × g̃+✱ ✐s ❢♦✉♥❞ ✐♥ ❛♥ ❡①♣❧✐❝✐t ❢♦r♠✳

❚❤❡ r❡❞✉❝t✐♦♥s ♦❢ t❤❡ ❤✐❡r❛r❝❤② ✭✼✮ ♦♥ t❤❡ ❝♦❛❞❥♦✐♥t ♦r❜✐ts ❢♦r t❤❡ ❝❡♥tr❛❧ ❡①t❡♥s✐♦♥ ĝ ✇✐t❤
t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ❇❛❝❦❧✉♥❞ tr❛♥s❢♦r♠❛t✐♦♥ ✭✽✮ ❛r❡ s❤♦✇♥ t♦ ❧❡❛❞ t♦ ♥❡✇ ✐♥t❡❣r❛❜❧❡ ❤✐✲
❡r❛r❝❤✐❡s ♦❢ ♥♦♥❧✐♥❡❛r ❞②♥❛♠✐❝❛❧ s②st❡♠s ♦♥ ♠❛tr✐① ❢✉♥❝t✐♦♥❛❧ s✉♣❡r♠❛♥✐❢♦❧❞s ♦❢ t✇♦ ❝♦♠♠✉t✐♥❣
❛♥❞ ♦♥❡ ❛♥t✐❝♦♠♠✉t✐♥❣ ✐♥❞❡♣❡♥❞❡♥t ✈❛r✐❛❜❧❡s✱ ❜❡✐♥❣ ❍❛♠✐❧t♦♥✐❛♥ ♦♥❡s ❛♥❞ ♣♦ss❡ss✐♥❣ ✐♥✜♥✐t❡
s❡q✉❡♥❝❡s ♦❢ ❝♦♥s❡r✈❛t✐♦♥ ❧❛✇s✳

❡✲♠❛✐❧✿ ♦❤❡♥❅✉❦r✳♥❡t

✶✸✼



■♥✈❡rs❡ ❢r❡❡ ❜♦✉♥❞❛r② ✈❛❧✉❡ ♣r♦❜❧❡♠ ❢♦r ❞❡❣❡♥❡r❛t❡ ♣❛r❛❜♦❧✐❝ ❡q✉❛t✐♦♥

◆❛❞✐✐❛ ❍✉③②❦

❍❡t♠❛♥ P❡tr♦ ❙❛❤❛✐❞❛❝❤♥②✐ ◆❛t✐♦♥❛❧ ❆r♠② ❆❝❛❞❡♠②✱ ❯❦r❛✐♥❡

■♥ ❛ ❢r❡❡ ❜♦✉♥❞❛r② ❞♦♠❛✐♥ ΩT = {(x, t) : 0 < x < h(t), 0 < t < T}✱ ✇❤❡r❡ h = h(t) ✐s ❛♥
✉♥❦♥♦✇♥ ❢✉♥❝t✐♦♥✱ ✐t ✐s ❝♦♥s✐❞❡r❡❞ ❛♥ ✐♥✈❡rs❡ ♣r♦❜❧❡♠ ❢♦r s✐♠✉❧t❛♥❡♦✉s ❞❡t❡r♠✐♥❛t✐♦♥ ♦❢ t❤❡ t✐♠❡
❞❡♣❡♥❞❡♥t ❝♦❡✣❝✐❡♥ts b1 = b1(t), b2 = b2(t) ✐♥ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ❞❡❣❡♥❡r❛t❡ ♣❛r❛❜♦❧✐❝ ❡q✉❛t✐♦♥

ut = tβa(t)uxx + (b1(t)x+ b2(t))ux + c(x, t)u+ f(x, t) ✭✶✮

✇✐t❤ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥
u(x, 0) = ϕ(x), x ∈ [0, h(0)], ✭✷✮

❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s
u(0, t) = µ1(t), u(h(t), t) = µ2(t), t ∈ [0, T ] ✭✸✮

❛♥❞ ♦✈❡r❞❡t❡r♠✐♥❛t✐♦♥ ❝♦♥❞✐t✐♦♥s

h(t)∫

0

u(x, t)dx = µ3(t), t ∈ [0, T ]. ✭✹✮

h(t)∫

0

xu(x, t)dx = µ4(t), t ∈ [0, T ], ✭✺✮

h(t)∫

0

x2u(x, t)dx = µ5(t), t ∈ [0, T ]. ✭✻✮

■t ✐s ❦♥♦✇♥✱ t❤❛t a = a(t) ✐s ❛ str♦♥❣❧② ♣♦s✐t✐✈❡ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥ ❛♥❞ ❞❡❣❡♥❡r❛t✐♦♥ ♦❢ t❤❡
❡q✉❛t✐♦♥ ✭✶✮ ✐s ❝❛✉s❡❞ ❜② ♣♦✇❡r ❢✉♥❝t✐♦♥ tβ . ■t ✐s st✉❞✐❡❞ t❤❡ ❝❛s❡ ♦❢ ✇❡❛❦ ❞❡❣❡♥❡r❛t✐♦♥ ✇❤✐❧❡
0 < β < 1.

❯s✐♥❣ t❤❡ ❛♣♣❛r❛t✉s ♦❢ ●r❡❡♥✬s ❢✉♥❝t✐♦♥s ❢♦r t❤❡ ✐♥✐t✐❛❧✲❜♦✉♥❞❛r② ✈❛❧✉❡ ♣r♦❜❧❡♠s ❢♦r t❤❡
♣❛r❛❜♦❧✐❝ ❡q✉❛t✐♦♥ ❛♥❞ ❙❝❤❛✉❞❡r ❋✐①❡❞ P♦✐♥t ❚❤❡♦r❡♠ t❤❡ ❡①✐st❡♥❝❡ ♦❢ t❤❡ ❧♦❝❛❧ s♦❧✉t✐♦♥ (b1, b2, h, u) ∈
(C[0, T0])

2 × C1[0, T0] × C2,1(ΩT0) ∩ C1,0(ΩT0), h(t) > 0, t ∈ [0, T0] t♦ t❤❡ ♣r♦❜❧❡♠ ✭✶✮✲✭✻✮ ✐s
❡st❛❜❧✐s❤❡❞✳ ❚❤❡ ♣r♦♦❢ ♦❢ t❤❡ ✉♥✐q✉❡♥❡ss ♦❢ t❤❡ ❧♦❝❛❧ s♦❧✉t✐♦♥ t♦ t❤✐s ♣r♦❜❧❡♠ ✐s ❜❛s❡❞ ♦♥ t❤❡
♣r♦♣❡rt✐❡s ♦❢ t❤❡ s♦❧✉t✐♦♥s t♦ t❤❡ ❤♦♠♦❣❡♥❡♦✉s ✐♥t❡❣r❛❧ ❡q✉❛t✐♦♥s ✇✐t❤ ✐♥t❡❣r❛❜❧❡ ❦❡r♥❡❧s✳

❡✲♠❛✐❧✿ ❤r②♥ts✐✈❅✉❦r✳♥❡t

✶✸✽



▼✉❧t✐✈❛r✐❛t❡ ❆❝t✐✈❛t✐♦♥ ❋✉♥❝t✐♦♥s

❆♥❞r✐✐ ■✈❛♥✐✉❦

◆❛t✐♦♥❛❧ ❯♥✐✈❡rs✐t② ♦❢ ✧❑②✐✈✲▼♦❤②❧❛ ❆❝❛❞❡♠② ❑②✐✈✱ ❯❦r❛✐♥❡

■♥ ❛❧❣❡❜r❛ ❛♥❞ ❣❡♦♠❡tr②✱ ❢✉♥❝t✐♦♥s ❛♥❞ tr❛♥s❢♦r♠❛t✐♦♥s ❛r❡ ❢✉♥❞❛♠❡♥t❛❧ ❝♦♥❝❡♣ts t❤❛t ♠❛♣
❛♥❞ ♠❛♥✐♣✉❧❛t❡ s♣❛❝❡s✳ ■♥ t❤❡ ❝♦♥t❡①t ♦❢ ♥❡✉r❛❧ ♥❡t✇♦r❦s✱ ❛❝t✐✈❛t✐♦♥ ❢✉♥❝t✐♦♥s s❡r✈❡ ❛s t❤❡s❡
tr❛♥s❢♦r♠❛t✐♦♥s✱ s✐❣♥✐✜❝❛♥t❧② ✐♠♣❛❝t✐♥❣ t❤❡ ♠♦❞❡❧✬s ❝❛♣❛❜✐❧✐t② t♦ ♠❛♣ ✐♥♣✉t s♣❛❝❡s t♦ ♦✉t♣✉t
s♣❛❝❡s ❡✛❡❝t✐✈❡❧②✳ ❚r❛❞✐t✐♦♥❛❧ ✉♥✐✈❛r✐❛t❡ ❛❝t✐✈❛t✐♦♥ ❢✉♥❝t✐♦♥s ❤❛✈❡ ❜❡❡♥ ❡①t❡♥s✐✈❡❧② ❡①♣❧♦r❡❞✱ ❜✉t
♠✉❧t✐✈❛r✐❛t❡ ❛❝t✐✈❛t✐♦♥ ❢✉♥❝t✐♦♥s✱ ✇❤✐❝❤ ♠❛♣ ✈❡❝t♦rs t♦ ✈❡❝t♦rs✱ ❤❛✈❡ ♥♦t ❜❡❡♥ ❛s t❤♦r♦✉❣❤❧②
✐♥✈❡st✐❣❛t❡❞✳ ❲❤✐❧❡ ♠✉❧t✐✈❛r✐❛t❡ ❢✉♥❝t✐♦♥s ❛r❡ ❧❡ss ❝♦♠♠♦♥ ✐♥ r❡❝❡♥t st✉❞✐❡s✱ t❤❡r❡ ❛r❡ ♥♦t❛❜❧❡
❡①❛♠♣❧❡s✱ s✉❝❤ ❛s ●❛t❡❞ ▲✐♥❡❛r ❯♥✐ts ✭●▲❯s✮ ❬❄❪✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ❝♦♥s✐❞❡r❡❞ ❛s ❜✐✈❛r✐❛t❡ ❛❝t✐✈❛t✐♦♥
❢✉♥❝t✐♦♥s✳ ❚❤✐s ✇♦r❦ ❛✐♠s t♦ ❡①♣❧♦r❡ t❤❡ ❣❡♦♠❡tr✐❝ tr❛♥s❢♦r♠❛t✐♦♥s ❡♥❛❜❧❡❞ ❜② ♠✉❧t✐✈❛r✐❛t❡
❛❝t✐✈❛t✐♦♥ ❢✉♥❝t✐♦♥s ❢♦r s❡q✉❡♥t✐❛❧ ❞❛t❛ ♠♦❞❡❧✐♥❣✱ s♣❡❝✐✜❝❛❧❧② ❢♦❝✉s✐♥❣ ♦♥ ●❛✉ss✐❛♥ ▼✐①t✉r❡
▼♦❞❡❧s ✭●▼▼✮✱ ✐♥t❡r♣♦❧❛t✐♦♥✲❜❛s❡❞ ♠❡t❤♦❞s✱ ❛♥❞ r❛t✐♦♥❛❧ ❛❝t✐✈❛t✐♦♥ ❢✉♥❝t✐♦♥s ✭❘❆❋✮✳

●❛✉ss✐❛♥ ▼✐①t✉r❡ ▼♦❞❡❧s ✭●▼▼s✮ ❆❝t✐✈❛t✐♦♥ ❋✉♥❝t✐♦♥s ♣r♦✈✐❞❡ ❛ ♣r♦❜❛❜✐❧✐st✐❝ ❢r❛♠❡✇♦r❦
t❤❛t ❝❛♥ ❜❡ ✐♥t❡r♣r❡t❡❞ ❛❧❣❡❜r❛✐❝❛❧❧② ❛s ❛ ✇❡✐❣❤t❡❞ s✉♠ ♦❢ ●❛✉ss✐❛♥ ❢✉♥❝t✐♦♥s✳ ❚❤❡s❡ ♠✐①t✉r❡s
s❡r✈❡ ❛s ❛ ♠✉❧t✐✈❛r✐❛t❡ ❛❝t✐✈❛t✐♦♥ ❢✉♥❝t✐♦♥ ❜② ♠❛♣♣✐♥❣ ✐♥♣✉t ✈❡❝t♦rs ✐♥t♦ ❛ tr❛♥s❢♦r♠❡❞ s♣❛❝❡
✉s✐♥❣ ❛ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ ●❛✉ss✐❛♥ ❞✐str✐❜✉t✐♦♥s✿

●▼▼(x) =

K∑

i=1

πiN (x;µi,Σi).

❍❡r❡✱ t❤❡ ♣❛r❛♠❡t❡rs πi✱ µi✱ ❛♥❞ Σi ❞❡✜♥❡ t❤❡ ♠✐①t✉r❡ ❝♦♠♣♦♥❡♥ts✬ ✇❡✐❣❤ts✱ ♠❡❛♥s✱ ❛♥❞
❝♦✈❛r✐❛♥❝❡ ♠❛tr✐❝❡s✱ r❡s♣❡❝t✐✈❡❧②✱ ❛❧❧♦✇✐♥❣ ❛ ❣❡♦♠❡tr✐❝ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ t❤❡ tr❛♥s❢♦r♠❛t✐♦♥ ❛s ❛
✇❡✐❣❤t❡❞ ❜❧❡♥❞ ♦❢ ❣❡♦♠❡tr✐❝ s❤❛♣❡s ❞❡✜♥❡❞ ❜② t❤❡ ●❛✉ss✐❛♥ ❢✉♥❝t✐♦♥s✳

■♥t❡r♣♦❧❛t✐♦♥✲❜❛s❡❞ ❛❝t✐✈❛t✐♦♥ ❢✉♥❝t✐♦♥s ♦♣❡r❛t❡ ❜② ❧✐♥❡❛r❧② ✐♥t❡r♣♦❧❛t✐♥❣ ❜❡t✇❡❡♥ ♣r❡❞❡✜♥❡❞
♣♦✐♥ts ✐♥ t❤❡ ✐♥♣✉t s♣❛❝❡✱ ✇❤✐❝❤ ❝❛♥ ❜❡ s❡❡♥ ❛s ❛ ❣❡♦♠❡tr✐❝ ♦♣❡r❛t✐♦♥ ♦❢ ♥❛✈✐❣❛t✐♥❣ ✇✐t❤✐♥ ❛
❝♦♥✈❡① ❤✉❧❧ ❞❡✜♥❡❞ ❜② t❤❡s❡ ♣♦✐♥ts✳ ●✐✈❡♥ ❛♥ ✐♥♣✉t t❡♥s♦r x ∈ R❜❛t❝❤×s❡q❴❧❡♥❣t❤×❞✐♠✱ t❤❡ ❢✉♥❝t✐♦♥
❝♦♠♣✉t❡s ✐♥t❡r♣♦❧❛t✐♦♥ r❛t✐♦s ❛♥❞ ❝♦♠❜✐♥❡s t❤❡♠ ❛❧❣❡❜r❛✐❝❛❧❧②✿

r = r❛t✐♦0 · b0 + (1− r❛t✐♦0) · b1,
✇❤❡r❡ b0 ❛♥❞ b1 ❛r❡ ✐♥t❡r♠❡❞✐❛t❡ ♣♦✐♥ts ❞❡r✐✈❡❞ ❢r♦♠ t❤❡ ✐♥♣✉t s♣❛❝❡✱ ❛❧❧♦✇✐♥❣ ❛ ❝♦♥tr♦❧❧❡❞
❣❡♦♠❡tr✐❝ tr❛♥s❢♦r♠❛t✐♦♥ ❜❛s❡❞ ♦♥ ❧❡❛r♥❛❜❧❡ ♣❛r❛♠❡t❡rs✳

❘❛t✐♦♥❛❧ ❆❝t✐✈❛t✐♦♥ ❋✉♥❝t✐♦♥s ✭❘❆❋s✮✱ ✇✐❞❡❧② st✉❞✐❡❞ ✐♥ ❛❧❣❡❜r❛ ❛♥❞ ♣r❡✈✐♦✉s❧② ❛♣♣❧✐❡❞ ❛s
❛❝t✐✈❛t✐♦♥ ❢✉♥❝t✐♦♥s t♦ ✉♥✐✈❛r✐❛t❡ ✐♥♣✉ts ❬❄❪✱ ♣r♦✈✐❞❡ ❛ ♥❛t✉r❛❧ ❡①t❡♥s✐♦♥ t♦ ❛❝t✐✈❛t✐♦♥ ❢✉♥❝t✐♦♥s
✇❤❡♥ ❛♣♣❧✐❡❞ t♦ ♠✉❧t✐✈❛r✐❛t❡ ✐♥♣✉ts✳ ❘❛t✐♦♥❛❧ ❆❝t✐✈❛t✐♦♥ ❋✉♥❝t✐♦♥s ✭❘❆❋✮ r❡♣r❡s❡♥t ❝♦♠♣❧❡①
tr❛♥s❢♦r♠❛t✐♦♥s ❜② r❛t✐♦♥❛❧ ♣♦❧②♥♦♠✐❛❧s✱ ❛❧❧♦✇✐♥❣ t❤❡ ♠❛♣♣✐♥❣ ♦❢ ✐♥♣✉t ✈❡❝t♦rs ✐♥t♦ ❛ ♥❡✇ s♣❛❝❡
t❤r♦✉❣❤ ❛❧❣❡❜r❛✐❝ ❢r❛❝t✐♦♥s✿

RAF2D(x) =
a00 + a01x2 + a10x1 + a11x1x2

1 + |b00 + b01x2 + b10x1 + b11x1x2|
,

✇❤❡r❡ t❤❡ ♣❛r❛♠❡t❡rs aij ❛♥❞ bij ✐♥ t❤❡ ♥✉♠❡r❛t♦r ❛♥❞ ❞❡♥♦♠✐♥❛t♦r✱ r❡s♣❡❝t✐✈❡❧②✱ ❞❡✜♥❡ ❛ ♠✉❧t✐✲
✈❛r✐❛t❡ ❢✉♥❝t✐♦♥ t❤❛t ❝❛♥ ♠♦❞❡❧ ❝♦♠♣❧❡① ❣❡♦♠❡tr✐❡s ✇✐t❤✐♥ t❤❡ ✐♥♣✉t s♣❛❝❡✳

❋r♦♠ ❛♥ ❛❧❣❡❜r❛✐❝ ❛♥❞ ❣❡♦♠❡tr✐❝ st❛♥❞♣♦✐♥t✱ ♠✉❧t✐✈❛r✐❛t❡ ❛❝t✐✈❛t✐♦♥ ❢✉♥❝t✐♦♥s s✉❝❤ ❛s ✜rst✲
❞❡❣r❡❡ r❛t✐♦♥❛❧ ❢✉♥❝t✐♦♥s ❛♥❞ ✐♥t❡r♣♦❧❛t✐♦♥ ❢✉♥❝t✐♦♥s ♦✛❡r ♣r♦♠✐s✐♥❣ ♥❡✇ tr❛♥s❢♦r♠❛t✐♦♥s ❢♦r
♥❡✉r❛❧ ♥❡t✇♦r❦ ❞❡s✐❣♥✳ ❚❤❡s❡ ❢✉♥❝t✐♦♥s ♣r♦✈✐❞❡ ✢❡①✐❜❧❡ ❛♥❞ ♣♦✇❡r❢✉❧ ♠❛♣♣✐♥❣s ❢r♦♠ ✐♥♣✉t
t♦ ♦✉t♣✉t s♣❛❝❡s✱ ❛❧❧♦✇✐♥❣ t❤❡ ♥❡t✇♦r❦ t♦ ❛❞❛♣t ✐ts ❣❡♦♠❡tr② ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❞❛t❛✳ ❲❤✐❧❡
●▼▼✲❜❛s❡❞ ❛❝t✐✈❛t✐♦♥s ✐♥tr♦❞✉❝❡ ❝♦♠♣❧❡①✐t②✱ t❤❡② ❛❧s♦ ♦✛❡r r✐❝❤ ❣❡♦♠❡tr✐❝ ✐♥t❡r♣r❡t❛t✐♦♥s✳ ■t ✐s
❤②♣♦t❤❡s✐③❡❞ t❤❛t ✢❡①✐❜✐❧✐t② ❛♥❞ ❝♦♠♣❧❡①✐t② ♦❢ t❤❡s❡ ♠✉❧t✐✈❛r✐❛t❡ ❢✉♥❝t✐♦♥s ♠❛❦❡ t❤❡♠ ✈❛❧✉❛❜❧❡
t♦♦❧s ✐♥ t❤❡ ♦♥❣♦✐♥❣ ❞❡✈❡❧♦♣♠❡♥t ♦❢ ♥❡✉r❛❧ ♥❡t✇♦r❦ ❛r❝❤✐t❡❝t✉r❡s✳

✶✸✾



❘❡❢❡r❡♥❝❡s

❡✲♠❛✐❧✿ ❛✳✐✈❛♥✐✉❦❅✉❦♠❛✳❡❞✉✳✉❛

✶✹✵



❙♦❧✈✐♥❣ ♣r♦❜❧❡♠ ❢♦r ✐♠♣✉❧s✐✈❡ ❞✐❢❢❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ✇✐t❤ ❧♦❛❞✐♥❣s

❩❤❛③✐r❛ ❑❛❞✐r❜❛②❡✈❛

■♥st✐t✉t❡ ♦❢ ▼❛t❤❡♠❛t✐❝s ❛♥❞ ▼❛t❤❡♠❛t✐❝❛❧ ▼♦❞❡❧✐♥❣✱ ❆❧♠❛t②✱ ❑❛③❛❦❤st❛♥
❑❛③❛❦❤ ◆❛t✐♦♥❛❧ ❲♦♠❡♥✬s ❚❡❛❝❤❡r ❚r❛✐♥✐♥❣ ❯♥✐✈❡rs✐t②✱ ❆❧♠❛t②✱ ❑❛③❛❦❤st❛♥

❲❡ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ❧✐♥❡❛r ♣r♦❜❧❡♠ ❢♦r ✐♠♣✉❧s✐✈❡ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ✇✐t❤ ❧♦❛❞✐♥❣s✿

dx

dt
= A0(t)x+

m∑

i=1

Ai(t) lim
t→θi+0

ẋ(t) + f(t), t ∈ (0, T ), (1)

B0x(0) + C0x(T ) = d, d ∈ Rn, x ∈ Rn, (2)

Bi lim
t→θi−0

x(t)− Ci lim
t→θi+0

x(t) = ϕi, ϕi ∈ Rn, i = 1,m, (3)

✇❤❡r❡ (n×n)✲♠❛tr✐❝❡s Ai(t)✱ (i = 0,m), ❛♥❞ n✲✈❡❝t♦r✲❢✉♥❝t✐♦♥ f(t) ❛r❡ ♣✐❡❝❡✇✐s❡ ❝♦♥t✐♥✉♦✉s ♦♥
[0, T ] ✇✐t❤ ♣♦ss✐❜❧❡ ❞✐s❝♦♥t✐♥✉✐t✐❡s ♦❢ t❤❡ ✜rst ❦✐♥❞ ❛t t❤❡ ♣♦✐♥ts t = θi, (i = 1,m)✳ Bj ❛♥❞ Cj ✱
(j = 0,m) ❛r❡ ❝♦♥st❛♥t (n × n) ✲ ♠❛tr✐❝❡s✱ ❛♥❞ ϕi, (i = 1,m) ❛r❡ ❝♦♥st❛♥t n ✈❡❝t♦r ❢✉♥❝t✐♦♥s✱
0 = θ0 < θ1 < . . . < θm < θm+1 = T ✳

❆ s♦❧✉t✐♦♥ t♦ ♣r♦❜❧❡♠ ✭✶✮ ✲ ✭✸✮ ✐s ❛ ♣✐❡❝❡✇✐s❡ ❝♦♥t✐♥✉♦✉s❧② ❞✐✛❡r❡♥t✐❛❜❧❡ ✈❡❝t♦r ❢✉♥❝t✐♦♥ x(t)
♦♥ [0, T ] ✇❤✐❝❤ s❛t✐s✜❡s t❤❡ s②st❡♠ ♦❢ ❧♦❛❞❡❞ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ✭✶✮ ♦♥ [0, T ] ❡①❝❡♣t t❤❡ ♣♦✐♥ts
t = θi, (i = 1,m), t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ✭✷✮✱ ❛♥❞ ❝♦♥❞✐t✐♦♥s ♦❢ ✐♠♣✉❧s❡ ❡✛❡❝ts ❛t t❤❡ ✜①❡❞ t✐♠❡
♣♦✐♥ts ✭✸✮✳

▼❛t❤❡♠❛t✐❝❛❧ ♠♦❞❡❧✐♥❣ ✐♥ ✜❡❧❞s s✉❝❤ ❛s ❛✉t♦♠❛t✐❝ ❝♦♥tr♦❧ t❤❡♦r②✱ ♥✉❝❧❡❛r r❡❛❝t♦r t❤❡♦r②✱
❡❧❡❝tr✐❝❛❧ ❛♥❞ ♠❡❝❤❛♥✐❝❛❧ ❡♥❣✐♥❡❡r✐♥❣✱ ❡❛rt❤q✉❛❦❡ ♠♦♥✐t♦r✐♥❣✱ ❛♥❞ ❞②♥❛♠✐❝ s②st❡♠s ♦❢t❡♥ r❡s✉❧ts
✐♥ ❜♦✉♥❞❛r② ✈❛❧✉❡ ♣r♦❜❧❡♠s ✐♥✈♦❧✈✐♥❣ ❧♦❛❞❡❞ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ✇✐t❤ ✐♠♣✉❧s❡ ❡✛❡❝ts✳ ❚❤✐s
❤✐❣❤❧✐❣❤ts t❤❡ ✐♠♣♦rt❛♥❝❡ ♦❢ st✉❞②✐♥❣ s✉❝❤ ♣r♦❜❧❡♠s ❬✶✱ ✷❪✳

❚❤❡ ♠❛✐♥ ✐♥t❡r❡st ♦❢ t❤✐s ♣❛♣❡r ✐s t♦ ♣r♦♣♦s❡ ❛ ♥✉♠❡r✐❝❛❧ ❛❧❣♦r✐t❤♠ ❢♦r s♦❧✈✐♥❣ ❛ t✇♦✲♣♦✐♥t
❜♦✉♥❞❛r② ✈❛❧✉❡ ♣r♦❜❧❡♠ ❢♦r ✐♠♣✉❧s✐✈❡ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ✇✐t❤ ❧♦❛❞✐♥❣s ✭✶✮✲✭✸✮✱ ✉s✐♥❣ t❤❡
❉③❤✉♠❛❜❛❡✈ ♣❛r❛♠❡t❡r✐③❛t✐♦♥ ♠❡t❤♦❞ ❬✸❪✳

❚❤❡ ❛✉t❤♦r ✇❛s s✉♣♣♦rt❡❞ ❜② t❤❡ ❣r❛♥t ♥♦✳ ❆P✷✸✹✽✽✽✶✶ ♦❢ t❤❡ ❙❝✐❡♥❝❡ ❈♦♠♠✐tt❡❡ ♦❢ t❤❡ ▼✐♥✐str②

♦❢ ❙❝✐❡♥❝❡ ❛♥❞ ❍✐❣❤❡r ❊❞✉❝❛t✐♦♥ ♦❢ t❤❡ ❘❡♣✉❜❧✐❝ ♦❢ ❑❛③❛❦❤st❛♥✳

❘❡❢❡r❡♥❝❡s

❬✶❪ ❆ss❛♥♦✈❛ ❆✳❚✳✱ ❑❛❞✐r❜❛②❡✈❛ ❩❤✳▼✳ ❖♥ t❤❡ ♥✉♠❡r✐❝❛❧ ❛❧❣♦r✐t❤♠s ♦❢ ♣❛r❛♠❡tr✐③❛t✐♦♥
♠❡t❤♦❞ ❢♦r s♦❧✈✐♥❣ ❛ t✇♦✲♣♦✐♥t ❜♦✉♥❞❛r②✲✈❛❧✉❡ ♣r♦❜❧❡♠ ❢♦r ✐♠♣✉❧s✐✈❡ s②st❡♠s ♦❢ ❧♦❛❞❡❞ ❞✐✲
✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s✱ ❈♦♠♣✳ ❆♣♣❧✳ ▼❛t❤✳✱ ✸✼✿✹ ✭✷✵✶✽✮✱ ✹✾✻✻✕✹✾✼✻✳

❬✷❪ ❑❛❞✐r❜❛②❡✈❛ ❩❤✳▼✳✱ ❑❛❜❞r❛❦❤♦✈❛ ❙✳❙✳✱ ▼②♥❜❛②❡✈❛ ❙✳❚✳ ❆ ❝♦♠♣✉t❛t✐♦♥❛❧ ♠❡t❤♦❞ ❢♦r
s♦❧✈✐♥❣ t❤❡ ❜♦✉♥❞❛r② ✈❛❧✉❡ ♣r♦❜❧❡♠ ❢♦r ✐♠♣✉❧s✐✈❡ s②st❡♠s ♦❢ ❡ss❡♥t✐❛❧❧② ❧♦❛❞❡❞ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐✲
♦♥s✱ ▲♦❜❛❝❤❡✈s❦✐✐ ❏✳ ▼❛t❤✳✱ ✹✷ ✭✷✵✷✶✮✱ ✸✻✼✺✕✸✻✽✸✳

❬✸❪ ❉③❤✉♠❛❜❛②❡✈ ❉✳❙✳ ❈r✐t❡r✐❛ ❢♦r t❤❡ ✉♥✐q✉❡ s♦❧✈❛❜✐❧✐t② ♦❢ ❛ ❧✐♥❡❛r ❜♦✉♥❞❛r②✲✈❛❧✉❡ ♣r♦❜❧❡♠
❢♦r ❛♥ ♦r❞✐♥❛r② ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥✱ ❯❙❙❘ ❈♦♠♣✉t✳ ▼❛t❤✳ ▼❛t❤✳ P❤②s✳✱ ✷✾✿✶ ✭✶✾✽✾✮✱ ✸✹✕✹✻✳

❡✲♠❛✐❧✿ ❤r②♥ts✐✈❅✉❦r✳♥❡t

✶✹✶



❖♥ ❛ ♣r♦❜❧❡♠ ♦❢ ❘✉❞✐♥ ❝♦♥❝❡r♥✐♥❣ ❇❛✐r❡ ❝❧❛ss✐❢✐❝❛t✐♦♥ ♦❢ s❡♣❛r❛t❡❧②

❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥s

❖❧❡♥❛ ❑❛r❧♦✈❛

❨✉r✐② ❋❡❞❦♦✈②❝❤ ❈❤❡r♥✐✈ts✐ ◆❛t✐♦♥❛❧ ❯♥✐✈❡rs✐t②✱ ❈❤❡r♥✐✈ts✐✱ ❯❦r❛✐♥❡

❲❛❧t❡r ❘✉❞✐♥ ♣r♦✈❡❞ ❬✶❪ t❤❛t ✐❢ X ✐s ❛ ♠❡tr✐❝ s♣❛❝❡✱ Y ✐s ❛ t♦♣♦❧♦❣✐❝❛❧ s♣❛❝❡ ❛♥❞ Z ✐s ❛
❧♦❝❛❧❧② ❝♦♥✈❡① s♣❛❝❡✱ t❤❡♥ ❡✈❡r② s❡♣❛r❛t❡❧② ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥ f : X × Y → Z ✐s ❛ ❧✐♠✐t ♦❢
♣♦✐♥t✇✐s❡ ❝♦♥✈❡r❣❡♥t s❡q✉❡♥❝❡ ♦❢ ❥♦✐♥t❧② ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥s fn : X × Y → Z✳

❲❡ ✇✐❧❧ ❞✐s❝✉ss ♦❧❞ ❛♥❞ ♥❡✇ r❡s✉❧ts r❡❧❛t❡❞ t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ q✉❡st✐♦♥ ❞✉❡ t♦ ❘✉❞✐♥✱ ✇❤✐❝❤ ✐s
st✐❧❧ ♦♣❡♥✿ ✐s t❤❡ ❛❜♦✈❡ ♠❡♥t✐♦♥❡❞ ♣r♦♣♦s✐t✐♦♥ ✈❛❧✐❞ ❢♦r ❛♥ ❛r❜✐tr❛r② t♦♣♦❧♦❣✐❝❛❧ ✈❡❝t♦r s♣❛❝❡ Z❄

❚❤❡ t❛❧❦ ✐s ♣❛rt✐❛❧❧② ❜❛s❡❞ ♦♥ ❛ ♣r❡♣r✐♥t ❬✷❪✳

❘❡❢❡r❡♥❝❡s

❬✶❪ ❲✳ ❘✉❞✐♥✱ ▲❡❜❡s❣✉❡ ✜rst t❤❡♦r❡♠✱ ▼❛t❤✳ ❆♥❛❧②s✐s ❛♥❞ ❆♣♣❧✐❝❛t✐♦♥s✱ P❛rt ❇✳ ❊❞✐t❡❞ ❜②
◆❛❝❤❜✐♥✳ ❆❞✈✳ ✐♥ ▼❛t❤✳ ❙✉♣♣❧❡♠✳ ❙t✉❞✐❡s ✼✽ ✭✶✾✽✶✮✱ ✼✹✶✕✼✹✼✳

❬✷❪ ❖✳ ❑❛r❧♦✈❛✱ ❖♥ ❛ ♣r♦❜❧❡♠ ♦❢ ❘✉❞✐♥ ❝♦♥❝❡r♥✐♥❣ ❇❛✐r❡ ❝❧❛ss✐✜❝❛t✐♦♥ ♦❢ s❡♣❛r❛t❡❧② ❝♦♥t✐♥✉♦✉s
❢✉♥❝t✐♦♥s✱ ✐♥ ♣r❡♣❛r❛t✐♦♥✳

❡✲♠❛✐❧✿ ♦✳❦❛r❧♦✈❛❅❝❤♥✉✳❝✈✳✉❛

✶✹✷



▼❡t❤♦❞ ♦❢ ❙②♠♠❡tr✐❝ ❋✉♥❝t✐♦♥s ✐♥ ▼❛❝❤✐♥❡ ▲❡❛r♥✐♥❣ ❆❧❣♦r✐t❤♠s

❱♦❧♦❞②♠②r ❑✐♠❛❦✱ ❆♥❞r✐② ❩❛❣♦r♦❞♥②✉❦

❱❛s②❧ ❙t❡❢❛♥②❦ Pr❡❝❛r♣❛t❤✐❛♥ ◆❛t✐♦♥❛❧ ❯♥✐✈❡rs✐t②✱ ■✈❛♥♦✲❋r❛♥❦✐✈s❦✱ ❯❦r❛✐♥❡

▼❛❝❤✐♥❡ ❧❡❛r♥✐♥❣ ❛❧❣♦r✐t❤♠s ♦❢t❡♥ ❛r❡ ✐♥✈❛r✐❛♥t ✇✐t❤ r❡s♣❡❝t t♦ ♣❡r♠✉t❛t✐♦♥s ♦❢ ✐♥♣✉t ❞❛t❛
✐♥st❛♥❝❡s✳ ❚❤✐s ♦❜s❡r✈❛t✐♦♥ s✉❣❣❡st❡❞ t♦ ✉s❡ ♣❡r♠✉t❛t✐♦♥ ✐♥✈❛r✐❛♥t s❡ts ✐♥st❡❛❞ ♦❢ ✈❡❝t♦rs ♦❢ ❛
✜①❡❞ ❞✐♠❡♥s✐♦♥ ❢♦r ♦r❣❛♥✐③✐♥❣ ♦❢ ✐♥♣✉t ❞❛t❛ ✭s❡❡ ❬✷❪✮✳ ❋♦r t❤✐s ♣✉r♣♦s❡✱ ❛❝t✉❛❧❧②✱ ♠♦r❡ s✉✐t❛❜❧❡
❛r❡ ♠✉❧t✐s❡ts ✭s❡ts ✇✐t❤ ♣♦ss✐❜❧❡ r❡♣❡t✐t✐♦♥s ♦❢ ❡❧❡♠❡♥ts✮✳ ❇② ❛ ♠✉❧t✐s❡t ♦❢ t❤❡ ❧❡♥❣t❤ n, x ✇❡
♠❡❛♥ ❛♥ ✉♥♦r❞❡r❡❞ ❝♦❧❧❡❝t✐♦♥s ♦❢ ♥✉♠❜❡rs {x1, x2, . . . , xn}. ❲❡ s❛② t❤❛t l(x) = n ❛♥❞ x = y
✐❢ ❛♥❞ ♦♥❧② ✐❢ l(x) = l(y) ❛♥❞ t❤❡r❡ ✐s ❛ ♣❡r♠✉t❛t✐♦♥ {1, 2, . . . , n} 7→ {i1, i2, . . . , in} s✉❝❤ t❤❛t
x1 = yi1 , x2 = yi2 , ✳✳✳ ✱ xn = yin . ■♥ t❤✐s ♣❛♣❡r ✇❡ ❝♦♥s✐❞❡r ❛❧❣❡❜r❛✐❝ str✉❝t✉r❡s ♦♥ ❛ s❡t ♦❢ ✜♥✐t❡
♠✉❧t✐s❡ts ❝♦♥s✐st✐♥❣ ♦❢ ♥♦♥③❡r♦ r❡❛❧ ♦r ❝♦♠♣❧❡① ♥✉♠❜❡rs✳

▲❡t K ❜❡ ❛♥ ❛r❜✐tr❛r② s❡t✳ ❚❤❡ ♠♦st ✐♠♣♦rt❛♥t ❝❛s❡s ❢♦r ✉s ❛r❡ ✐❢ K ✐s ❛ s✉❜s❡t ♦❢ t❤❡ ✜❡❧❞
♦❢ r❡❛❧ R ♦r ❝♦♠♣❧❡① C ♥✉♠❜❡rs ❛♥❞ K 6∋ 0. ❲❡ ❞❡♥♦t❡ ❜② ΛK t❤❡ s❡t ♦❢ ❛❧❧ ✜♥✐t❡ s❡q✉❡♥❝❡s ♦❢
❡❧❡♠❡♥ts ✐♥ K,

ΛK =

∞⋃

n=1

Kn = {x = (x1, x2, . . . , xn) ∈ Kn, n ∈ N}.

▲❡t ✉s ✐♥tr♦❞✉❝❡ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡❧❛t✐♦♥ ♦❢ ❡q✉✐✈❛❧❡♥❝❡ ♦♥ ΛK ,

x ∼ z ✐❢ ❛♥❞ ♦♥❧② ✐❢ (z1, z2, . . . , zn, . . .) = (xσ(1), xσ(2), . . . , xσ(n), . . .)

❢♦r s♦♠❡ ♣❡r♠✉t❛t✐♦♥ σ ♦♥ t❤❡ s❡t ♦❢ ♥❛t✉r❛❧ ♥✉♠❜❡rs N. ❲❡ ❞❡♥♦t❡ ❜② ΛK/ ∼ t❤❡ q✉♦t✐❡♥t s❡t
✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❡q✉✐✈❛❧❡♥❝❡✱ ❛♥❞ ❜② [x] t❤❡ ❝❧❛ss ♦❢ t❤❡ ❡q✉✐✈❛❧❡♥❝❡ ❝♦♥t❛✐♥✐♥❣ x ∈ ΛK . ❚❤❡
q✉♦t✐❡♥t s❡t ΛK/ ∼ ❝❛♥ ❜❡ ✐❞❡♥t✐✜❡❞ ✇✐t❤ t❤❡ s❡t ♦❢ ❛❧❧ ✜♥✐t❡ ♠✉❧t✐s❡ts ♦❢ ❡❧❡♠❡♥ts ✐♥ K s♦ t❤❛t
❡✈❡r② ❝❧❛ss [x] = [(x1, x2, . . . , xn)] ✇✐❧❧ ❜❡ ✐❞❡♥t✐✜❡❞ ✇✐t❤ t❤❡ ♠✉❧t✐s❡t {[x]} := {x1, x2, . . . , xn},
❛♥❞ ✇❡ ❞❡♥♦t❡ ❜② 0 t❤❡ ❝❧❛ss ❝♦♥t❛✐♥✐♥❣ t❤❡ ❡♠♣t② s❡t✳

❉❡✜♥✐t✐♦♥ ✶✳ ❆ ♠❛♣♣✐♥❣ f : ΛK → Y, ✇❤❡r❡ Y ✐s ❛ s❡t✱ ✐s ❝❛❧❧❡❞ s②♠♠❡tr✐❝ ✐❢ ❢♦r ❡✈❡r② x ∈ ΛK ,
f(x) = f(z) ✇❤❡♥❡✈❡r x ∼ z.

❋r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥ ✇❡ ♦❜✈✐♦✉s❧② ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♠♣♦rt❛♥t r❡s✉❧t✳

❚❤❡♦r❡♠ ✶✳ ▲❡t Y ❜❡ ❛ s❡t ❛♥❞ f : ΛK → Y. ❚❤❡ ♠❛♣♣✐♥❣ f ✐s s②♠♠❡tr✐❝ ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡r❡
❡①✐sts ❛ ♠❛♣ f̂ : ΛK/ ∼→ Y s✉❝❤ t❤❛t

f(x) = f̂([x]), x ∈ ΛK .

❈❧❡❛r❧②✱ ❡✈❡♥ ✐❢ ΛK ✐s ❛ s✉❜s❡t ✐♥ ❛ ❧✐♥❡❛r s♣❛❝❡✱ t❤❡ q✉♦t✐❡♥t ♠❛♣ x 7→ [x] ✐s ♥♦♥❧✐♥❡❛r✱ t❤❛t
✐s✱ ✇❡ ❝❛♥ ♥♦t t♦ ❡①t❡♥❞ t❤❡ ❝♦♦r❞✐♥❛t❡✲✇✐s❡ ❛❞❞✐t✐♦♥ ✐♥ ΛK t♦ ΛK/ ∼ . ❍♦✇❡✈❡r✱ t❤❡r❡ ✐s t❤❡
♥❛t✉r❛❧ ♦♣❡r❛t✐♦♥ ♦❢ ✉♥✐♦♥ ♦❢ ♠✉❧t✐s❡ts t❤❛t ❤❛✈❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❛❞❞✐t✐♦♥✳ ❋♦r ❣✐✈❡♥ x, z ∈ ΛK
✇❡ ❞❡✜♥❡

[x] + [z] =
[
{[x]} ∪ {[z]

}]
.

❋r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥ ✐t ❢♦❧❧♦✇s t❤❛t t❤❡ ♦♣❡r❛t✐♦♥ ✏+✑ ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ r❡♣r❡s❡♥t❛t✐✈❡s✳

Pr♦♣♦s✐t✐♦♥ ✻✳ ❚❤❡ s❡t ΛK/ ∼ ✇✐t❤ t❤❡ ♦♣❡r❛t✐♦♥ ✏+✑ ✐s ❛ ♠♦♥♦✐❞✱ t❤❛t ✐s✱ ❛ ❝♦♠♠✉t❛t✐✈❡
s❡♠✐❣r♦✉♣ ✇✐t❤ ♥❡✉tr❛❧ ❡❧❡♠❡♥t 0.

▲❡t γ(a, b) ❜❡ ❛ ❢✉♥❝t✐♦♥ ♦❢ t✇♦ ✈❛r✐❛❜❧❡s a, b ∈ K ✇✐t❤ ✈❛❧✉❡s ✐♥ K s✉❝❤ t❤❛t γ
(
γ(a, b), c

)
=

γ
(
a, γ(b, c)

)
❢♦r ❛❧❧ a, b, c ∈ K. ▲❡t ✉s ❞❡✜♥❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♦♣❡r❛t✐♦♥ ♦❢ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ♦♥ ΛK/ ∼

❛ss♦❝✐❛t❡❞ ✇✐t❤ γ. ❋♦r ❛❧❧ x, z ∈ K ✇❡ s❡t

[x]⊙γ [z] =
[
{γ(xizj)}

]
,

❛♥❞
[x]⊙γ 0 = 0⊙γ [x] = 0.

✶✹✸



❚❤❡♦r❡♠ ✷✳ ■❢ t❤❡ ❢✉♥❝t✐♦♥ ✐s ❛s ❛❜♦✈❡✱ t❤❡♥
(
ΛK/ ∼,+,⊙γ

)
✐s ❛ s❡♠✐r✐♥❣✳ ■❢ γ(a, b) = γ(b, a),

t❤❡♥ t❤❡ s❡♠✐r✐♥❣ ✐s ❝♦♠♠✉t❛t✐✈❡✳ ■❢ t❤❡r❡ ❡①✐sts e ∈ K s✉❝❤ t❤❛t γ(e, a) = γ(a, e) = a ❢♦r ❡✈❡r②
a ∈ K, t❤❡♥

(
ΛK/ ∼,+,⊙γ

)
✐s ❛ ✉♥✐t❛❧ s❡♠✐r✐♥❣ ❛♥❞ e := [(e)] ✐s t❤❡ ✐❞❡♥t✐t② ❡❧❡♠❡♥t ✭t❤❡ ✉♥✐t✮

✐♥
(
ΛK/ ∼,+,⊙γ

)
.

➘îâåäåííÿ✳ ❇② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ γ, t❤❡ ♦♣❡r❛t✐♦♥ ✏⊙γ✑ ✐s ✇❡❧❧ ❞❡✜♥❡❞ ♦♥ ΛK/ ∼ ❛♥❞ ❛ss♦❝✐❛t✐✈❡✳
❚❤✉s

(
ΛK/ ∼,⊙γ

)
✐s ❛ s❡♠✐❣r♦✉♣✳ ▲❡t ✉s ❝❤❡❝❦ t❤❡ ❞✐str✐❜✉t✐✈❡ ❧♦✇✳

[w]⊙γ ([x] + [z]) = [{w1, . . . , wk}]⊙γ [{x1, . . . , xn, z1, . . . , zm}]

= [{γ(wixj)}k,ni=1,j=1] + [{γ(wizj)}k,mi=1,j=1] = [w]⊙γ [x] + [w]⊙γ [z].

❍❡♥❝❡✱ ΛK/ ∼ ✐s ❛ s❡♠✐r✐♥❣✳ ❈❧❡❛r❧② t❤❛t ✐❢ γ(a, b) = γ(b, a), t❤❡♥ t❤❡ s❡♠✐r✐♥❣ ✐s ❝♦♠♠✉t❛t✐✈❡✱
❛♥❞ ✐❢ t❤❡r❡ ❡①✐sts e ∈ K s✉❝❤ t❤❛t γ(e, a) = γ(a, e) = a, t❤❡♥ [x]⊙γ e = e⊙γ [x] = [x] ❢♦r ❡✈❡r②
[x] ∈ ΛK/ ∼ .

❊①❛♠♣❧❡ ✸✳ ❲❡ ❝♦♥s✐❞❡r s❡✈❡r❛❧ ❝❛s❡s ♦❢ t❤❡ s❡t K ❛♥❞ t❤❡ ❢✉♥❝t✐♦♥ γ s❛t✐s❢②✐♥❣ ❝♦♥❞✐t✐♦♥s ♦❢
❚❤❡♦r❡♠ ✷✳

✶✳ ▲❡t K = (D, ·) ❜❡ ❛ s❡♠✐❣r♦✉♣ ✭❢♦r ❡①❛♠♣❧❡✱ K = C \ {0}✮ ❛♥❞ γ(a, b) = ab.

✷✳ ▲❡t K ❜❡ ❛ ▲✐♥❡❛r s♣❛❝❡ ❛♥❞ γ(a, b) = a+ b. ❚❤❡♥ [0] = e ✐s t❤❡ ✉♥✐t ✐♥ ΛK/ ∼ .

✸✳ ▲❡t K ❜❡ ❛♥ ♦r❞❡r❡❞ s❡t ✇✐t❤ r❡s♣❡❝t t♦ ❛ ❧✐♥❡❛r ♦r❞❡r ✏≥✑ ❛♥❞ K ❝♦♥t❛✐♥s ❛ ♠❛①✐♠❛❧
❡❧❡♠❡♥t µ. ❙❡t γ(a, b) = min(a, b). ❚❤❡♥ e = [µ] ✐s t❤❡ ✉♥✐t✳

❋♦r ❡❛❝❤ ♦❢ t❤❡s❡ ❝❛s❡s✱
(
ΛK/ ∼,+,⊙γ

)
✐s ❛ s❡♠✐r✐♥❣✳

❚❤✐s r❡s❡❛r❝❤ ✇❛s s✉♣♣♦rt❡❞ ❜② t❤❡ ◆❛t✐♦♥❛❧ ❘❡s❡❛r❝❤ ❋♦✉♥❞❛t✐♦♥ ♦❢ ❯❦r❛✐♥❡✱ ✷✵✷✸✳✵✸✴✵✶✾✽
✏❆♥❛❧②s✐s ♦❢ t❤❡ s♣❡❝tr❛ ♦❢ ❝♦✉♥t❛❜❧② ❣❡♥❡r❛t❡❞ ❛❧❣❡❜r❛s ♦❢ s②♠♠❡tr✐❝ ♣♦❧②♥♦♠✐❛❧s ❛♥❞ ♣♦ss✐❜❧❡
❛♣♣❧✐❝❛t✐♦♥s ✐♥ q✉❛♥t✉♠ ♠❡❝❤❛♥✐❝s ❛♥❞ ❝♦♠♣✉t❡r s❝✐❡♥❝❡✑✳

❘❡❢❡r❡♥❝❡s

❬✶❪ ❏❛✇❛❞✱ ❋✳❀ ❩❛❣♦r♦❞♥②✉❦✱ ❆✳ ❙✉♣❡rs②♠♠❡tr✐❝ ♣♦❧②♥♦♠✐❛❧s ♦♥ t❤❡ s♣❛❝❡ ♦❢ ❛❜s♦❧✉t❡❧②
❝♦♥✈❡r❣❡♥t s❡r✐❡s✳ ❙②♠♠❡tr② ✷✵✶✾✱ ✶✶✱ ✶✶✶✶✳ ❤tt♣s✿✴✴❞♦✐✳♦r❣✴✶✵✳✸✸✾✵✴s②♠✶✶✵✾✶✶✶✶

❬✷❪ ❩❛❤❡❡r✱ ▼✳❀ ❑♦tt✉r✱ ❙✳❀ ❘❛✈❛♥❜❛❦❤s❤✱ ❙✳❀ P♦❝③♦s✱ ❇✳❀ ❙❛❧❛❦❤✉t❞✐♥♦✈✱ ❘✳❘✳❀ ❙♠♦❧❛✱ ❆✳❏✳ ❉❡❡♣
s❡ts✳ ■♥ ❆❞✈❛♥❝❡s ✐♥ ◆❡✉r❛❧ ■♥❢♦r♠❛t✐♦♥ Pr♦❝❡ss✐♥❣ ❙②st❡♠s❀ ●✉②♦♥✱ ■✳✱ ▲✉①❜✉r❣✱ ❯✳❱✳✱
❇❡♥❣✐♦✱ ❙✳✱ ❲❛❧❧❛❝❤✱ ❍✳✱ ❋❡r❣✉s✱ ❘✳✱ ❱✐s❤✇❛♥❛t❤❛♥✱ ❙✳✱ ●❛r♥❡tt✱ ❘✳✱ ❊❞s✳❀ ✷✵✶✼❀ ♣♣✳ ✸✸✾✶✕
✸✹✵✶✳ ❆✈❛✐❧❛❜❧❡ ♦♥❧✐♥❡✿ ❤tt♣s✿✴✴♣❛♣❡rs✳♥✐♣s✳❝❝✴♣❛♣❡r✴✷✵✶✼ ✭❛❝❝❡ss❡❞ ♦♥ ✷✻ ❉❡❝❡♠❜❡r ✷✵✷✶✮✳

❡✲♠❛✐❧✿ ✈♦✈❛✳❦✐♠❛❦❅❣♠❛✐❧✳❝♦♠✱ ❛♥❞r✐②✳③❛❣♦r♦❞♥②✉❦❅♣♥✉✳❡❞✉✳✉❛

✶✹✹



❇✐❢✉r❝❛t✐♦♥ ♦❢ t♦r✐ ❢♦r ♣❛r❛❜♦❧✐❝ s②st❡♠s ♦❢ ❞✐❢❢❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ✇✐t❤ s♠❛❧❧

❞✐❢❢✉s✐♦♥

■✈❛♥ ❑❧❡✈❝❤✉❦

❨✉r✐② ❋❡❞❦♦✈②❝❤ ❈❤❡r♥✐✈ts✐ ◆❛t✐♦♥❛❧ ❯♥✐✈❡rs✐t②✱ ❈❤❡r♥✐✈ts✐✱ ❯❦r❛✐♥❡

❈♦♥s✐❞❡r ❛ ♣❛r❛❜♦❧✐❝ s②st❡♠ ❬✶✕✻❪

∂u

∂t
= εD

∂2u

∂x2
+A0u+ εA1u+ F (u, u) (1)

✇✐t❤ ♣❡r✐♦❞✐❝ ❝♦♥❞✐t✐♦♥
u(t, x+ 2π) = u(t, x).

✇❤❡r❡ ε ✐s ❛ s♠❛❧❧ ♣♦s✐t✐✈❡ ♣❛r❛♠❡t❡r✱ u ∈ Rn✱ D = diag(d1, d2, ..., dn)✱ dk > 0 ❢♦r 1 ≤ k ≤ n✱
A0 = diag(iω1, iω2, ..., iωn)✱ ωk > 0 ❢♦r 1 ≤ k ≤ n✱ t❤❡ ❢✉♥❝t✐♦♥ F (u, u) : R2n → R2n ✜✈❡ t✐♠❡s
❝♦♥t✐♥✉♦✉s❧② ❞✐✛❡r❡♥t✐❛❜❧❡ ✐♥ u ❛♥❞ u✱ F (0, 0) = 0✱ F (u, u) = O(|u|2 ❛s |u| → 0✳

❆ss✉♠❡ t❤❛t t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥ ❆ ✐s s❛t✐s✜❡❞✿

p1ω1 + · · ·+ pnωn 6= m ïðè 0 < |p1|+ · · ·+ |pn| < 6,

✇❤❡r❡ m✱ p1✱ . . . ✱ pn ❛r❡ ✐♥t❡❣❡r ♥✉♠❜❡rs✳
❲❡ tr❛♥s❢♦r♠ s②st❡♠ ✭✶✮ ✇✐t❤ t❤❡ ✉s❡ ♦❢ t❤❡ s✉❜st✐t✉t✐♦♥

u = v +

4∑

i=2

Wi(v, v), (2)

✇❤❡r❡W2✱W3 ❛♥❞W4 ❛r❡ ❢♦r♠s ♦❢ t❤❡ s❡❝♦♥❞✱ t❤✐r❞✱ ❛♥❞ ❢♦✉rt❤ ♦r❞❡r✱ r❡s♣❡❝t✐✈❡❧②✳ ❚r❛♥s❢♦r♠❛t✐✲
♦♥ ✭✷✮ ❝❛♥ ❜❡ ❝❤♦s❡♥ s♦ t❤❛t t❤❡ ❡q✉❛t✐♦♥ ❢♦r v t❛❦❡ t❤❡ ❢♦r♠

∂v

∂t
= εD

∂2v

∂x2
+A0v + εA1v +G(v, v)v + V (v, v), (3)

✇❤❡r❡ G(v, v) ✐s ❛ ❞✐❛❣♦♥❛❧ ♠❛tr✐① ✇✐t❤ ❡❧❡♠❡♥ts gk(v, v) =

n∑

j=1

akjvjvj ✱ 1 ≤ k ≤ n✱ ♦♥ t❤❡

❞✐❛❣♦♥❛❧✱ V (v, v) = O(|v|5) ❛s |v| → 0✳ ❋♦r ε = 0 ✇❡ ♦❜t❛✐♥ ❛ s②st❡♠ ♦❢ ♦r❞✐♥❛r② ❞✐✛❡r❡♥t✐❛❧
❡q✉❛t✐♦♥s✳ ▲❡t ✉s ❛ss✉♠❡ t❤❛t t❤❡ ③❡r♦ s♦❧✉t✐♦♥ ♦❢ ✭✸✮ ❢♦r ε = 0 ❛♥❞ V (v, v) ≡ 0 ✐s ❛s②♠♣t♦t✐❝❛❧❧②
st❛❜❧❡✳

▲❡t t❤❡ ✐♥❡q✉❛❧✐t②
ξk > dkm

2, m ∈ Z, 1 ≤ k ≤ n,

❜❡ s❛t✐s✜❡❞ ❛♥❞ t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ s②st❡♠

ε
[
ξk − dkm

2
]
+

n∑

j=1

bkj(ε)r
2
j = 0, 1 ≤ k ≤ n,

❡①✐st✳ ❍❡r❡ ξk = Re µk✱ µk ❛r❡ t❤❡ ❞✐❛❣♦♥❛❧ ❡❧❡♠❡♥ts ♦❢ ♠❛tr✐① A1✱ bkj = Re akj ✳ ❲❡ st✉❞②
❡①✐st❡♥❝❡ ❛♥❞ st❛❜✐❧✐t② ♦❢ ❛♥ ❛r❜✐tr❛r✐❧② ❧❛r❣❡ ✜♥✐t❡ ♥✉♠❜❡r ♦❢ t♦r✐✳

❘❡❢❡r❡♥❝❡s
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❛r❣✉♠❡♥t ❛♥❞ ✇❡❛❦ ❞✐✛✉s✐♦♥ ✴✴ ❏♦✉r♥❛❧ ♦❢ ▼❛t❤❡♠❛t✐❝❛❧ ❙❝✐❡♥❝❡s ✕ ✷✵✶✼✳ ✷✷✻✱ ◆♦✳ ✸✳ ✕ P✳ ✷✽✺
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❉❡❛♥✕❑❛✇❛s❛❦✐ ❡q✉❛t✐♦♥ ✇✐t❤ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ ✐♥ t❤❡ s♣❛❝❡ ♦❢ ♣♦s✐t✐✈❡

❞✐str✐❜✉t✐♦♥s

❱✐t❛❧✐✐ ❑♦♥❛r♦✈s❦②✐

❯♥✐✈❡rs✐t② ♦❢ ❍❛♠❜✉r❣✱ ❍❛♠❜✉r❣✱ ●❡r♠❛♥②
■♥st✐t✉t❡ ♦❢ ▼❛t❤❡♠❛t✐❝s ♦❢ ◆❆❙ ♦❢ ❯❦r❛✐♥❡✱ ❑②✐✈✱ ❯❦r❛✐♥❡

❚❤❡ ❉❡❛♥✕❑❛✇❛s❛❦✐ ❡q✉❛t✐♦♥ ✇❛s ♣r♦♣♦s❡❞ ❜② ❉❡❛♥ ❬✶❪ ❛♥❞ ❑❛✇❛s❛❦✐ ❬✷❪ t♦ ❞❡s❝r✐❜❡ t❤❡
❞❡♥s✐t② ρ ♦❢ ✢✉❝t✉❛t✐♥❣ ♣❛rt✐❝❧❡s ✐♥ ▲❛♥❣❡✈✐♥ ❞②♥❛♠✐❝s

∂tρ = β−1∆ρ+∇ ·
(
ρ∇δF

δρ
[ρ]

)
+∇ (

√
ρη) .

■♥ t❤✐s ♥♦♥❧✐♥❡❛r✱ s✐♥❣✉❧❛r st♦❝❤❛st✐❝ ♣❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥✱ ✇❤❡r❡ β ✐s t❤❡ ✐♥✈❡rs❡ t❡♠♣❡r❛t✉r❡✱
F ❞❡s❝r✐❜❡s t❤❡ ✐♥t❡r❛❝t✐♦♥ ♦❢ t❤❡ ♣❛rt✐❝❧❡s ✇✐t❤✐♥ t❤❡ ✢✉✐❞ ❛♥❞ η ✐s ❛ ✈❡❝t♦r ♦❢ s♣❛❝❡✲t✐♠❡ ✇❤✐✲
t❡ ♥♦✐s❡✳ P❤r❛s✐♥❣ t❤❡ ❉❡❛♥✕❑❛✇❛s❛❦✐ ❡q✉❛t✐♦♥ ❛s ❛ ♠❛rt✐♥❣❛❧❡ ♣r♦❜❧❡♠ ✐♥ t❤❡ s♣❛❝❡ ♦❢ ✜♥✐t❡
♠❡❛s✉r❡s✱ ✐♥ ❬✸✱ ✹❪ ✐t ✇❛s s❤♦✇♥ t❤❛t ✐ts s♦❧✉t✐♦♥s ❡①✐st ♦♥❧② ❢♦r ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ ♦❢ t❤❡ ❢♦r♠
1
α

∑n
k=1 δxi ❢♦r s♦♠❡ n ∈ N✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡s❡ s♦❧✉t✐♦♥s ❛r❡ t❤❡♥ ❣✐✈❡♥ ❜② ❛♥ ❡♠♣✐r✐❝❛❧ ♠❡❛s✉r❡

♦❢ ♣❛rt✐❝❧❡s Xi
t ❢♦❧❧♦✇✐♥❣ ❛ s②st❡♠ ♦❢ ❝♦✉♣❧❡❞ st♦❝❤❛st✐❝ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ✇✐t❤ ✐♥✐t✐❛❧ ❝♦♥❞✐✲

t✐♦♥s Xi
0 = xi ❬✹❪✳

■♥ t❤✐s t❛❧❦✱ ✇❡ ✇✐❧❧ s❤♦✇ t❤❛t ❡✈❡♥ ❛❧❧♦✇✐♥❣ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s ✇✐t❤ ✐♥✜♥✐t❡ ♠❛ss✱ ❡✳❣✳ t❤❡
▲❡❜❡s❣✉❡ ♠❡❛s✉r❡✱ t❤❡ ❡q✉❛t✐♦♥ ♦♥❧② ❛❞♠✐ts s♦❧✉t✐♦♥s ✐❢ t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ ✐s ❛ s✉♠ ♦❢ ❉✐r❛❝
♠❛ss❡s✳ ❲❡ ✇♦r❦ ♦♥ t❤❡ s♣❛❝❡ ♦❢ t❡♠♣❡r❡❞ ♠❡❛s✉r❡s MS ♦♥ Rn✱ ✐✳❡✳ t❤❡ s♣❛❝❡ ♦❢ ♠❡❛s✉r❡s ✇❤✐❝❤
✐♥t❡❣r❛t❡ ❛❧❧ ❙❝❤✇❛rt③ ❢✉♥❝t✐♦♥s S✳ ❍❡r❡✱ ✇❡ ❝♦♥s✐❞❡r ❛ s✐♠♣❧✐✜❡❞ ✈❡rs✐♦♥ ♦❢ t❤❡ st♦❝❤❛st✐❝ ♣❛rt✐❛❧
❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥

∂tρ =
α

2
∆ρ+∇ (

√
ρη) ✭✶✮

✇✐t❤♦✉t ✐♥t❡r❛❝t✐♦♥✱ ✇❤❡r❡ α > 0✳

❉❡✜♥✐t✐♦♥ ✶✳ ❆ ❝♦♥t✐♥✉♦✉s MS✲✈❛❧✉❡❞ ♣r♦❝❡ss (µt)t≥0 ✐s ❛ s♦❧✉t✐♦♥ t♦ t❤❡ ❉❡❛♥✕❑❛✇❛s❛❦✐
❡q✉❛t✐♦♥ ✭✶✮ ✇✐t❤ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ ν ∈ MS ✐❢ µ0 = ν ❛♥❞

Mt(ϕ) = 〈µt, ϕ〉 − 〈µ0, ϕ〉 −
∫ t

0

α

2
〈µs,∆ϕ〉 ❞s, t ≥ 0,

✐s ❛ ♠❛rt✐♥❣❛❧❡ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ♥❛t✉r❛❧ ✜❧tr❛t✐♦♥ ❣❡♥❡r❛t❡❞ ❜② (µt)t≥0 ✇✐t❤ q✉❛❞r❛t✐❝ ✈❛r✐❛t✐♦♥

[M·(ϕ)]t =

∫ t

0

〈
µs, |∇ϕ|2

〉
❞s, t ≥ 0,

❢♦r ❡❛❝❤ ϕ ∈ S✳

❖✉r ♠❛✐♥ r❡s✉❧t r❡❛❞s ❛s ❢♦❧❧♦✇s✳

❚❤❡♦r❡♠ ✶✳ ▲❡t ν ∈ MS ✳ ❚❤❡♥ t❤❡ ❉❡❛♥✕❑❛✇❛s❛❦✐ ❡q✉❛t✐♦♥ ✭✶✮ ❤❛s ❛ ✉♥✐q✉❡ ✐♥ ❧❛✇ s♦❧✉t✐♦♥
(µt)t≥0 st❛rt❡❞ ❢r♦♠ ν ✐❢ ❛♥❞ ♦♥❧② ✐❢ ν(Rd)α ∈ N∪{∞} ❛♥❞ t❤❡r❡ ❡①✐sts ❛t ♠♦st ❝♦✉♥t❛❜❧❡ ❢❛♠✐❧②
xi✱ i ∈ I ⊆ N✱ s✉❝❤ t❤❛t ν = 1

α

∑
i∈I δxi ✳ ▼♦r❡♦✈❡r✱ ✐♥ t❤✐s ❝❛s❡✱

µt =
1

α

∑

i∈I

δBi
αt
, t ≥ 0,

✇❤❡r❡ (Bi
t)t≥0✱ i ∈ I✱ ✐s ❛ ❢❛♠✐❧② ♦❢ ✐♥❞❡♣❡♥❞❡♥t d✲❞✐♠❡♥s✐♦♥❛❧ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥s ✇✐t❤ Bi

0 = xi
❛✳s✳

❚❤✐s ✐s t❤❡ ❥♦✐♥t ✇♦r❦ ✇✐t❤ ❋❡♥♥❛ ▼☎✉❧❧❡r ✭▲❡✐♣③✐❣ ❯♥✐✈❡rs✐t②✮ ✭s❡❡ ❬✺❪✮✳

✶✹✼



❘❡❢❡r❡♥❝❡s

❬✶❪ ❏❛♠❡s ❉❡❛♥✱ ▲❛♥❣❡✈✐♥ ❡q✉❛t✐♦♥ ❢♦r t❤❡ ❞❡♥s✐t② ♦❢ ❛ s②st❡♠ ♦❢ ✐♥t❡r❛❝t✐♥❣ ❧❛♥❣❡✈✐♥ ♣r♦❝❡ss❡s✱
❏♦✉r♥❛❧ ♦❢ P❤②s✐❝s ❆✿ ▼❛t❤❡♠❛t✐❝❛❧ ❛♥❞ ●❡♥❡r❛❧ ✭✶✾✾✻✮✳

❬✷❪ ❑②♦③✐ ❑❛✇❛s❛❦✐✱ ◆❡✇ ♠❡t❤♦❞ ✐♥ ♥♦♥✲❡q✉✐❧✐❜r✐✉♠ st❛t✐st✐❝❛❧ ♠❡❝❤❛♥✐❝s ♦❢ ❝♦♦♣❡r❛t✐✈❡ s②st❡♠s✱
❙❨◆❊❘●❊❚■❈❙ ❈♦♦♣❡r❛t✐✈❡ P❤❡♥♦♠❡♥❛ ✐♥ ▼✉❧t✐✲❈♦♠♣♦♥❡♥t ❙②st❡♠s✱ ✶✾✼✸✳

❬✸❪ ❱✐t❛❧✐✐ ❑♦♥❛r♦✈s❦②✐✱ ❚♦❜✐❛s ▲❡❤♠❛♥♥✱ ❛♥❞ ▼❛①✲❑✳ ✈♦♥ ❘❡♥❡ss❡✱ ❉❡❛♥✲❑❛✇❛s❛❦✐ ❞②♥❛♠✐❝s✿
✐❧❧✲♣♦s❡❞♥❡ss ✈s✳ tr✐✈✐❛❧✐t②✱ ❊❧❡❝tr♦♥✳ ❈♦♠♠✉♥✳ Pr♦❜❛❜✳ ✷✹ ✭✷✵✶✾✮✱ P❛♣❡r ◆♦✳ ✽✱ ✾✳ ▼❘
✸✾✶✻✸✹✵

❬✹❪ ❱✐t❛❧✐✐ ❑♦♥❛r♦✈s❦②✐✱ ❚♦❜✐❛s ▲❡❤♠❛♥♥✱ ❛♥❞ ▼❛① ✈♦♥ ❘❡♥❡ss❡✱ ❖♥ ❉❡❛♥✲❑❛✇❛s❛❦✐ ❞②♥❛♠✐❝s
✇✐t❤ s♠♦♦t❤ ❞r✐❢t ♣♦t❡♥t✐❛❧✱ ❏✳ ❙t❛t✳ P❤②s✳ ✶✼✽ ✭✷✵✷✵✮✱ ♥♦✳ ✸✱ ✻✻✻✕✻✽✶✳ ▼❘ ✹✵✺✾✾✺✺

❬✺❪ ❱✐t❛❧✐✐ ❑♦♥❛r♦✈s❦②✐✱ ❛♥❞ ❋❡♥♥❛ ▼☎✉❧❧❡r✱ ❉❡❛♥✲❑❛✇❛s❛❦✐ ❡q✉❛t✐♦♥ ✇✐t❤ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ ✐♥
t❤❡ s♣❛❝❡ ♦❢ ♣♦s✐t✐✈❡ ❞✐str✐❜✉t✐♦♥s✱ ❛r❳✐✈✿ ✷✸✶✶✳✶✵✵✵✻✳

❡✲♠❛✐❧✿ ✈✐t❛❧✐✐✳❦♦♥❛r♦✈s❦②✐❅✉♥✐✲❤❛♠❜✉r❣✳❞❡

✶✹✽



❖♥❡✲♣♦✐♥t ❞✐s❝♦♥t✐♥✉✐t② ♦❢ s❡♣❛r❛t❡❧② ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥s ♦❢ s❡✈❡r❛❧

✈❛r✐❛❜❧❡s

▼②❦♦❧❛ ❑♦③❧♦✈s❦②✐

❨✉r✐② ❋❡❞❦♦✈②❝❤ ❈❤❡r♥✐✈ts✐ ◆❛t✐♦♥❛❧ ❯♥✐✈❡rs✐t②✱ ❈❤❡r♥✐✈ts✐✱ ❯❦r❛✐♥❡

■♥✈❡st✐❣❛t✐♦♥s ♦❢ t❤❡ ❞✐s❝♦♥t✐♥✉✐t② ♣♦✐♥ts s❡t ♦❢ s❡♣❛r❛t❡❧② ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥s ♦❢ t✇♦ ♦r
♠❛♥② ✈❛r✐❛❜❧❡s ✭✐✳❡✳ ❢✉♥❝t✐♦♥s t❤❛t ❛r❡ ❝♦♥t✐♥✉♦✉s ✇✐t❤ r❡s♣❡❝t t♦ ❡❛❝❤ ✈❛r✐❛❜❧❡✮ ✇❡r❡ st❛rt❡❞
✇✐t❤ ❘❡♥❡ ❇❛✐r❡✳ ■♥ ❝♦♥♥❡❝t✐♦♥ ✇✐t❤ ◆❛♠✐♦❦❛✬s t❤❡♦r❡♠ ❬✶❪ ♥❛t✉r❛❧❧② ❛r✐s❡s t❤❡ q✉❡st✐♦♥ ♦❢
❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ t❤❡ ❞✐s❝♦♥t✐♥✉✐t② ♣♦✐♥ts s❡t ♦❢ s❡♣❛r❛t❡❧② ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥s ❞❡✜♥❡❞ ♦♥ t❤❡
♣r♦❞✉❝t ♦❢ t✇♦ ❝♦♠♣❛❝t s♣❛❝❡s✳ ❚❤✐s q✉❡st✐♦♥ ✇❛s ❢♦r♠✉❧❛t❡❞ ❜② P✐♦tr♦✇s❦✐ ❬✷❪ ❛♥❞ ✐t ✐s st✐❧❧
♦♣❡♥✳

P❛rt✐❝✉❧❛r ✐♥t❡r❡st ✐s ✐♥✈❡st✐❣❛t✐♦♥s ♦❢ s❡♣❛r❛t❡❧② ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥s ❛♥❞ t❤❡✐r ❛♥❛❧♦❣s ✇✐t❤
♦♥❡✲♣♦✐♥t s❡t ♦❢ ♣♦✐♥ts ♦❢ ❞✐s❝♦♥t✐♥✉✐t②✳ ■♥ ♣❛rt✐❝✉❧❛r ❛t t❤❡ ❬✸❪ t❤❡r❡ ✇❡r❡ ♦❜t❛✐♥❡❞ ♥❡❝❡ss✐t② ❛♥❞
s✉✣❝✐❡♥❝② ❢♦r ❡①✐st✐♥❣ s❡♣❛r❛t❡❧② ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥ ✇✐t❤ ♦♥❡✲♣♦✐♥t s❡t ♦❢ ♣♦✐♥ts ♦❢ ❞✐s❝♦♥t✐♥✉✐t②
❞❡✜♥❡❞ ♦♥ t❤❡ ♣r♦❞✉❝t ♦❢ t✇♦ ❝♦♠♣❛❝t s♣❛❝❡s✳ ❆❧s♦✱ ✐t ✇❛s ♣r♦✈❡❞ ✐♥ ❬✺❪ t❤❛t t❤❡ ❡①✐st❡♥❝❡ ♦❢
s❡♣❛r❛t❡❧② ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥s ✇✐t❤ ❣✐✈❡♥ ♦♥❡✲♣♦✐♥t s❡t ♦❢ ♣♦✐♥ts ♦❢ ❞✐s❝♦♥t✐♥✉✐t② ♦❢ Gδ t②♣❡ ✐s
❝❧♦s❡❧② r❡❧❛t❡❞ t♦ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ P ✲✜❧t❡r✱ ❛♥❞ t❤❡ ❛♥s✇❡r t♦ t❤✐s q✉❡st✐♦♥ ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢
ZFC ✭❩❡r♠❡❧♦✲❋r❛❡♥❦❡❧ s❡t t❤❡♦r② ✇✐t❤ t❤❡ ❆①✐♦♠ ♦❢ ❈❤♦✐❝❡✮✳

❍❡r❡ ✇❡ ✇✐❧❧ ❣❡♥❡r❛❧✐③❡ t❤❛t r❡s✉❧t ❢♦r ❢✉♥❝t✐♦♥ ♦❢ s❡✈❡r❛❧ ✈❛r✐❛❜❧❡s✳ ❇✉t ✜rst ❧❡t ✉s ❧♦♦❦
❞❡✜♥✐t✐♦♥ ♦❢ str♦♥❣❧② s❡♣❛r❛t❡❧② ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥ ✇✐t❝❤ ✐s ✉s❡❞ ✐♥ t❤❡ ❣❡♥❡r❛❧✐③❡❞ t❤❡♦r❡♠✳

▲❡t n ≥ 2, X1, ..., Xn ❛r❡ t♦♣♦❧♦❣✐❝❛❧ s♣❛❝❡s✱ X =
n∏
i=1

Xi✱ Sn = {S ⊂ {1, ..., n} : S 6= ∅}✱
S ∈ Sn ❛♥❞ T = {1, ..., n} \ S✱ Y =

∏
s∈S

Xs✱ Z =
∏
t∈T

Xt✳ ❋♦r ❡✈❡r② ♣♦✐♥t x = (x1, ..., xn) ∈ X ❧❡t

✉s ♣✉t x|S = (xs)s∈S ❛♥❞ x|T = (xt)t∈T ✳ ■t ✐s ♦❜✈✐♦✉s t❤❛t x|S ∈ Y ❛♥❞ x|T ∈ Z✱ ❛♥❞ t❤❡ ❢✉♥❝t✐♦♥
ϕS : X → Y × Z✱

ϕS(x) =
(
x|S , x|T

)

✐s ❛ ❤♦♠❡♦♠♦r♣❤✐s♠✳

❉❡✜♥✐t✐♦♥ ✶✳ ❚❤❡ ❢✉♥❝t✐♦♥ f : X → R ✐s ❝❛❧❧❡❞ ❛ S✲❝♦♥t✐♥✉♦✉s ❛t t❤❡ ♣♦✐♥t x0 ∈ X ✐❢ t❤❡
❢✉♥❝t✐♦♥ fS : Y × Z → R✱

fS(y, z) = f(ϕ−1
S (y, z))

✐s ❝♦♥t✐♥✉♦✉s ❜② t❤❡ ✈❛r✐❛❜❧❡ y ❛t t❤❡ ♣♦✐♥t ϕS(x0)✳ ■❢ t❤❡ ❢✉♥❝t✐♦♥ f ✐s S✲❝♦♥t✐♥✉♦✉s ❛t ❡✈❡r②
♣♦✐♥t x ∈ X✱ t❤❡♥ t❤❡ ❢✉♥❝t✐♦♥ f ✐s ❝❛❧❧❡❞ S✲❝♦♥t✐♥✉♦✉s✳

❉❡✜♥✐t✐♦♥ ✷✳ ▲❡t S ⊆ Sn t❤❡♥ t❤❡ ❢✉♥❝t✐♦♥ f : X → R ✐s ❝❛❧❧❡❞ s❡♣❛r❛t❡❧② ❝♦♥t✐♥✉♦✉s ❜② ❣r♦✉♣s
❢r♦♠ t❤❡ s②st❡♠ S ✭S✲❝♦♥t✐♥✉♦✉s✮ ✐❢ t❤❡ ❢✉♥❝t✐♦♥ f ✐s S✲❝♦♥t✐♥✉♦✉s ❢♦r ❡✈❡r② S ∈ S✳

❉❡✜♥✐t✐♦♥ ✸✳ ❚❤❡ ❢✉♥❝t✐♦♥ f : X → R ✐s ❝❛❧❧❡❞ str♦♥❣❧② (n − 1) ✲❝♦♥t✐♥✉♦✉s ✭♦r str♦♥❣❧②
s❡♣❛r❛t❡❧② ❝♦♥t✐♥✉♦✉s✮ ✐❢ ✐t ✐s s❡♣❛r❛t❡❧② Sn✲❝♦♥t✐♥✉♦✉s✳

❚❤❡ ♥❡①t ♣r♦♣♦s✐t✐♦♥ ❢r♦♠ ❬✹❪ s❤♦✇s t❤❡ r❡❧❛t✐♦♥ ❢♦r s❡♣❛r❛t❡❧② ❝♦♥t✐♥✉✐t② ❜② ❣r♦✉♣s ❜❡t✇❡❡♥
t✇♦ s②st❡♠s✳

Pr♦♣♦s✐t✐♦♥ ✼✳ ▲❡t n ≥ 2✱ S ❛♥❞ S ′
❛r❡ s②st❡♠ ♦❢ s✉❜s❡ts ❢r♦♠ Sn s✉❝❤ t❤❛t ❢♦r ❛♥② S ∈ S

t❤❡r❡ ❡①✐sts S
′ ∈ S ′

s✉❝❤ t❤❛t S ⊆ S
′
✳ ▲❡t X1, ..., Xn ❛r❡ t♦♣♦❧♦❣✐❝❛❧ s♣❛❝❡s ❛♥❞ f :

n∏
k=1

Xk → R

✐s S ′
✲❝♦♥t✐♥✉♦✉s✳ ❚❤❡♥ f ✐s S✲❝♦♥t✐♥✉♦✉s✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠ ❢r♦♠ ❬✹❪ ✐s t❤❡ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ t❤❡ r❡s✉❧t ❢r♦♠ ❬✸❪✳

❚❤❡♦r❡♠ ✶✳ ▲❡t n ≥ 2, X1, ..., Xn ❛r❡ ❝♦♠♣❛❝t ❍❛✉s❞♦r✛ s♣❛❝❡s✱ x0 = (x0,1, ..., x0,n) ∈
n∏
k=1

Xk✱

x0,k ✐s ❛ ♥♦♥✲✐s♦❧❛t❡❞ ♣♦✐♥t ❛t Xk ❢♦r ❡✈❡r② 1 ≤ k ≤ n✳ ❚❤❡♥ t❤❡ ❢♦❧❧♦✇✐♥❣ st❛t❡♠❡♥ts ❛r❡
❡q✉✐✈❛❧❡♥t✿

✶✹✾



✭✐✮ t❤❡r❡ ❡①✐sts s❡♣❛r❛t❡❧② ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥ f :
n∏
k=1

Xk → [0, 1] s✉❝❤ t❤❛t f ✐s str♦♥❣❧② (n− 1)✲

❝♦♥t✐♥✉♦✉s ✇✐t❤ D(f) = {x0}❀
✭✐✐✮ t❤❡r❡ ❡①✐sts s❡♣❛r❛t❡❧② ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥ f :

n∏
k=1

Xk → [0, 1] s✉❝❤ t❤❛t f ✐s S✲❝♦♥t✐♥✉♦✉s
❢♦r ❛♥② s②st❡♠ S ♦❢ s❡ts ❢r♦♠ Sn ❛♥❞ D(f) = {x0}❀
✭✐✐✐✮ t❤❡r❡ ❡①✐sts s❡♣❛r❛t❡❧② ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥ f :

n∏
k=1

Xk → [0, 1] ✇✐t❤ D(f) = {x0}❀

✭✐✈✮ t❤❡r❡ ❡①✐sts ❛ s❡q✉❡♥❝❡ (Um)
∞
m=1 ♦❢ ♥♦♥✲❡♠♣t② ♦♣❡♥ s❡t Um ❛t t❤❡ s♣❛❝❡ X =

n∏
k=1

Xk s✉❝❤

t❤❛t Um → x0✳

■♥ t❤❡ ❬✻❪ ✇❡ ♣r♦✈❡❞ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥✳

Pr♦♣♦s✐t✐♦♥ ✽✳ ▲❡t n ≥ 2✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ st❛t❡♠❡♥ts ❛r❡ ❡q✉✐✈❛❧❡♥t
✭✐✮ ❆♥② t✇♦ P ✲✜❧t❡rs ❢r♦♠ F ❛r❡ ♥❡❛r ❝♦❤❡r❡♥t✳
✭✐✐✮ ❋♦r ❡✈❡r② n ≥ 2 ❛♥② n P ✲✜❧t❡rs ❢r♦♠ F ❛r❡ ♥❡❛r ❝♦❤❡r❡♥t✳
✭✐✐✐✮ ❋♦r s♦♠❡ n ≥ 2 ❛♥② n P ✲✜❧t❡rs ❢r♦♠ F ❛r❡ ♥❡❛r ❝♦❤❡r❡♥t✳

❆♥❞ t❤❡ ♠❛✐♥ r❡s✉❧t ♦❢ ❛t t❤❡ ❬✻❪ ✐s t❤❡ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ t❤❡ r❡s✉❧t ❢r♦♠ ❬✺❪✳

❚❤❡♦r❡♠ ✷✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ st❛t❡♠❡♥ts ❛r❡ ❡q✉✐✈❛❧❡♥t✿
✭✐✮ ❢♦r ❛♥② n ≥ 2✱ ❝♦♠♣❧❡t❡❧② r❡❣✉❧❛r s♣❛❝❡s X1, ..., Xn ❛♥❞ ♥♦♥✲✐s♦❧❛t❡❞ Gδ✲♣♦✐♥ts ✐♥ ❝♦rr❡s♣♦♥❞✐✲
♥❣ s♣❛❝❡s x10 ∈ X1, ..., xn0 ∈ Xn✱ t❤❡r❡ ❡①✐sts ❛ str♦♥❣❧② s❡♣❛r❛t❡❧② ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥ f :
n∏
i=1

Xi → R ✇✐t❤ D(f) = {(x10, ..., xn0)}❀
✭✐✐✮ ❛♥② t✇♦ P ✲✜❧t❡rs ❢r♦♠ F ❛r❡ ♥❡❛r ❝♦❤❡r❡♥t✳

❘❡❢❡r❡♥❝❡s

❬✶❪ ◆❛♠✐♦❦❛ ■✳ ❙❡♣❛r❛t❡ ❝♦♥t✐♠✉✐t② ❛♥❞ ❥♦✐♥t ❝♦♥t✐♥✉✐t②✱ P❛❝✐❢✳ ❏✳ ▼❛t❤✳ ✺✶✭✷✮ ✭✶✾✼✹✮ ✺✶✺✲✺✸✶✳

❬✷❪ P✐♦tr♦✇s❦✐ ❩✳ ❙❡♣❛r❛t❡ ❛♥❞ ❥♦✐♥t ❝♦♥t✐♥✉✐t②✱ ❘❡❛❧✳ ❆♥❛❧✳ ❊①❝❤✳ ✶✶✭✷✮ ✭✶✾✽✺✲✶✾✽✻✮✳

❬✸❪ ▼②❦❤❛②❧②✉❦ ❱✳❱✳ ❖♥❡✲♣♦✐♥t ❞✐s❝♦♥t✐♥✉✐t✐❡s ♦❢ s❡♣❛r❛t❡❧② ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥s ♦♥ t❤❡ ♣r♦❞✉❝t
♦❢ t✇♦ ❝♦♠♣❛❝t s♣❛❝❡s✱ ❯❦r❛✐♥✐❛♥ ▼❛t❤✳ ❏✳ ✺✼✭✶✮ ✭✷✵✵✺✮ ✾✹✲✶✵✶ ✭■♥ ❯❦r❛✐♥✐❛♥✮✳

❬✹❪ ❑♦③❧♦✈s❦②✐✱ ▼✳ ❖♥❡✲♣♦✐♥t ❞✐s❝♦♥t✐♥✉✐t② ♦❢ s❡♣❛r❛t❡❧② ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥s ♦❢ s❡✈❡r❛❧ ✈❛r✐❛❜❧❡s
♦♥ ❛ ♣r♦❞✉❝t ♦❢ ❝♦♠♣❛❝t s♣❛❝❡s✱ Pr♦❝❡❡❞✐♥❣s ♦❢ t❤❡ ■♥t❡r♥❛t✐♦♥❛❧ ●❡♦♠❡tr② ❈❡♥t❡r ✶✻✭✷✮
✭✷✵✷✸✮ ✶✵✺✲✶✶✺ ✭■♥ ❯❦r❛✐♥✐❛♥✮✳

❬✺❪ ❚✳ ❖✳ ❇❛♥❛❦❤✳ ❖✳ ❱✳ ▼❛s❧②✉❝❤❡♥❦♦✳ ❱✳ ❱✳ ▼②❦❤❛②❧②✉❦✳ ❉✐s❝♦♥t✐♥✉♦✉s ❙❡♣❛r❛t❡❧② ❈♦♥t✐♥✉♦✉s
❋✉♥❝t✐♦♥s ❛♥❞ ◆❡❛r ❈♦❤❡r❡♥❝❡ ♦❢ P✲❋✐❧t❡rs✳ ❘❡❛❧ ❆♥❛❧✳ ❊①❝❤❛♥❣❡ ✷✵✵✼✱ ✸✷ ✭✷✮ ✸✸✺ ✲ ✸✹✽✳

❬✻❪ ❑♦③❧♦✈s❦②✐✱ ▼✳ ❉✐s❝♦♥t✐♥✉♦✉s str♦♥❣❧② s❡♣❛r❛t❡❧② ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥ ♦❢ s❡✈❡r❛❧ ✈❛r✐❛❜❧❡ ❛♥❞
♥❡❛r ❝♦❤❡r❡♥❝❡ ♦❢ t✇♦ P ✲✜❧t❡rs✱ ❈❛r♣❛t❤✐❛♥ ▼❛t❤❡♠❛t✐❝❛❧ P✉❜❧✐❝❛t✐♦♥s ✭❆❝❝❡♣t❡❞✮

❡✲♠❛✐❧✿ ❦♦③❧♦✈s❦②✐✳♠②❦♦❧❛❅❝❤♥✉✳❡❞✉✳✉❛

✶✺✵



◆✉♠❡r✐❝❛❧ st❛❜✐❧✐t② ♦❢ t❤❡ ❜r❛♥❝❤❡❞ ❝♦♥t✐♥✉❡❞ ❢r❛❝t✐♦♥ ❡①♣❛♥s✐♦♥ ♦❢ t❤❡ r❛t✐♦

H4(a, b; c, b; z)/H4(a+ 1, b; c+ 1, b; z)
■❧♦♥❛✲❆♥♥❛ ▲✉ts✐✈

❱❛s②❧ ❙t❡❢❛♥②❦ Pr❡❝❛r♣❛t❤✐❛♥ ◆❛t✐♦♥❛❧ ❯♥✐✈❡rs✐t②✱ ■✈❛♥♦✲❋r❛♥❦✐✈s❦✱ ❯❦r❛✐♥❡

❍♦r♥✬s ❤②♣❡r❣❡♦♠❡tr✐❝ ❢✉♥❝t✐♦♥ H4 ✐s ❞❡✜♥❡❞ ❜② ❞♦✉❜❧❡ ♣♦✇❡r s❡r✐❡s ✭s❡❡✱ ❬✶❪✮

H4(a, b; c, d; z) =

∞∑

r,s=0

(a)2r+s(b)s
(c)r(d)s

zr1
r!

zs2
s!
, |z1| < p, |z2| < q, ✭✶✮

✇❤❡r❡ a, b✱ c ❛♥❞ d ❛r❡ ❝♦♠♣❧❡① ❝♦♥st❛♥ts❀ c ❛♥❞ d ❛r❡ ♥♦t ❡q✉❛❧ t♦ ❛ ♥♦♥✲♣♦s✐t✐✈❡ ✐♥t❡❣❡r❀ p ❛♥❞ q
❛r❡ ♣♦s✐t✐✈❡ ♥✉♠❜❡rs s✉❝❤ t❤❛t 4p = (q−1)2 ❛♥❞ q 6= 1, (·)k ✐s t❤❡ P♦❝❤❤❛♠♠❡r s②♠❜♦❧ ❞❡✜♥❡❞ ❢♦r
❛♥② ❝♦♠♣❧❡① ♥✉♠❜❡r α ❛♥❞ ♥♦♥✲♥❡❣❛t✐✈❡ ✐♥t❡❣❡r n ❜② (α)0 = 1 ❛♥❞ (α)n = α(α+1) . . . (α+n−1),
z = (z1, z2) ∈ C2.

❚❤❡ ♣❛♣❡r ❬✷❪ ♣r♦✈✐❞❡s t❤❡ ❢♦r♠❛❧ ❡①♣❛♥s✐♦♥

H4(a, b; c, b; z)

H4(a+ 1, b; c+ 1, b; z)
= 1− z2 −

h1z1

1− z2 −
h2z1

1− z2 −
h3z1

1− ✳ ✳ ✳

, ✭✷✮

✇❤❡r❡

hk =
(2c− a+ k − 1)(a+ k)

(c+ k − 1)(c+ k)
, k ≥ 1. ✭✸✮

▲❡t n ❜❡ ❛♥ ❛r❜✐tr❛r② ✜①❡❞ ♥❛t✉r❛❧ ♥✉♠❜❡r✳ ❋♦r ❡❛❝❤ 1 ≤ k ≤ n✱ ❧❡t â1,k−1 ❛♥❞ â0,k ❞❡♥♦t❡
r♦✉♥❞❡❞ ✈❛❧✉❡s ♦❢ t❤❡ ❡❧❡♠❡♥ts a1,k−1 ❛♥❞ a0,k✱ r❡s♣❡❝t✐✈❡❧②✱ ♦❢ ❛ ❣✐✈❡♥ ❜r❛♥❝❤❡❞ ❝♦♥t✐♥✉❡❞
❢r❛❝t✐♦♥

1 + a1,0 +
a0,1

1 + a1,1 +
a0,2

1 + a1,2 +
a0,3

1 + ✳ ✳ ✳

. ✭✹✮

❚❤❡ ♥✉♠❜❡r

f̂n = 1 + â1,0 +
â0,1

1 + â1,1 +
â0,2

1 + â1,2 +
â0,3

1 + ✳ ✳ ✳+â1,n−2 +
â0,n−1

1 + â1,n−1 + â0,n

✐s t❤❡ ❝♦♠♣✉t❡❞ ✭❛♣♣r♦①✐♠❛t❡✮ ✈❛❧✉❡ ♦❢

fn = 1 + a1,0 +
a0,1

1 + a1,1 +
a0,2

1 + a1,2 +
a0,3

1 + ✳ ✳ ✳+a1,n−2 +
a0,n−1

1 + a1,n−1 + a0,n

.

❉❡✜♥✐t✐♦♥ ✶✳ ❆ ♥✉♠❡r✐❝❛❧ st❛❜✐❧✐t② s❡t Ω ✐s ❛ s❡t t♦ ✇❤✐❝❤ ❢♦r ❛♥② ε > 0 ♦♥❡ ❝❛♥ ✜♥❞ δ > 0
❞❡♣❡♥❞✐♥❣ ♦♥❧② ♦♥ ε ❛♥❞ Ω s✉❝❤ t❤❛t✱ ❢♦r ❛❧❧ n ≥ 1

∣∣∣f̂n − fn

∣∣∣ < ε · |fn|

❢♦r ❡✈❡r② ❜r❛♥❝❤❡❞ ❝♦♥t✐♥✉❡❞ ❢r❛❝t✐♦♥ ✭✹✮ ✇✐t❤ ❛❧❧ a1,k−1, a0,k ∈ Ω ❛♥❞ â1,k−1, â0,k ∈ Ω s✉❝❤ t❤❛t✱
❢♦r ❛❧❧ k ≥ 1 ∣∣∣∣

â1,k−1 − a1,k−1

a1,k−1

∣∣∣∣ < δ ❛♥❞

∣∣∣∣
â0,k − a0,k

a0,k

∣∣∣∣ < δ.

✶✺✶



❚❤❡ ❢♦❧❧♦✇✐♥❣ ✐s tr✉❡ ✭s❡❡✱ ❬✸❪✮✳

❚❤❡♦r❡♠ ✶✳ ▲❡t t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t α, 0 < α < 1, s✉❝❤ t❤❛t

|α1| ≤ α, |α2| ≤ α, ❛♥❞ |βk| ≤ α ❢♦r ❛❧❧ k ≥ 1, ✭✺✮

✇❤❡r❡ α1, α2, ❛♥❞ βk, k ≥ 1, ❛r❡ r❡❧❛t✐✈❡ ❡rr♦rs ♦❢ z1, z2, ❛♥❞ hk, k ≥ 1, r❡s♣❡❝t✐✈❡❧②✱ ✇❤✐❝❤ ❛r❡
❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s

ẑ1 = z1(1 + α1), ẑ2 = z2(1 + α2), ĥk = hk(1 + βk), 1 ≤ k ≤ n,

❢♦r ❛❧❧ n ≥ 1. ❚❤❡♥✿

✭❆✮ ❚❤❡ s❡t

Hh,l =
{
z ∈ C2 : |z1| < l(1− l)/(2h), |z2| < (1− l)/2

}
, ✭✻✮

✇❤❡r❡

h = max
k∈N

{|hk|, |ĥk|}, l ∈ (0, 1/3) ∪ (1/3, 1), ✭✼✮

❢♦r♠s t❤❡ ♥✉♠❡r✐❝❛❧ st❛❜✐❧✐t② s❡t ♦❢ t❤❡ ❜r❛♥❝❤❡❞ ❝♦♥t✐♥✉❡❞ ❢r❛❝t✐♦♥ ✭✷✮✳

✭❇✮ ■❢ εn ❞❡♥♦t❡s t❤❡ r❡❧❛t✐✈❡ ❡rr♦rs ♦❢ nt❤ ❛♣♣r♦①✐♠❛♥t ♦❢ ✭✷✮✱ t❤❡♥✱ ❢♦r n ≥ 1,

|εn| ≤
4α

(1 + l + |3l − 1|)(1− α)

(
1− l

2
+

2l(1− l)

1 + l + |3l − 1|

(
2 +

α

1− α

))
1− ηn

1− η
, ✭✽✮

✇❤❡r❡

η =

{
2l/(1− l), ✐❢ 1 < l < 1/3,

(1− l)/(2l), ✐❢ 1/3 < l < 1.

❈♦r♦❧❧❛r② ✶✳ ▲❡t t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t α, 0 < α < 1, s❛t✐s❢②✐♥❣ ✭✺✮✱ ✇❤❡r❡ α1, α2, ❛♥❞ βk,
k ≥ 1, ❛r❡ r❡❧❛t✐✈❡ ❡rr♦rs ♦❢ z1, z2, ❛♥❞ hk, k ≥ 1, r❡s♣❡❝t✐✈❡❧②✱ ♦❢ t❤❡ ❜r❛♥❝❤❡❞ ❝♦♥t✐♥✉❡❞ ❢r❛❝t✐♦♥

1

1− z2 −
h1z1

1− z2 −
h2z1

1− ✳✳✳

, ✭✾✮

✇❤❡r❡

h1 =
2

c
, hk =

k(2c+ k − 3)

(c+ k − 2)(c+ k − 1)
❢♦r ❛❧❧ k ≥ 2.

❚❤❡♥✿

✭❆✮ ❚❤❡ s❡t ✭✻✮✱ ✇❤❡r❡ h ❛♥❞ l ❛r❡ ❞❡✜♥❡❞ ✐♥ ✭✼✮✱ ❢♦r♠s t❤❡ ♥✉♠❡r✐❝❛❧ st❛❜✐❧✐t② s❡t ♦❢ ✭✾✮✳

✭❇✮ ■❢ εn ❞❡♥♦t❡s t❤❡ r❡❧❛t✐✈❡ ❡rr♦rs ♦❢ t❤❡ nt❤ ❛♣♣r♦①✐♠❛♥t ♦❢ t❤❡ ❜r❛♥❝❤❡❞ ❝♦♥t✐♥✉❡❞ ❢r❛❝t✐♦♥
✭✾✮✱ t❤❡♥ ❡st✐♠❛t❡ ✭✽✮ ❤♦❧❞s ❢♦r ❛❧❧ n ≥ 1.

❘❡❢❡r❡♥❝❡s

❬✶❪ ❏✳ ❍♦r♥✱ ❍②♣❡r❣❡♦♠❡tr✐s❝❤❡ ❋✉♥❦t✐♦♥❡♥ ③✇❡✐❡r ❱❡r☎❛♥❞❡r❧✐❝❤❡♥✱ ▼❛t❤✳ ❆♥♥✳✱ ✶✵✺✱ ✸✽✶✕✹✵✼
✭✶✾✸✶✮✳

❬✷❪ ❚✳ ❆♥t♦♥♦✈❛✱ ❘✳ ❉♠②tr②s❤②♥✱ ■✳✲❆✳ ▲✉ts✐✈✱ ❙✳ ❙❤❛r②♥✱ ❖♥ s♦♠❡ ❜r❛♥❝❤❡❞ ❝♦♥t✐♥✉❡❞ ❢r❛❝t✐♦♥
❡①♣❛♥s✐♦♥s ❢♦r ❍♦r♥✬s ❤②♣❡r❣❡♦♠❡tr✐❝ ❢✉♥❝t✐♦♥ H4(a, b; c, d; z1, z2) r❛t✐♦s✱ ❆①✐♦♠s✱ ✶✷✱ ➑ ✸✱
✷✾✾ ✭✷✵✷✸✮✳

❬✸❪ ❘✳ ❉♠②tr②s❤②♥✱ ❈✳ ❈❡s❛r❛♥♦✱ ■✳✲❆✳ ▲✉ts✐✈✱ ▼✳ ❉♠②tr②s❤②♥✱ ◆✉♠❡r✐❝❛❧ st❛❜✐❧✐t② ♦❢ t❤❡
❜r❛♥❝❤❡❞ ❝♦♥t✐♥✉❡❞ ❢r❛❝t✐♦♥ ❡①♣❛♥s✐♦♥ ♦❢ ❍♦r♥✬s ❤②♣❡r❣❡♦♠❡tr✐❝ ❢✉♥❝t✐♦♥ H4✱ ▼❛t✳ ❙t✉❞✳✱
✻✶ ✭✶✮✱ ✺✶✕✻✵ ✭✷✵✷✹✮✳

❡✲♠❛✐❧✿ ❧✉ts✐✈✳✐❧♦♥❛❅❣♠❛✐❧✳❝♦♠

✶✺✷



❖♥ s❡♠✐t♦♣♦❧♦❣✐❝❛❧ s✐♠♣❧❡ ✐♥✈❡rs❡ ω✲s❡♠✐❣r♦✉♣s ✇✐t❤ ❝♦♠♣❛❝t ♠❛①✐♠❛❧

s✉❜❣r♦✉♣s

❖❧❡❣ ●✉t✐❦✱ ❑❛t❡r②♥❛ ▼❛❦s②♠②❦

■✈❛♥ ❋r❛♥❦♦ ◆❛t✐♦♥❛❧ ❯♥✐✈❡rs✐t② ♦❢ ▲✈✐✈✱ ▲✈✐✈✱ ❯❦r❛✐♥❡

❲❡ s❤❛❧❧ ❢♦❧❧♦✇ t❤❡ t❡r♠✐♥♦❧♦❣② ♦❢ ❬✹❪✳ ❆ s❡♠✐❣r♦✉♣ S ✐s s❛✐❞ t♦ ❜❡ s✐♠♣❧❡ ✭0✲s✐♠♣❧❡✮ ✐❢ S
❤❛s ♥♦ ♣r♦♣❡r t✇♦✲s✐❞❡❞ ✐❞❡❛❧s ✭✐❢ S ❤❛s t❤❡ ③❡r♦ 0 ❛♥❞ {0} ✐s t❤❡ ✉♥✐q✉❡ ♣r♦♣❡r t✇♦✲s✐❞❡❞ ✐❞❡❛❧
♦❢ S✮✳ ❆ s❡♠✐❣r♦✉♣ S ✐s ❝❛❧❧❡❞ ❛♥ ω✲s❡♠✐❣r♦✉♣ ✐❢ t❤❡ ❜❛♥❞ E(S) ✐s ♦r❞❡r ✐s♦♠♦r♣❤✐❝ t♦ (ω,>)✳
❆❧s♦✱ ❛♥ ✐♥✈❡rs❡ s❡♠✐❣r♦✉♣ S ✐s 0✲s✐♠♣❧❡ ω✲s❡♠✐❣r♦✉♣ ✐❢ S ✐s 0✲s✐♠♣❧❡ ❛♥❞ t❤❡ s✉❜s❡t ♦❢ ♥♦♥✲③❡r♦
✐❞❡♠♣♦t❡♥ts E(S) \ {0} ✐s ♦r❞❡r ✐s♦♠♦r♣❤✐❝ t♦ (ω,>)✳

❯s✐♥❣ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ❜✐❝②❝❧✐❝ ♠♦♥♦✐❞ ❇r✉❝❦ ❜✉✐❧❞ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ ✐s♦♠♦r♣❤✐❝
❡♠❜❡❞❞✐♥❣ ♦❢ ❛♥② ✭✐♥✈❡rs❡✮ s❡♠✐❣r♦✉♣ ✐♥t♦ ❛ s✐♠♣❧❡ ✐♥✈❡rs❡ ♠♦♥♦✐❞✳ ▲❛t❡r ❘❡✐❧❧② ❛♥❞ ❲❛r♥❡
❣❡♥❡r❛❧✐③❡❞ t❤❡ ❇r✉❝❦ ❝♦♥str✉❝t✐♦♥ ❢♦r t❤❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ ♦❢ t❤❡ str✉❝t✉r❡ ♦❢ ❜✐s✐♠♣❧❡ r❡❣✉❧❛r
ω✲s❡♠✐❣r♦✉♣s✳

■❢ ❙ ✐s ❛ tr✐✈✐❛❧ ♠♦♥♦✐❞ t❤❡♥ BR(S, θ) ✐s ✐s♦♠♦r♣❤✐❝ t♦ t❤❡ ❜✐❝②❝❧✐❝ s❡♠✐❣r♦✉♣ C (p, q) ❛♥❞
✐♥ ❝❛s❡ ✇❤❡♥ θ ✐s ❛♥ ❛♥♥✐❤✐❧❛t✐♥❣ ❤♦♠♦♠♦r♣❤✐s♠ ✭✐✳❡✳✱ (s)θ = 1S✮✱ t❤❡♥ BR(S) = BR(S, θ) ✐s
❝❛❧❧❡❞ t❤❡ ❇r✉❝❦ s❡♠✐❣r♦✉♣ ♦✈❡r ♠♦♥♦✐❞ S ❬✺❪✳ ❆❧s♦ ❘❡✐❧❧② ❛♥❞ ❲❛r♥❡ ♣r♦✈❡❞ t❤❛t ❡✈❡r② ❜✐s✐♠♣❧❡
r❡❣✉❧❛r ω✲s❡♠✐❣r♦✉♣ ✐s ✐s♦♠♦r♣❤✐❝ t♦ t❤❡ ❇r✉❝❦✕❘❡✐❧❧② ❡①t❡♥s✐♦♥ ♦❢ ❛ s♦♠❡ ❣r♦✉♣✳ ❆❧s♦ ❘❡✐❧❧②
❛♥❞ ❲❛r♥❡ ♣r♦✈❡❞ t❤❛t ❡✈❡r② ❜✐s✐♠♣❧❡ r❡❣✉❧❛r ω✲s❡♠✐❣r♦✉♣ ✐s ✐s♦♠♦r♣❤✐❝ t♦ t❤❡ ❇r✉❝❦✕❘❡✐❧❧②
❡①t❡♥s✐♦♥ ♦❢ ❛ s♦♠❡ ❣r♦✉♣ ❬✶✷✱ ✶✸❪✳

❲❡❧❧✲❦♥♦✇♥ ❈❧✐✛♦r❞✬s ❚❤❡♦r❡♠ st❛t❡ t❤❛t ❛♥ ✐♥✈❡rs❡ s❡♠✐❣r♦✉♣ S ✐s ❈❧✐✛♦r❞ ✭✐✳❡✳✱ E(S) ✐s
❝♦♥t❛✐♥❡❞ ✐♥ t❤❡ ❝❡♥t❡r ♦❢ S✮ ✐❢ ❛♥❞ ♦♥❧② ✐❢ S ✐s ❛ s❡♠✐❧❛tt✐❝❡ ♦❢ ❣r♦✉♣s ❬✶✶❪✳

■♥ ❬✽❪ ❑♦❝❤✐♥ s❤♦✇❡❞ t❤❛t ❡✈❡r② s✐♠♣❧❡ ✐♥✈❡rs❡ ω✲s❡♠✐❣r♦✉♣ ✐s ✐s♦♠♦r♣❤✐❝ t♦ t❤❡ ❇r✉❝❦✕❘❡✐❧❧②
❡①t❡♥s✐♦♥ BR(S, θ) ♦❢ ❛ ✜♥✐t❡ ❝❤❛✐♥ ♦❢ ❣r♦✉♣s S = [E;Gα, ϕα,β ]✳

■♥ t❤❡ ♣❛♣❡r ❬✻❪ ✐t ✐s ♣r♦✈❡❞ t❤❛t ❡✈❡r② ❍❛✉s❞♦r✛ ❧♦❝❛❧❧② ❝♦♠♣❛❝t s❤✐❢t✲❝♦♥t✐♥✉♦✉s t♦♣♦❧♦❣②
♦♥ t❤❡ ❜✐❝②❝❧✐❝ ♠♦♥♦✐❞ ✇✐t❤ ❛❞❥♦✐♥❡❞ ③❡r♦ ✐s ❡✐t❤❡r ❝♦♠♣❛❝t ♦r ❞✐s❝r❡t❡✳ ❚❤✐s r❡s✉❧t ✇❛s ❡①t❡♥❞❡❞
❜② ❇❛r❞②❧❛ ♦♥t♦ t❤❡ ❛ ♣♦❧②❝②❝❧✐❝ ♠♦♥♦✐❞ ❬✶❪ ❛♥❞ ❣r❛♣❤ ✐♥✈❡rs❡ s❡♠✐❣r♦✉♣s ❬✷❪✱ ❛♥❞ ❜② ▼♦❦r②ts❦②✐
♦♥t♦ t❤❡ ♠♦♥♦✐❞ ♦❢ ♦r❞❡r ✐s♦♠♦r♣❤✐s♠s ❜❡t✇❡❡♥ ♣r✐♥❝✐♣❛❧ ✜❧t❡rs ♦❢ Nn ✇✐t❤ ❛❞❥♦✐♥❡❞ ③❡r♦ ❬✶✵❪✳
■♥ ❬✸❪ ❇❛r❞②❧❛ ♣r♦✈❡❞ t❤❛t ❛ ❍❛✉s❞♦r✛ ❧♦❝❛❧❧② ❝♦♠♣❛❝t s❡♠✐t♦♣♦❧♦❣✐❝❛❧ s❡♠✐❣r♦✉♣ ▼❝❆❧✐st❡r
❙❡♠✐❣r♦✉♣ M1 ✐s ❡✐t❤❡r ❝♦♠♣❛❝t ♦r ❞✐s❝r❡t❡✳ ❍♦✇❡✈❡r✱ t❤✐s ❞✐❝❤♦t♦♠② ❞♦❡s ♥♦t ❤♦❧❞ ❢♦r t❤❡
▼❝❆❧✐st❡r ❙❡♠✐❣r♦✉♣ M2 ❛♥❞ ♠♦r❡♦✈❡r✱ M2 ❛❞♠✐ts ❝♦♥t✐♥✉✉♠ ♠❛♥② ❞✐✛❡r❡♥t ❍❛✉s❞♦r✛ ❧♦❝❛❧❧②
❝♦♠♣❛❝t ✐♥✈❡rs❡ s❡♠✐❣r♦✉♣ t♦♣♦❧♦❣✐❡s ❬✸❪✳ ❆❧s♦✱ ✐♥ ❬✼❪ ✐t ✐s ♣r♦✈❡❞ t❤❛t t❤❡ ❡①t❡♥❞❡❞ ❜✐❝②❝❧✐❝
s❡♠✐❣r♦✉♣ C 0

Z ✇✐t❤ ❛❞❥♦✐♥❡❞ ③❡r♦ ❛❞♠✐ts ❞✐st✐♥❝t c✲♠❛♥② s❤✐❢t✲❝♦♥t✐♥✉♦✉s t♦♣♦❧♦❣✐❡s✱ ❤♦✇❡✈❡r
❡✈❡r② ❍❛✉s❞♦r✛ ❧♦❝❛❧❧② ❝♦♠♣❛❝t s❡♠✐❣r♦✉♣ t♦♣♦❧♦❣② ♦♥ C 0

Z ✐s ❞✐s❝r❡t❡✳ ❆❧❣❡❜r❛✐❝ ♣r♦♣❡rt✐❡s ♦♥ ❛
❣r♦✉♣ G s✉❝❤ t❤❛t ✐❢ t❤❡ ❞✐s❝r❡t❡ ❣r♦✉♣ G ❤❛s t❤❡s❡ ♣r♦♣❡rt✐❡s✱ t❤❡♥ ❡✈❡r② ❧♦❝❛❧❧② ❝♦♠♣❛❝t s❤✐❢t
❝♦♥t✐♥✉♦✉s t♦♣♦❧♦❣② ♦♥ G ✇✐t❤ ❛❞❥♦✐♥❡❞ ③❡r♦ ✐s ❡✐t❤❡r ❝♦♠♣❛❝t ♦r ❞✐s❝r❡t❡ st✉❞✐❡❞ ✐♥ ❬✾❪✳

❲❡ ❞❡s❝r✐❜❡ t❤❡ str✉❝t✉r❡ ♦❢ s✐♠♣❧❡ ✐♥✈❡rs❡ ❍❛✉s❞♦r✛ s❡♠✐t♦♣♦❧♦❣✐❝❛❧ ω✲s❡♠✐❣r♦✉♣s ✇✐t❤
❝♦♠♣❛❝t ♠❛①✐♠❛❧ s✉❜❣r♦✉♣s✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ s❤♦✇ t❤❛t ✐❢ S ✐s ❛ s✐♠♣❧❡ ✐♥✈❡rs❡ ❍❛✉s❞♦r✛ s❡♠✐✲
t♦♣♦❧♦❣✐❝❛❧ ω✲s❡♠✐❣r♦✉♣s ✇✐t❤ ❝♦♠♣❛❝t ♠❛①✐♠❛❧ s✉❜❣r♦✉♣s✱ t❤❡♥ S ✐s t♦♣♦❧♦❣✐❝❛❧❧② ✐s♦♠♦r♣❤✐❝ t♦
t❤❡ ❇r✉❝❦✕❘❡✐❧❧② ❡①t❡♥s✐♦♥

(
❇❘(T, θ), τ⊕

❇❘

)
♦❢ ❛ ✜♥✐t❡ s❡♠✐❧❛tt✐❝❡ T = [E;Gα, ϕα,β ] ♦❢ ❝♦♠♣❛❝t

❣r♦✉♣s Gα ✐♥ t❤❡ ❝❧❛ss ♦❢ t♦♣♦❧♦❣✐❝❛❧ ✐♥✈❡rs❡ s❡♠✐❣r♦✉♣s✱ ✇❤❡r❡ τ⊕
❇❘

✐s t❤❡ s✉♠ ❞✐r❡❝t t♦♣♦❧♦❣② ♦♥
❇❘(T, θ)✳ ❆❧s♦ ✇❡ ♣r♦✈❡ t❤❛t ❡✈❡r② ❍❛✉s❞♦r✛ ❧♦❝❛❧❧② ❝♦♠♣❛❝t s❤✐❢t✲❝♦♥t✐♥✉♦✉s t♦♣♦❧♦❣② ♦♥ t❤❡
s✐♠♣❧❡ ✐♥✈❡rs❡ ❍❛✉s❞♦r✛ s❡♠✐t♦♣♦❧♦❣✐❝❛❧ ω✲s❡♠✐❣r♦✉♣s ✇✐t❤ ❝♦♠♣❛❝t ♠❛①✐♠❛❧ s✉❜❣r♦✉♣s ✇✐t❤
❛❞❥♦✐♥❡❞ ③❡r♦ ✐s ❡✐t❤❡r ❝♦♠♣❛❝t ♦r ❞✐s❝r❡t❡✳

❘❡❢❡r❡♥❝❡s

❬✶❪ ❙✳ ❇❛r❞②❧❛✱ ❈❧❛ss✐❢②✐♥❣ ❧♦❝❛❧❧② ❝♦♠♣❛❝t s❡♠✐t♦♣♦❧♦❣✐❝❛❧ ♣♦❧②❝②❝❧✐❝ ♠♦♥♦✐❞s✱ ▼❛t✳ ❱✐s♥✳ ◆❛✉❦✳
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❬✷❪ ❙✳ ❇❛r❞②❧❛✱ ❖♥ ❧♦❝❛❧❧② ❝♦♠♣❛❝t s❡♠✐t♦♣♦❧♦❣✐❝❛❧ ❣r❛♣❤ ✐♥✈❡rs❡ s❡♠✐❣r♦✉♣s✱ ▼❛t✳ ❙t✉❞✳ ✹✾
✭✷✵✶✽✮✱ ♥♦✳ ✶✱ ✶✾✕✷✽✳
❉❖■✿ ✶✵✳✶✺✸✸✵✴♠s✳✹✾✳✶✳✶✾✲✷✽
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❬✸❪ ❙✳ ❇❛r❞②❧❛✱ ❖♥ t♦♣♦❧♦❣✐❝❛❧ ▼❝❆❧✐st❡r s❡♠✐❣r♦✉♣s✱ ❏✳ P✉r❡ ❆♣♣❧✳ ❆❧❣❡❜r❛ ✷✷✼ ✭✷✵✷✸✮✱ ♥♦✳ ✹✱
✶✵✼✷✼✹✳
❉❖■✿ ✶✵✳✶✵✶✻✴❥✳❥♣❛❛✳✷✵✷✷✳✶✵✼✷✼✹

❬✹❪ ❏✳ ❍✳ ❈❛rr✉t❤✱ ❏✳ ❆✳ ❍✐❧❞❡❜r❛♥t✱ ❛♥❞ ❘✳ ❏✳ ❑♦❝❤✱ ❚❤❡ t❤❡♦r② ♦❢ t♦♣♦❧♦❣✐❝❛❧ s❡♠✐❣r♦✉♣s✱ ❱♦❧✳
■✱ ▼❛r❝❡❧ ❉❡❦❦❡r✱ ■♥❝✳✱ ◆❡✇ ❨♦r❦ ❛♥❞ ❇❛s❡❧✱ ✶✾✽✸✳

❬✺❪ ❖✳ ❱✳ ●✉t✐❦✱ ❊♠❜❡❞❞✐♥❣ ♦❢ t♦♣♦❧♦❣✐❝❛❧ s❡♠✐❣r♦✉♣s ✐♥ s✐♠♣❧❡ s❡♠✐❣r♦✉♣s✱ ▼❛t✳ ❙t✉❞✳ ✸ ✭✶✾✾✹✮✱
✶✵✕✶✹ ✭✐♥ ❘✉ss✐❛♥✮✳

❬✻❪ ❖✳ ●✉t✐❦✱ ❖♥ t❤❡ ❞✐❝❤♦t♦♠② ♦❢ ❛ ❧♦❝❛❧❧② ❝♦♠♣❛❝t s❡♠✐t♦♣♦❧♦❣✐❝❛❧ ❜✐❝②❝❧✐❝ ♠♦♥♦✐❞ ✇✐t❤ ❛❞❥♦✐✲
♥❡❞ ③❡r♦✱ ❱✐s♥✳ ▲✬✈✐✈✳ ❯♥✐✈✳✱ ❙❡r✳ ▼❡❦❤✳✲▼❛t✳ ✽✵ ✭✷✵✶✺✮✱ ✸✸✕✹✶✳

❬✼❪ ❖✳ ❱✳ ●✉t✐❦ ❛♥❞ ❑✳ ▼✳ ▼❛❦s②♠②❦✱ ❖♥ ❛ s❡♠✐t♦♣♦❧♦❣✐❝❛❧ ❡①t❡♥❞❡❞ ❜✐❝②❝❧✐❝ s❡♠✐❣r♦✉♣ ✇✐t❤
❛❞❥♦✐♥❡❞ ③❡r♦✱ ❏✳ ▼❛t❤✳ ❙❝✐✳ ✷✻✺ ✭✷✵✷✷✮✱ ♥♦✳ ✸✱ ✸✻✾✕✸✽✶ ❉❖■✿✿ ✶✵✳✶✵✵✼✴s✶✵✾✺✽✲✵✷✷✲✵✻✵✺✽✲✻

❬✽❪ ❇✳ P✳ ❑♦❝❤✐♥✱ ❚❤❡ str✉❝t✉r❡ ♦❢ ✐♥✈❡rs❡ ✐❞❡❛❧✲s✐♠♣❧❡ ω✲s❡♠✐❣r♦✉♣s✱ ❱❡st♥✐❦ ▲❡♥✐♥❣r❛❞✳ ❯♥✐✈✳
✷✸ ✭✶✾✻✽✮✱ ♥♦✳ ✼✱ ✹✶✕✺✵ ✭✐♥ ❘✉ss✐❛♥✮✳

❬✾❪ ❑✳ ▼❛❦s②♠②❦✱ ❖♥ ❧♦❝❛❧❧② ❝♦♠♣❛❝t ❣r♦✉♣s ✇✐t❤ ③❡r♦✱ ❱✐s♥✳ ▲✈✐✈ ❯♥✐✈✳✱ ❙❡r✳ ▼❡❦❤✳✲▼❛t✳ ✽✽
✭✷✵✶✾✮✱ ✺✶✕✺✽✳ ✭✐♥ ❯❦r❛✐♥✐❛♥✮✳

❬✶✵❪ ❚✳ ▼♦❦r②ts❦②✐✱ ❖♥ t❤❡ ❞✐❝❤♦t♦♠② ♦❢ ❛ ❧♦❝❛❧❧② ❝♦♠♣❛❝t s❡♠✐t♦♣♦❧♦❣✐❝❛❧ ♠♦♥♦✐❞ ♦❢ ♦r❞❡r
✐s♦♠♦r♣❤✐s♠s ❜❡t✇❡❡♥ ♣r✐♥❝✐♣❛❧ ✜❧t❡rs ♦❢ Nn ✇✐t❤ ❛❞❥♦✐♥❡❞ ③❡r♦✱ ❱✐s♥✳ ▲✈✐✈ ❯♥✐✈✳✱ ❙❡r✳
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❚✇♦ t♦♣♦❧♦❣✐❡s ♦♥ t❤❡ s♣❛❝❡ ♦❢ s❡♣❛r❛t❡❧② ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥s ❛♥❞ ✐ts

❝♦♠♣❛❝t s✉❜s♣❛❝❡s

❖❧❡❦s❛♥❞r ▼❛s❧②✉❝❤❡♥❦♦✱ ❱❛❞②♠ ▼②r♦♥②❦✱ ❘♦♠❛♥ ■✈❛s✐✉❦

❯♥✐✈❡rs✐t② ♦❢ ❙✐❧❡s✐❛ ✐♥ ❑❛t♦✇✐❝❡✱ P♦❧❛♥❞
❨✉r✐ ❋❡❞❦♦✈②❝❤ ❈❤❡r♥✐✈ts✐ ◆❛t✐♦♥❛❧ ❯♥✐✈❡rs✐t②✱ ❯❦r❛✐♥❡

■♥ ❬✶❪ t❤❡ ❛✉t❤♦rs ♣r♦♣♦s❡❞ ❛ ♥❛t✉r❛❧ t♦♣♦❧♦❣✐③❛t✐♦♥ ♦❢ t❤❡ s♣❛❝❡ ♦❢ ❛❧❧ s❡♣❛r❛t❡❧② ❝♦♥t✐♥✉♦✉s
❢✉♥❝t✐♦♥s s : [0; 1]2 → R ✇❤✐❝❤ ✇❛s ❝❛❧❧❡❞ t❤❡ t♦♣♦❧♦❣② ♦❢ t❤❡ ❧❛②❡r❡❞ ✉♥✐❢♦r♠ ❝♦♥✈❡r❣❡♥❝❡✳ ❚❤✐s
t♦♣♦❧♦❣② ❝❛♥ ❜❡ ❝♦♥s✐❞❡r❡❞ ♦♥ t❤❡ s♣❛❝❡ S = S(X × Y, Z) ♦❢ ❛❧❧ s❡♣❛r❛t❡❧② ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥s
s : X × Y → Z ❢♦r ❛♥② t♦♣♦❧♦❣✐❝❛❧ s♣❛❝❡s X ❛♥❞ Y ❛♥❞ ❛ ♠❡tr✐❝ s♣❛❝❡ (Z, d)✳ ❆ ❜❛s❡ ♦❢ t❤✐s
t♦♣♦❧♦❣② ✐s ❣✐✈❡♥ ❜② t❤❡ s❡ts

{
t ∈ S : ∀p ∈ crE

∣∣ d
(
s(p), t(p)

)
< ε

}
✱ ✇❤❡r❡ E ✐s ❛ ✜♥✐t❡ s✉❜s❡t

♦❢ X × Y ✱ crE = (X × prY (E)) ∪ (prX(E)× Y ) ✐s t❤❡ ❝r♦ss ♦❢ t❤❡ s❡t E✱ ε > 0 ❛♥❞ s ∈ S✳ ❲❡
❝❛❧❧ t❤✐s t♦♣♦❧♦❣② t❤❡ ❝r♦ss✲✉♥✐❢♦r♠ t♦♣♦❧♦❣②✳ ❆♥♦t❤❡r ♥❛t✉r❛❧ t♦♣♦❧♦❣② ♦♥ S ✐s ❣❡♥❡r❛t❡❞ ❜② t❤❡
s✉❜❜❛s❡ ❝♦♥s✐st✐♥❣ ♦❢ t❤❡ s❡ts

{
s ∈ S : s(A) ⊆ W

}
✱ ✇❤❡r❡ A = G ∩ C✱ G ✐s ♦♣❡♥ ✐♥ C = cr{p}✱

p ∈ X × Y ❛♥❞ W ✐s ♦♣❡♥ ✐♥ ❛ t♦♣♦❧♦❣✐❝❛❧ s♣❛❝❡ Z✳ ■t ✐s ❝❛❧❧❡❞ t❤❡ ❝r♦ss✲♦♣❡♥ t♦♣♦❧♦❣② ❛♥❞ ✇❡
❛❧✇❛②s ❡♥❞♦✇ t❤❡ s♣❛❝❡ S ✇✐t❤ t❤✐s t♦♣♦❧♦❣②✳ ■♥ ❬✷❪ ✇❡ ♣r♦✈❡❞ t❤❡ ❢♦❧❧♦✇✐♥❣✳

❚❤❡♦r❡♠ ✶✳ ▲❡t X ❛♥❞ Y ❜❡ ♣s❡✉❞♦❝♦♠♣❛❝t s♣❛❝❡s✱ Z ❜❡ ❛ ♠❡tr✐③❛❜❧❡ s♣❛❝❡ ❛♥❞ d ❜❡ ❛ ♠❡tr✐❝
✇❤✐❝❤ ❣❡♥❡r❛t❡s t❤❡ t♦♣♦❧♦❣② ♦❢ Z✳ ❚❤❡♥ t❤❡ ❝r♦ss✲✉♥✐❢♦r♠ t♦♣♦❧♦❣② ♦♥ S(X × Y, Z) ❝♦✐♥❝✐❞❡s
✇✐t❤ t❤❡ ❝r♦ss✲♦♣❡♥ t♦♣♦❧♦❣②✳

■♥ ❬✸✱ ✹✱ ✺❪ t❤❡ ❛✉t❤♦rs ♣r♦✈❡❞ t❤❛t S(X×Y ) ✐s ❛ ♠❡❛❣❡r✱ ❝♦♠♣❧❡t❡✱ ❜❛rr❡❧❡❞ ❛♥❞ ❜♦r♥♦❧♦❣✐❝❛❧
t♦♣♦❧♦❣✐❝❛❧ ✈❡❝t♦r s♣❛❝❡ ❢♦r ❛♥② ❝♦♠♣❛❝ts X ❛♥❞ Y ✇✐t❤♦✉t ✐s♦❧❛t❡❞ ♣♦✐♥ts✳

▲❡t w(X) ❞❡♥♦t❡ t❤❡ ✇❡✐❣❤t ♦❢ ❛ t♦♣♦❧♦❣✐❝❛❧ s♣❛❝❡ X ❛♥❞ ❧❡t c(X) ❞❡♥♦t❡ t❤❡ ❝❡❧❧✉❧❛r✐t② ♦❢
X✳ ❚❤❡ s❤❛r♣ ❝❡❧❧✉❧❛r✐t② ✐s

c♯(X) = sup
{
|U|+ : U ✐s ❛ ❞✐s❥♦✐♥t ❢❛♠✐❧② ♦❢ ♦♣❡♥ s❡ts ✐♥ X

}
,

✇❤❡r❡ |A| ♠❡❛♥s t❤❡ ❝❛r❞✐♥❛❧✐t② ♦❢ ❛ s❡t A ❛♥❞ m+ ♠❡❛♥s t❤❡ ❧❡❛st ❝❛r❞✐♥❛❧ ♥✉♠❜❡r ✇❤✐❝❤ ✐s
❣r❛t❡r t❤❡♥ t❤❡ ❝❛r❞✐♥❛❧ ♥✉♠❜❡r m✳ ■♥ ❬✷❪ ✐t ✇❛s ♣r♦✈❡❞ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧ts✳

❚❤❡♦r❡♠ ✷✳ ▲❡t X,Y ❜❡ ❝♦♠♣❛❝ts✱ Z ❜❡ ❛ ♠❡tr✐③❛❜❧❡ s♣❛❝❡ ❛♥❞ K ❜❡ ❛ ❝♦♠♣❛❝t s♣❛❝❡ ✇❤✐❝❤
❡♠❜❡❞s ✐♥t♦ S(X × Y, Z) ❚❤❡r❡❢♦r❡✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥❡q✉❛❧✐t② ❤♦❧❞s✿ w(K) < min{c♯(X), c♯(Y )}✳

❚❤❡♦r❡♠ ✸✳ ▲❡t X,Y ❜❡ ✐♥✜♥✐t② ❝♦♠♣❛❝ts✱ Z ❜❡ ❛ ♠❡tr✐③❛❜❧❡ s♣❛❝❡ ✇❤✐❝❤ ❝♦♥t❛✐♥s ❛ ❤♦♠❡♦♠♦r♣❤✐❝
❝♦♣② ♦❢ R ❛♥❞ K ❜❡ ❛ ❝♦♠♣❛❝t✳ ❚❤❡♥ K ❡♠❜❡❞s ✐♥t♦ S(X × Y, Z) ✐❢ ❛♥❞ ♦♥❧② ✐❢

w(K) < min{c♯(X), c♯(Y )}.

❘❡❢❡r❡♥❝❡s

❬✶❪ ❱♦❧♦s❤②♥ ❍✳❆✳✱ ▼❛s❧②✉❝❤❡♥❦♦ ❱✳❑✳ ❚❤❡ t♦♣♦❧♦❣✐③❛t✐♦♥ ♦❢ t❤❡ s♣❛❝❡ ♦❢ s❡♣❛r❛t❡❧② ❝♦♥t✐♥✉♦✉s
❢✉♥❝t✐♦♥s✱ ❈❛r♣❛t❤✐❛♥ ▼❛t❤❡♠❛t✐❝❛❧ P✉❜❧✐❝❛t✐♦♥s ✷✵✶✸✱ ✺✭✷✮✱ ✶✾✾✖✷✵✼✳

❬✷❪ ❖✳ ▼❛s❧②✉❝❤❡♥❦♦✱ ❱✳ ▼②r♦♥②❦✱ ❘✳ ■✈❛s✐✉❦✱ ❈♦♠♣❛❝t s✉❜s♣❛❝❡s ♦❢ t❤❡ s♣❛❝❡ ♦❢ s❡♣❛r❛t❡❧②
❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥s ✇✐t❤ t❤❡ ❝r♦ss✲✉♥✐❢♦r♠ t♦♣♦❧♦❣②✱ ❚♦♣♦❧♦❣② ❛♥❞ ✐ts ❆♣♣❧✐❝❛t✐♦♥s✱ ✸✺✻
✭✷✵✷✹✮ ✶✵✾✵✹✼✱ ❤tt♣s✿✴✴❞♦✐✳♦r❣✴✶✵✳✶✵✶✻✴❥✳t♦♣♦❧✳✷✵✷✹✳✶✵✾✵✹✼✳

❬✸❪ ❍✳ ❆✳ ❱♦❧♦s❤②♥✱ ❱✳ ❑✳ ▼❛s❧②✉❝❤❡♥❦♦✱ ❖✳ ❱✳ ▼❛s❧②✉❝❤❡♥❦♦✱ ❊♠❜❡❞❞✐♥❣ ♦❢ t❤❡ s♣❛❝❡ ♦❢
s❡♣❛r❛t❡❧② ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥s ✐♥t♦ t❤❡ ♣r♦❞✉❝t ♦❢ ❇❛♥❛❝❤ s♣❛❝❡s ❛♥❞ ✐ts ❜❛rr❡❧❧❡❞♥❡ss✱
▼❛t❤❡♠❛t✐❝❛❧ ❇✉❧❧❡t✐♥ ♦❢ ❙❤❡✈❝❤❡♥❦♦ ❙❝✐❡♥t✐✜❝ ❙♦❝✐❡t②✱ ✶✶ ✭✷✵✶✹✮✱ ✸✻✲✺✵✳

❬✹❪ ❍✳ ❆✳ ❱♦❧♦s❤②♥✱ ❱✳ ❑✳ ▼❛s❧②✉❝❤❡♥❦♦✱ ❖✳ ❱✳ ▼❛s❧②✉❝❤❡♥❦♦✱ ❚❤❡ ❜♦r♥♦❧♦❣✐❝✐t② ♦❢ t❤❡ s♣❛❝❡
♦❢ s❡♣❛r❛t❡❧② ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥s✱ ▼❛t❤❡♠❛t✐❝❛❧ ❇✉❧❧❡t✐♥ ♦❢ ❚❛r❛s ❙❤❡✈❝❤❡♥❦♦ ❙❝✐❡♥t✐✜❝
❙♦❝✐❡t②✱ ✶✷ ✭✷✵✶✺✮✱ ✻✶✲✻✼✳

✶✺✺



❬✺❪ ❍✳ ❆✳ ❱♦❧♦s❤②♥✱ ❱✳ ❑✳ ▼❛s❧②✉❝❤❡♥❦♦✱ ❖✳ ❱✳ ▼❛s❧②✉❝❤❡♥❦♦✱ ❖♥ ❇❛✐r❡♥❡ss ♦❢ t❤❡ s♣❛❝❡ ♦❢
s❡♣❛r❛t❡❧② ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥✳ ❚r❛♥s❛❝t✐♦♥s ♦❢ ■♥st✐t✉t❡ ♦❢ ▼❛t❤❡♠❛t✐❝s✱ t❤❡ ◆❆❙ ♦❢ ❯❦r❛✐✲
♥❡✱ ✶✷ ✭✷✵✶✺✮ ◆♦✳ ✸✱ ✼✽✲✾✻✳

❡✲♠❛✐❧✿ ♦✈♠❛s❧❅❣♠❛✐❧✳❝♦♠✱ ✈✳♠②r♦♥②❦❅❝❤♥✉✳❡❞✉✳✉❛✱ ✐✈❛s✐✉❦✳r♦♠❛♥❅❝❤♥✉✳❡❞✉✳✉❛

✶✺✻



Pr✐♥❝✐♣❛❧ ❛♥❞ ❢r❡❡ ❉❡❞❡❦✐♥❞ ❝✉ts ❛s ❝♦♥✈❡♥✐❡♥t ♠♦❞❡❧s ♦❢ r❛t✐♦♥❛❧ ❛♥❞

✐rr❛t✐♦♥❛❧ ♥✉♠❜❡rs

❖❧❡s ▼❛③✉r❡♥❦♦✱ ❚❛r❛s ❇❛♥❛❦❤

■✈❛♥ ❋r❛♥❦♦ ◆❛t✐♦♥❛❧ ❯♥✐✈❡rs✐t② ♦❢ ▲✈✐✈✱ ❯❦r❛✐♥❡

❲❡ s❤❛❧❧ ❞✐s❝✉ss t❤❡ ❝❧❛ss✐❝❛❧ ♥♦t✐♦♥ ♦❢ ❛ ❉❡❞❡❦✐♥❞ ❝✉t ❛♥❞ ✐ts ♠♦❞❡r♥ ✐♥t❡r♣r❡t❛t✐♦♥ ❛s ❛
♠♦❞❡❧ ♦❢ ❛ r❡❛❧ ♥✉♠❜❡r✱ ♥❛♠❡❧② ✇❡ ✐♥tr♦❞✉❝❡ ❢r❡❡ ❉❡❞❡❦✐♥❞ ❝✉ts ✭♠♦❞❡❧✐♥❣ ✐rr❛t✐♦♥❛❧ ♥✉♠❜❡rs✮
❛♥❞ ♣r✐♥❝✐♣❛❧ ❉❡❞❡❦✐♥❞ ❝✉ts ✭♠♦❞❡❧✐♥❣ r❛t✐♦♥❛❧ ♥✉♠❜❡rs✮✳ ❙✉❝❤ ❛♥ ❛♣♣r♦❛❝❤ ✇✐❧❧ ❛❧❧♦✇ t♦ tr❡❛t
r❛t✐♦♥❛❧ ❛♥❞ ✐rr❛t✐♦♥❛❧ ♥✉♠❜❡rs s✐♠✉❧t❛♥❡♦✉s❧② ❛✈♦✐❞✐♥❣ ❦♥♦✇♥ t❡❝❤♥✐❝❛❧ ❞✐✣❝✉❧✐t✐❡s ✐♥ ❥✉st✐✜✲
❝❛t✐♦♥ ♦❢ t❤❡ t❤❡♦r② ♦❢ r❡❛❧ ♥✉♠❜❡rs ✈✐❛ ❉❡❞❡❦✐♥❞ ❝✉ts✳

❉❡❢✐♥✐t✐♦♥✳ ❆♥ ♦r❞❡r❡❞ ♣❛✐r (A,B) ♦❢ ♥♦♥✲❡♠♣t②✱ ❞✐s❥♦✐♥t s✉❜s❡ts ♦❢ ❛ ❝❡rt❛✐♥ ❧✐♥❡❛r❧②
♦r❞❡r❡❞ s❡t (R,<R) ✐s ❝❛❧❧❡❞ ❛ ❉❡❞❡❦✐♥❞ ❝✉t ✐♥ t❤❡ s❡t R ✐❢ t❤❡ s❡t ❆ ❤❛s ♥♦ ♠❛①✐♠✉♠ ❡❧❡♠❡♥t✱
t❤❡ s❡t ❇ ❤❛s ♥♦ ♠✐♥✐♠✉♠ ❡❧❡♠❡♥t✱ ❛♥❞ ❢♦r ❡✈❡r② ♣❛✐r ♦❢ ❡❧❡♠❡♥ts (a, b) ∈<R✱ ✇❡ ❤❛✈❡ t❤❛t a
❜❡❧♦♥❣s t♦ A ♦r b ❜❡❧♦♥❣s t♦ B✳

Pr♦✈✐❞❡❞ t❤❡ ❞❡✜♥✐t✐♦♥✱ ✐t ❝❛♥ ❜❡ ♣r♦✈❡❞ t❤❛t t❤❡ ✉♥✐♦♥ A ∪ B ♦❢ s❡ts ❢r♦♠ ❛ ❉❡❞❡❦✐♥❞ ❝✉t
(A,B) ✐♥ ❛ ❝❡rt❛✐♥ s❡t R ❝♦✈❡rs t❤❡ ❡♥t✐r❡ s❡t R ❡①❝❡♣t ♣♦ss✐❜❧② ❢♦r ♦♥❡ ♣♦✐♥t✳ ❚❤❡r❡❢♦r❡✱ t❤❡
❢♦❧❧♦✇✐♥❣ ❝♦♥❝❡♣ts ❤❛✈❡ s♦❧✐❞ ❣r♦✉♥❞ t♦ ❜❡ ❞❡✜♥❡❞✳

❉❡❢✐♥✐t✐♦♥✳ ❆ ❉❡❞❡❦✐♥❞ ❝✉t (A,B) ✐♥ ❛ ❧✐♥❡❛r❧② ♦r❞❡r❡❞ s❡t (R,<R) ✐s ❝❛❧❧❡❞ ❛ ❢r❡❡ ❉❡❞❡❦✐✲
♥❞ ❝✉t ✐❢ A ∪B = R✱ ♠❡❛♥✐♥❣ t❤❡r❡ ✐s ♥♦ ✉♥❝♦✈❡r❡❞ ♣♦✐♥t✳

❉❡❢✐♥✐t✐♦♥✳ ❆ ❉❡❞❡❦✐♥❞ ❝✉t (A,B) ✐♥ ❛ ❧✐♥❡❛r❧② ♦r❞❡r❡❞ s❡t
(R,<R) ✐s ❝❛❧❧❡❞ ❛ ♣r✐♥❝✐♣❛❧ ❉❡❞❡❦✐♥❞ ❝✉t ✐❢ A∪B 6= R✱ ♠❡❛♥✐♥❣ t❤❡ s❡ts A ❛♥❞ B ❛r❡ s❡♣❛r❛t❡❞
❜② ❛ s✐♥❣❧❡ ✉♥❝♦✈❡r❡❞ ♣♦✐♥t✳

❡✲♠❛✐❧✿ ♦❧❡s✳♠❛③✉r❡♥❦♦❅❧♥✉✳❡❞✉✳✉❛

✶✺✼



❆❢❢✐♥❡ ❝♦♠♣♦s✐t✐♦♥ ♦♣❡r❛t♦rs

❩♦r✐❛♥❛ ◆♦✈♦s❛❞

▲✈✐✈ ❯♥✐✈❡rs✐t② ♦❢ ❚r❛❞❡ ❛♥❞ ❊❝♦♥♦♠✐❝s✱ ▲✈✐✈✱ ❯❦r❛✐♥❡

❚❤❡ ♣❤❡♥♦♠❡♥ ♦❢ ❤②♣❡r❝②❝❧✐❝✐t② ♦❜s❡r✈❡❞ ●✳ ❇✐r❦❤♦✛ ❬✶❪ ♦✈❡r ✾✵ ②❡❛rs ❛❣♦ t❤❛t t❤❡ tr❛♥s❧❛t✐♦♥
♦♣❡r❛t♦r T ♦♥ H(C), ❣✐✈❡♥ ❜② T (f)(z) = f(z+1) ✐s ❤②♣❡r❝②❝❧✐❝ ♦♥ t❤❡ s♣❛❝❡ ♦❢ ❡♥t✐r❡ ❢✉♥❝t✐♦♥s
♦♥ t❤❡ ❝♦♠♣❧❡① ♣❧❛♥❡ C. ▲❛t❡r✱ ❛❢t❡r ✷✵ ②❡❛rs ●✳ ❘✳ ▼❛❝▲❛♥❡ ❬✷❪ ♣r♦✈❡❞ t❤❛t t❤❡ ❞✐✛❡r❡♥t✐❛t✐♦♥
♦♣❡r❛t♦r D : H(C) → H(C), D(f) = f ′, f ∈ H(C), ✐s ❛❧s♦ ❤②♣❡r❝②❝❧✐❝✳

▲❡tX ❜❡ ❛ t♦♣♦❧♦❣✐❝❛❧ s♣❛❝❡✳ ❆ ❝♦♥t✐♥✉♦✉s ❧✐♥❡❛r ♦♣❡r❛t♦r T : X → X ✐s s❛✐❞ t♦ ❜❡ ❤②♣❡r❝②❝❧✐❝
✐❢ t❤❡r❡ ✐s s♦♠❡ ✈❡❝t♦r x ∈ X s✉❝❤ t❤❛t t❤❡ s❡t Orb(T, x) = {x, Tx, T 2x, . . .} ♦❢ ✐t❡r❛t❡s ♦❢ x ✐s
❞❡♥s❡ ✐♥ X. ❚❤❡ ✈❡❝t♦r x ✐s ❝❛❧❧❡❞ ❛ ❤②♣❡r❝②❝❧✐❝ ✈❡❝t♦r ❛ss♦❝✐❛t❡❞ t♦ t❤❡ ❤②♣❡r❝②❝❧✐❝ ♦♣❡r❛t♦r T.

❲❡ ❞❡♥♦t❡ ❜② Ps(ℓ1) t❤❡ ❛❧❣❡❜r❛ ♦❢ ❛❧❧ s②♠♠❡tr✐❝ ♣♦❧②♥♦♠✐❛❧s ♦♥ ℓ1. ❚❤❡ ♥❡①t ❜❛s❡s ♦❢ Ps(ℓ1)
❛r❡ ✉s❡❢✉❧ ❢♦r ✉s✿ (Fk)∞k=1✱ ✇❤❡r❡ Fk(x) =

∑∞
i=1 x

k
i .

▲❡t x, y ∈ ℓ1, x = (x1, x2, . . .) ❛♥❞ y = (y1, y2, . . .). ❲❡ ♣✉t

x • y := (x1, y1, x2, y2, . . .).

❲❡ ❞❡✜♥❡ t❤❡ ♥❡①t ♦♣❡r❛t✐♦♥ x ⋄ y ❢♦r x ❛♥❞ y ❛s t❤❡ r❡s✉❧t✐♥❣ s❡q✉❡♥❝❡ ♦❢ ♦r❞❡r✐♥❣ t❤❡ s❡t

{xiyj : i, j ∈ N}

✇✐t❤ ♦♥❡ s✐♥❣❧❡ ✐♥❞❡① ✐♥ s♦♠❡ ✜①❡❞ ♦r❞❡r✳
❲❡ ✇✐❧❧ s❛② t❤❛t t❤❡ ♠❛♣ ♦❢ t❤❡ ❢♦r♠ x 7→ a⋄x•y = (a⋄x)•y ✐s ❛ s②♠♠❡tr✐❝ ❛✣♥❡ ♦♣❡r❛t♦r

♦♥ ℓ1. ▲❡t ✉s ❞❡✜♥❡ t❤❡ ❝♦♠♣♦s✐t✐♦♥ ♦♣❡r❛t♦r

Qa
y : Hbs(ℓ1) → Hbs(ℓ1),

Qa
y(f)(x) := f(a ⋄ x • y),

✇❤❡r❡ a = (a1, a2, . . .) ∈ ℓ1, a 6= 0. ❲❡ s❛② t❤❛t Qa
y ✐s ❛ s②♠♠❡tr✐❝ ❛✣♥❡ ❝♦♠♣♦s✐t✐♦♥ ♦♣❡r❛t♦r✳

◆♦t❡ t❤❛t
Fk(a ⋄ x • y) = Fk(a)Fk(x) + Fk(y)

❢♦r ❡✈❡r② k.

❚❤❡♦r❡♠ ✶✳ ▲❡t a = (a1, a2, . . .) ∈ ℓ1 s✉❝❤ t❤❛t ❛❧❧ ❝♦♦r❞✐♥❛t❡s aj ❛r❡ ♥♦♥✲③❡r♦✳ ❚❤❡ s②♠♠❡tr✐❝
❛✣♥❡ ❝♦♠♣♦s✐t✐♦♥ ♦♣❡r❛t♦r Qa

y ✐s ❤②♣❡r❝②❝❧✐❝ ♦♥ Hbs(ℓ1) ✐❢ ❛♥❞ ♦♥❧② ✐❢ ❛❧❧ Fn(y) 6= 0, n ∈ N ❛♥❞
Fk(y) = 1 ❢♦r s♦♠❡ k ∈ N.

❚❤✐s r❡s❡❛r❝❤ ✇❛s s✉♣♣♦rt❡❞ ❜② t❤❡ ◆❛t✐♦♥❛❧ ❘❡s❡❛r❝❤ ❋♦✉♥❞❛t✐♦♥ ♦❢ ❯❦r❛✐♥❡✱ ✷✵✷✸✳✵✸✴✵✶✾✽
✏❆♥❛❧②s✐s ♦❢ t❤❡ s♣❡❝tr❛ ♦❢ ❝♦✉♥t❛❜❧② ❣❡♥❡r❛t❡❞ ❛❧❣❡❜r❛s ♦❢ s②♠♠❡tr✐❝ ♣♦❧②♥♦♠✐❛❧s ❛♥❞ ♣♦ss✐❜❧❡
❛♣♣❧✐❝❛t✐♦♥s ✐♥ q✉❛♥t✉♠ ♠❡❝❤❛♥✐❝s ❛♥❞ ❝♦♠♣✉t❡r s❝✐❡♥❝❡✑✳

❘❡❢❡r❡♥❝❡s

❬✶❪ ●✳❉✳ ❇✐r❦❤♦✛✱ ❉✁❡♠♦♥str❛t✐♦♥ ❞✬✉♥ t❤✁❡♦r�❡♠❡ ✁❡❧✁❡♠❡♥t❛✐r❡ s✉r ❧❡s ❢♦♥❝t✐♦♥s ❡♥t✐�❡r❡s✱ ❈✳ ❘✳
❆❝❛❞✳ ❙❝✐✳ P❛r✐s ✶✽✾ ✭✶✾✷✾✮✱ ✹✼✸✲✹✼✺✳

❬✷❪ ●✳❘✳ ▼❛❝▲❛♥❡✱ ❙❡q✉❡♥❝❡s ♦❢ ❞❡r✐✈❛t✐✈❡s ❛♥❞ ♥♦r♠❛❧ ❢❛♠✐❧✐❡s✱ ❏✳ ❆♥❛❧②s❡ ▼❛t❤✳ ✷ ✭✶✾✺✷✮✱
✼✷✕✼✽✳

❡✲♠❛✐❧✿ ③♦r✐❛♥❛✳♠❛t❤s❅❣♠❛✐❧✳❝♦♠

✶✺✽



■♥✈❡rs❡ ❙t✉r♠✲▲✐♦✉✈✐❧❧❡ ♣r♦❜❧❡♠ ♦❢ r❡❝♦✈❡r✐♥❣ t❤❡ ❝♦❡❢❢✐❝✐❡♥ts ✐♥ ❜♦✉♥❞❛r②

❝♦♥❞✐t✐♦♥s

❱✐❛❝❤❡s❧❛✈ P✐✈♦✈❛r❝❤✐❦✱ ❆❧❡s✐❛ ❙✉♣r❛♥♦✈②❝❤

❙♦✉t❤ ❯❦r❛✐♥✐❛♥ ◆❛t✐♦♥❛❧ P❡❞❛❣♦❣✐❝❛❧ ❯♥✐✈❡rs✐t②✱ ❯❦r❛✐♥❡

❚❤❡ ❤✐st♦r② ♦❢ ✐♥✈❡rs❡ ❙t✉r♠✲▲✐♦✉✈✐❧❧❡ ♣r♦❜❧❡♠ ✐s r❛t❤❡r ❧♦♥❣✳ ❙✉❝❤ ✐♥✈❡st✐❣❛t✐♦♥s ✇❡r❡ ✐♥✐t✐✲
❛t❡❞ ❜② ❱✳ ❆✳ ❆♠❜❛r③➹❥♠✐❛♥ ❬✶❪✱ ✇❤♦ ♣r♦✈❡❞ ✉♥✐q✉❡ s♦❧✈❛❜✐❧✐t② ♦❢ ✐♥✈❡rs❡ ♣r♦❜❧❡♠ ♦❢ r❡❝♦✈❡r✐♥❣
t❤❡ ♣♦t❡♥t✐❛❧ ♦❢ t❤❡ ❙t✉r♠✲▲✐♦✉✈✐❧❧❡ ❡q✉❛t✐♦♥ ✐♥ ✉♥♣❡rt✉r❜❡❞ ❝❛s❡✳ ■t t✉r♥❡❞ ♦✉t t❤❛t ✐♥ ❣❡♥❡r❛❧
❝❛s❡ ♦♥❡ ♥❡❡❞s t✇♦ s♣❡❝tr❛ t♦ ✜♥❞ t❤❡ ♣♦t❡♥t✐❛❧ ♦❢ t❤❡ ❙t✉r♠✲▲✐♦✉✈✐❧❧❡ ❡q✉❛t✐♦♥ ❬✷❪✳ ❱✳ ❆✳
▼❛r❝❤❡♥❦♦ s♦❧✈❡❞ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠✿ t❤❡ s♣❡❝tr❛ ♦❢ t✇♦ ❜♦✉♥❞❛r② ✈❛❧✉❡ ♣r♦❜❧❡♠s ✇✐t❤ t❤❡
s❛♠❡ ♣♦t❡♥t✐❛❧ ❛♥❞ ❞✐✛❡r❡♥t ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❛r❡ ❣✐✈❡♥✱ ✜♥❞ t❤❡ ♣♦t❡♥❝✐❛❧✳

❲❡ ❝♦♥s✐❞❡r ❛♥♦t❤❡r ❦✐♥❞ ♦❢ ✐♥✈❡rs❡ ♣r♦❜❧❡♠ ✐♥ ✇❤✐❝❤ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❛r❡ t♦ ❜❡
❢♦✉♥❞✳ ▲❡t t❤❡ ♣♦t❡♥t✐❛❧ ♦❢ t❤❡ ❙t✉r♠✲▲✐♦✉✈✐❧❧❡ ❡q✉❛t✐♦♥ ❜❡ ③❡r♦ ✐❞❡♥t✐❝❛❧❧②✿ ❚❤❡♥

−y′′ = λ2y, x ∈ [0, 1]. (1)

❍❡r❡ λ ✐s t❤❡ s♣❡❝tr❛❧ ♣❛r❛♠❡t❡r✱ y(x) ✐s ❛♥ ✉♥❦♥♦✇♥ ❢✉♥❝t✐♦♥✳ ❲❡ ✐♠♣♦s❡ ❘♦❜✐♥✬s ❜♦✉♥❞❛r②
❝♦♥❞✐t✐♦♥s ❛t ❜♦t❤ ❡♥❞s✿

y(0)− b1y(0) = 0, (2)

y(1)− b2y(1) = 0, (3)

✇❤❡r❡ b1 ❛♥❞ b2 ❛r❡ r❡❛❧ ♥✉♠❜❡rs✳
❖✉r ✐♥✈❡rs❡ ♣r♦❜❧❡♠ ✐s ❛s ❢♦❧❧♦✇s✿ ❦♥♦✇✐♥❣ t❤❡ s♣❡❝tr✉♠ {λk} ♦❢ ♣r♦❜❧❡♠ ✭✶✮✕✭✸✮ ✜♥❞ t❤❡

❝♦❡✣❝✐❡♥ts b1 ❛♥❞ b2✳ ❚♦ s♦❧✈❡ t❤✐s ♣r♦❜❧❡♠ ✜rst ♦❢ ❛❧❧ ✇❡ ♥❡❡❞ t♦ ❡①♣r❡ss t❤❡ ❣❡♥❡r❛❧ s♦❧✉t✐♦♥ ♦❢
❡q✉❛t✐♦♥ ✭✶✮ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠

y = A
sinλx

λ
+B cosλx, (4)

✇❤❡r❡ A ❛♥❞ B ❛r❡ ✉♥❦♥♦✇♥ ♥✉♠❜❡rs✳ ❙✉❜st✐t✉t✐♥❣ ✭✹✮ ✐♥t♦ ✭✷✮ ✇❡ ♦❜t❛✐♥ A = b1B✳ ❚❤✉s✱

y = b1B
sinλx

λ
+B cosλx (5)

❲❡ ❛r❡ ❧♦♦❦✐♥❣ ❢♦r ♥♦♥tr✐✈✐❛❧ s♦❧✉t✐♦♥ ✇❤❛t ♠❡❛♥s B 6= 0✳ ❚❤❡r❡❢♦r❡✱ s✉❜st✐t✉t✐♥❣ ✭✺✮ ✐♥t♦ ✭✸✮ ✇❡
♦❜t❛✐♥ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ❡q✉❛t✐♦♥

λ sinλ− (b1 + b2) cosλ− b1b2
sinλ

λ
= 0. (6)

❚❤❡ ③❡r♦s ♦❢ t❤❡ ❧❡❢t✲❤❛♥❞ s✐❞❡ ♦❢ t❤✐s ❡q✉❛t✐♦♥ ❛r❡ ♥♦t❤✐♥❣ ❜✉t t❤❡ ❡✐❣❡♥✈❛❧✉❡s ♦❢ ♣r♦❜❧❡♠
✭✶✮✕✭✸✮✳ ❚❤❡ ❧❡❛❞✐♥❣ t❡r♠ ♦❢ t❤✐s ❡q✉❛t✐♦♥ ✐s λ sinλ✳ ❚❤❡ ③❡r♦s ♦❢ t❤✐s t❡r♠ ❛r❡ λ̃k = πk✱ k ∈ Z✳

❯s✐♥❣ ❘♦✉❝❤❡✬s t❤❡♦r❡♠ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t

λk = λ̃k +∆k (7)

✇❤❡r❡ ∆k =
k→∞

o(1)✳ ❚❤❡♥ s✉❜st✐t✉t✐♥❣ ✭✼✮ ✐♥t♦ ✭✻✮ ✇❡ ♦❜t❛✐♥

∆k =
b1 + b2
πk

+ o

(
1

k

)

❛♥❞
b1 + b2 =

k→∞
πk(λk − πk). (8)

❲❡ ❧♦♦❦ ❢♦r t❤❡ ♥❡①t t❡r♠ ✐♥ t❤❡ ❢♦r♠

∆k =
b1 + b2
πk

+
δk
k
. (9)

✶✺✾



❯s✐♥❣ ❘♦✉❝❤❡✬s t❤❡♦r❡♠ ❛❣❛✐♥ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t δk =
k→∞

o
(
1
k

)
✳

❙✉❜st✐t✉t✐♥❣ ✭✾✮ ✐♥t♦ ✭✻✮ ❛♥❞ ❦❡❡♣✐♥❣ ✐♥ ♠✐♥❞ ✭✼✮ ✇❡ ❛rr✐✈❡ ❛t

λk = πk +
b1 + b2
πk

+
b1b2(b1 + b2)

π3k3
− 1

3

(b1 + b2)
3

π3k3
+ o

(
1

k4

)
. (10)

❊q✉❛t✐♦♥ ✭✶✵✮ ✐♠♣❧✐❡s

b1b2 = lim
k→∞

(
π3k3

b1 + b2

(
λk − πk − bk + b2

πk
+

1

3

(b1 + b2)
3

π3k3

))
. (11)

❚❤✉s✱ ❜② ✭✽✮ ❛♥❞ ✭✶✶✮ ✇❡ ✜♥❞ b1 + b2 ❛♥❞ b1b2 ❛♥❞✱ ❝♦♥s❡q✉❡♥t❧②✱ b1 ❛♥❞ b2✳

❆❝❦♥♦✇❧❡❞❣❡♠❡♥ts

❚❤❡ ❛✉t❤♦rs ❡①♣r❡ss t❤❡✐r ❣r❛t✐t✉❞❡ t♦ ◆❙❋ ❯❙ ❢♦r t❤❡ s✉♣♣♦rt ♦❢ ■▼P❘❊❙❙ ❯ ♣r♦❥❡❝t ✼✶✶✶
✬❙♣❡❝tr❛❧ ❛♥❞ ❣❡♦♠❡tr✐❝ ♠❡t❤♦❞s ❢♦r ❞❛♠♣❡❞ ✇❛✈❡ ❡q✉❛t✐♦♥s ✇✐t❤ ❛♣♣❧✐❝❛t✐♦♥s t♦ ✜❜❡r ❧❛s❡rs✬✳

❘❡❢❡r❡♥❝❡s

❬✶❪ ❱✳ ❆✳ ❆♠❜❛r③✉♠✐❛♥✳ ☎❯❜❡r ❡✐♥❡ r❛♥❣❡ ❞❡r ❊✐❣❡♥✇❡rtt❤❡♦r✐❡✳ ❩❡✐ts❝❤r✐❢t ❢☎✉r P❤②s✐❦✳ ✺✸✱
✭✶✾✷✾✮✱ ✻✾✵✲✻✾✺✳

❬✷❪ ❱✳ ❆✳ ▼❛r❝❤❡♥❦♦✳ ❙t✉r♠✲▲✐♦✉✈✐❧❧❡ ❖♣❡r❛t♦rs ❛♥❞ ❆♣♣❧✐❝❛t✐♦♥s✳ ❇✐r❦❤☎❛✉s❡r✱ ❖❚✱ ✷✷✱ ✶✾✽✻✳

❡✲♠❛✐❧✿ ✈♣✐✈♦✈❛r❝❤✐❦❅❣♠❛✐❧✳❝♦♠✱ ❣❤❣✉❢❣❝❤❝❅❣♠❛✐❧✳❝♦♠

✶✻✵



❙②♠♠❡tr✐❝ ♣♦❧②♥♦♠✐❛❧s ♦♥ ❈❛rt❡s✐❛♥ ♣r♦❞✉❝ts ♦❢ ❇❛♥❛❝❤ s♣❛❝❡s ♦❢ ▲❡❜❡s❣✉❡

♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥s

❘♦st②s❧❛✈ P♦♥♦♠❛r✐♦✈✱ ❚❛r❛s ❱❛s②❧②s❤②♥

❱❛s②❧ ❙t❡❢❛♥②❦ Pr❡❝❛r♣❛t❤✐❛♥ ◆❛t✐♦♥❛❧ ❯♥✐✈❡rs✐t②✱ ■✈❛♥♦✲❋r❛♥❦✐✈s❦✱ ❯❦r❛✐♥❡

▲❡t µ ❜❡ t❤❡ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡ ♦♥ [0, 1]. ▲❡t Ξ[0,1] ❜❡ t❤❡ s❡t ♦❢ ❛❧❧ ❜✐❥❡❝t✐♦♥s σ : [0, 1] → [0, 1]
s✉❝❤ t❤❛t✱ ❢♦r ❡✈❡r② ▲❡❜❡s❣✉❡ ♠❡❛s✉r❛❜❧❡ s❡t E ⊂ [0, 1], t❤❡ s❡ts σ(E) ❛♥❞ σ−1(E) ❛r❡ ▲❡❜❡s❣✉❡
♠❡❛s✉r❛❜❧❡ ❛♥❞ µ(σ(E)) = µ(σ−1(E)) = µ(E).

▲❡t n ∈ N. ❋♦r j ∈ {1, . . . , n}, ❧❡t Xj([0, 1]) ❜❡ s♦♠❡ ❇❛♥❛❝❤ s♣❛❝❡ ♦❢ ❢✉♥❝t✐♦♥s x : [0, 1] → C

s✉❝❤ t❤❛t x◦σ ∈ Xj([0, 1]) ❢♦r ❡✈❡r② x ∈ Xj([0, 1]) ❛♥❞ σ ∈ Ξ[0,1]. ▲❡t X1([0, 1])× . . .×Xn([0, 1])
❜❡ t❤❡ ❈❛rt❡s✐❛♥ ♣r♦❞✉❝t ♦❢ s♣❛❝❡s Xj([0, 1]). ❆ ❢✉♥❝t✐♦♥ f : X1([0, 1])× . . .×Xn([0, 1]) → C ✐s
❝❛❧❧❡❞ Ξ[0,1]✲s②♠♠❡tr✐❝ ✭♦r ❥✉st s②♠♠❡tr✐❝✮ ✐❢

f((x1 ◦ σ, . . . , xn ◦ σ)) = f((x1, . . . , xn))

❢♦r ❡✈❡r② (x1, . . . , xn) ∈ X1([0, 1])× . . .×Xn([0, 1]) ❛♥❞ σ ∈ Ξ[0,1].
❲❡ ✐♥✈❡st✐❣❛t❡ s②♠♠❡tr✐❝ ♣♦❧②♥♦♠✐❛❧s ❛♥❞ s②♠♠❡tr✐❝ ❛♥❛❧②t✐❝ ❢✉♥❝t✐♦♥s ♦♥ ❈❛rt❡s✐❛♥ ♣r♦❞✉❝ts

♦❢ s♣❛❝❡s L∞[0, 1], Lp[0, 1] ❛♥❞ Lp[0,+∞), ✇❤❡r❡ p ∈ [1,+∞).

❡✲♠❛✐❧✿ t❛r❛s✳✈❛s②❧②s❤②♥❅♣♥✉✳❡❞✉✳✉❛

✶✻✶



❖♥ ✐♥✈❡rs❡ ♣r♦❜❧❡♠ ❢♦r t❤✐r❞ ♦r❞❡r s❡♠✐❧✐♥❡❛r ✇❛✈❡ ❡q✉❛t✐♦♥

◆❛t❛❧✐✐❛ Pr♦ts❛❦❤✱ ❍❛❧②♥❛ ■✈❛s②✉❦✱ ❚♦♥✐❛ ❋r❛t❛✈❝❤❛♥✱ ❨✉r✐✐ ❘✉❜✐♥s❦②②

▲✈✐✈ P♦❧②t❡❝❤♥✐❝ ◆❛t✐♦♥❛❧ ❯♥✐✈❡rs✐t②✱ ▲✈✐✈✱ ❯❦r❛✐♥❡
❨✉r✐② ❋❡❞❦♦✈②❝❤ ❈❤❡r♥✐✈ts✐ ◆❛t✐♦♥❛❧ ❯♥✐✈❡rs✐t②✱ ❈❤❡r♥✐✈ts✐✱ ❯❦r❛✐♥❡

❯❦r❛✐♥✐❛♥ ◆❛t✐♦♥❛❧ ❋♦r❡str② ❯♥✐✈❡rs✐t②✱ ▲✈✐✈✱ ❯❦r❛✐♥❡

❲❡ ♣r❡s❡♥t t❤❡ ❝♦♥❞✐t✐♦♥s ❢♦r t❤❡ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ s♦❧✉t✐♦♥s ✐♥ ❙♦❜♦❧❡✈ s♣❛❝❡s ❢♦r
t❤❡ ✐♥✐t✐❛❧✲❜♦✉♥❞❛r② ❛♥❞ t❤❡ ✐♥✈❡rs❡ ❝♦❡✣❝✐❡♥t ♣r♦❜❧❡♠s ❢♦r t❤❡ s❡♠✐❧✐♥❡❛r ❤②♣❡r❜♦❧✐❝ ❡q✉❛t✐♦♥
✇✐t❤ t❤❡ str♦♥❣ ❞❛♠♣✐♥❣ ✐♥ t❤✐s ✇♦r❦✳

▼❛♥② ✐♠♣♦rt❛♥t ♣❤②s✐❝❛❧ ♣❤❡♥♦♠❡♥❛ s✉❝❤ ❛s ♣r♦♣❛❣❛t✐♦♥ ♦❢ s♦✉♥❞ ✐♥ ❛ ✈✐s❝♦✉s ❣❛s ❛♥❞ ♦t❤❡r
♣r♦❝❡ss❡s ♦❢ t❤❡ s❛♠❡ ♥❛t✉r❡ ❝♦✉❧❞ ❜❡ ❞❡s❝r✐❜❡❞ ❜② t❤❡ ♠♦❞❡❧ ❤②♣❡r❜♦❧✐❝ ❡q✉❛t✐♦♥ ♦❢ t❤❡ t❤✐r❞
♦r❞❡r✱ ✇❤✐❝❤ ❝♦♥t❛✐♥s ❛ ♠✐①❡❞ ❞❡r✐✈❛t✐✈❡ ✇✐t❤ r❡s♣❡❝t t♦ s♣❛t✐❛❧ ❛♥❞ t✐♠❡ ✈❛r✐❛❜❧❡s

utt = η∆xut +∆xu, ✭✶✮

✇❤❡r❡ η ✐s ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t✱ η∆xut ✐s ❛ ❧♦✇ ✈✐s❝♦s✐t②✳ ❲❡ ❝♦♥s✐❞❡r t❤❡ ❞✐r❡❝t ❛♥❞ ✐♥✈❡rs❡
♣r♦❜❧❡♠s ❢♦r t❤❡ ❡q✉❛t✐♦♥ t❤❛t ❣❡♥❡r❛❧✐③❡s ✭✶✮✳

▲❡t Ω ⊂ Rn, n ∈ N, ❜❡ ❛ ❜♦✉♥❞❡❞ ❞♦♠❛✐♥ ✇✐t❤ t❤❡ s♠♦♦t❤ ❜♦✉♥❞❛r② ∂Ω ❛♥❞ 0 < T < ∞.
❉❡♥♦t❡ Qτ = Ω× (0, τ), τ ∈ (0, T ].

❲❡ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥✈❡rs❡ ♣r♦❜❧❡♠✿ ✜♥❞ t❤❡ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥s ❢♦r t❤❡ ❡①✐st❡♥❝❡ ♦❢
❛ ♣❛✐r ♦❢ ❢✉♥❝t✐♦♥s (u(x, t), g(t)) t❤❛t s❛t✐s✜❡s t❤❡ ❡q✉❛t✐♦♥ ✇✐t❤ str♦♥❣ ❞❛♠♣✐♥❣

utt −
n∑

i,j=1

(aij(x, t)uxi)xj −
n∑

i,j=1

(bij(x, t)uxit)xj + ϕ1(x, u) + ϕ2(x, ut) = f1(x)g(t) + f2(x, t),

x ∈ Ω, t ∈ [0, T ],

✭✷✮

❛♥❞ t❤❡ ✐♥✐t✐❛❧✱ ❜♦✉♥❞❛r② ❛♥❞ ♦✈❡r❞❡t❡r♠✐♥❛t✐♦♥ ❝♦♥❞✐t✐♦♥s

u(x, 0) = u0(x), ut(x, 0) = u1(x), x ∈ Ω, ✭✸✮

u|∂Ω×(0,T ) = 0, ✭✹✮
∫

Ω

K(x)u(x, t)dx = E(t), t ∈ [0, T ]. ✭✺✮

❙✉♣♣♦s❡ t❤❛t t❤❡ ❞❛t❛ ♦❢ t❤❡ ♣r♦❜❧❡♠ ✭✷✮ ✕ ✭✺✮ s❛t✐s❢② t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s✳
(H1) : aij , bij , aijt, bijt, bij,xi ∈ C([0, T ];L∞(Ω)), aij(x, t) = aji(x, t), bij(x, t) = bji(x, t)✱

❛♥❞

α0‖ξ‖2 ≤
n∑

i,j=1

aij(x, t)ξiξj ≤ α1‖ξ‖2, β0‖ξ‖2 ≤
n∑

i,j=1

bij(x, t)ξiξj ≤ β1‖ξ‖2,

❢♦r ❛❧❧ ξ ∈ Rn, ❛❧♠♦st ❛❧❧ x ∈ Ω✱ ❛❧❧ t ∈ [0, T ], ❛♥❞ i, j = 1, ..., n, ✇❤❡r❡ α0, α1 ❛♥❞ β0, β1 ❛r❡
♣♦s✐t✐✈❡ ❝♦♥st❛♥ts✳

(H2) : ❢✉♥❝t✐♦♥s ϕ1(x, ξ), ϕ2(x, ξ) ❛r❡ ♠❡❛s✉r❛❜❧❡ ✇✐t❤ r❡s♣❡❝t t♦ x ∈ Ω ❢♦r ❛❧❧ ξ ∈ R1 ❛♥❞
❝♦♥t✐♥✉♦✉s❧② ❞✐✛❡r❡♥t✐❛❜❧❡ ✇✐t❤ r❡s♣❡❝t t♦ ξ ∈ R. ▼♦r❡♦✈❡r✱

|ϕi(x, ξ)| ≤ Li,1|ξ|, |ϕi(x, ξ)− ϕi(x, η)| ≤ Li,0|ξ − η|, i = 1, 2,

(ϕ2(x, ξ)− ϕ2(x, η))(ξ − η) ≥ 0

❢♦r ❛❧♠♦st ❛❧❧ x ∈ Ω ❛♥❞ ξ, η ∈ R, ✇❤❡r❡ Li,0, Li,1 ❛r❡ ♣♦s✐t✐✈❡ ❝♦♥st❛♥ts✳
(H3) : f1 ∈ L2(Ω)✱ f2 ∈ C([0, T ];L2(Ω))✱ u0 ∈ H1

0 (Ω), u1 ∈ H1
0 (Ω).

(H4) : E ∈ C2([0, T ])✱
∫
Ω

K(x)u0(x)dx = E(0)✱
∫
Ω

K(x)u1(x)dx = E′(0)✳

(H5) : K ∈ H2(Ω) ∩H1
0 (Ω)✳

✶✻✷



❉❡✜♥✐t✐♦♥ ✶✳ ❆ ♣❛✐r ♦❢ ❢✉♥❝t✐♦♥s (u(x, t), g(t)) ✐s ❛ s♦❧✉t✐♦♥ t♦ t❤❡ ♣r♦❜❧❡♠ ✭✷✮ ✕ ✭✺✮✱ ✐❢ u ∈
C([0, T ];H1

0 (Ω)), ut ∈ L2(0, T ;H1
0 (Ω))∩C([0, T ];L2(Ω)), utt ∈ L2(QT )✱ g ∈ C([0, T ]), ✐t s❛t✐s✜❡s

✭✺✮ ❛♥❞

∫

Qτ

(
uttv +

n∑

i,j=1

aij(x, t)uxivxj +

n∑

i,j=1

bij(x, t)uxitvxj + ϕ1(x, u)v + ϕ2(x, ut)v
)
dx dt

=

∫

Qτ

(
f1(x)g(t) + f2(x, t)

)
v dx dt

✭✻✮

❤♦❧❞s ❢♦r ❛❧❧ ❢✉♥❝t✐♦♥s v ∈ L2(0, T ;H1
0 (Ω)) ❛♥❞ τ ∈ (0, T ].

❚❤❡♦r❡♠ ✶✳ ■❢ g ✐s ❣✐✈❡♥ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥✱ t❤❡ ✉♥❞❡r t❤❡ ❛ss✉♠♣t✐♦♥s ✭❍✶✮✕✭❍✸✮ ❛♥❞ g ∈
L2(0, T ), aijt ≤ 0 ❢♦r ❛❧❧ i, j = 1, 2, . . . , n, t❤❡ ❞✐r❡❝t ♣r♦❜❧❡♠ ✭✷✮ ✕ ✭✹✮ ❛❞♠✐ts ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥✳

❚❤❡♦r❡♠ ✷✳ ▲❡t
∫
Ω

K(x)f1(x) dx 6= 0, aijt ≤ 0 ❢♦r ❛❧❧ i, j = 1, 2, . . . , n, ❛♥❞ t❤❡ ❛ss✉♠♣t✐♦♥s

✭❍✶✮ ✕ ✭❍✺✮ ❤♦❧❞✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ t♦ t❤❡ ♣r♦❜❧❡♠ ✭✷✮ ✕ ✭✺✮✳

❡✲♠❛✐❧✿ ♣r♦ts❛❦❤❅✉❦r✳♥❡t✱ ❤✳✐✈❛s❥✉❦❅❝❤♥✉✳❡❞✉✳✉❛✱ t✳❢r❛t❛✈❝❤❛♥❅❝❤♥✉✳❡❞✉✳✉❛✱
❨✉r✐②✳❘✉❜✐♥s❦②②❅♥❧t✉✳❡❞✉✳✉❛

✶✻✸



❙✉♣❡r❛♥❛❧②s✐s✱ ✐♥✈❛r✐❛♥t s✉♣❡r✲♣s❡✉❞♦❞✐❢❢❡r❡♥t✐❛❧ ♦♣❡r❛t♦rs ❛♥❞ t❤❡✐r

❛♣♣❧✐❝❛t✐♦♥

❆♥❛t♦❧✐❥ Pr②❦❛r♣❛ts❦✐✱ ❖❦s❛♥❛ ❍❡♥t♦s❤

▲✈✐✈ P♦❧②t❡❝❤♥✐❝ ◆❛t✐♦♥❛❧ ❯♥✐✈❡rs✐t②✱ ❯❦r❛✐♥❡✱ ❛♥❞ ❈r❛❝♦✇ ❯♥✐✈❡rs✐t② ♦❢ ❚❡❝❤♥♦❧♦❣②✱ P♦❧❛♥❞
■♥st✐t✉t❡ ❢♦r ❛♣♣❧✐❡❞ ♣r♦❜❧❡♠s ♦❢ ♠❡❝❤❛♥✐❝s ❛♥❞ ▼❛t❤❡♠❛t✐❝s ❛t t❤❡ ◆❆❙✱ ▲✈✐✈✱ ❯❦r❛✐♥❡

P❛st ❞❡❝❛❞❡s ❤❛✈❡ s❡❡♥ t❤❡ r❛♣✐❞ ❞❡✈❡❧♦♣♠❡♥t ♦❢ ❛ ♥❡✇ ❜r❛♥❝❤ ♦❢ ♠❛t❤❡♠❛t✐❝s ✲ s✉♣❡r❛♥❛❧②s✐s✳
❆rt✐❝❧❡s ♦♥ t❤❡ s✉❜❥❡❝t ❛r❡❡❛s✐❧②r❡❝♦❣♥✐③❡❞✱ ❛s ♥❡❛r❧② ❛❧❧ t❤❡ t❡r♠s ✉s❡❞ ❜❡❛r t❤❡ ♣r❡✜① ✧s✉♣❡r✧✳
❙♦♠❡ ♦❢ t❤❡ ✐❞❡❛s ❡♠❜♦❞✐❡❞ ✐♥ ✧s✉♣❡r♠❛t❤❡♠❛t✐❝s✧✇❡r❡ ❞✐s❝✉ss❡❞ ✐♥❞✐✈✐❞✉❛❧❧② ❧♦♥❣ ❛❣♦✱ t❤♦✉❣❤
♠❛t❤❡♠❛t✐❝✐❛♥s ❧❛❝❦❡❞ t❤❡ st✐♠✉❧✉s t♦ st✉❞② t❤❡♠ ✐♥ ❞❡t❛✐❧✱ ❛♥❞ ✐t ❤❛s ❜❡❝♦♠❡ ❝❧❡❛r t❤❛t t❤❡② ❛r❡
❛❧❧ ♣❛rts ♦❢ ❛ s✐♥❣❧❡ ✇❤♦❧❡✳ ■♥t❡r❡st ✐♥ s✉♣❡r♠❛t❤❡♠❛t✐❝s ✇❛s ♦r✐❣✐♥❛❧❧② ❛r♦✉s❡❞ ❜② ✐ts ❛♣♣❧✐❝❛t✐♦♥s
t♦ ♠♦❞❡r♥ ♠❛t❤❡♠❛t✐❝❛❧ ❛♥❞ t❤❡♦r❡t✐❝❛❧ ♣❤②s✐❝s✳ ❆♣♣❛r❡♥t❧②✱ ❛ ✉♥✐✜❡❞ t❤❡♦r② ♦❢ str♦♥❣✱ ✇❡❛❦✱
❡❧❡❝tr♦♠❛❣♥❡t✐❝✱ ❛♥❞ ❣r❛✈✐t❛t✐♦♥❛❧ ✐♥t❡r❛❝t✐♦♥s ❝❛♥ ❜❡ ❝♦♥str✉❝t❡❞ ✐♥ t❤❡ ❧❛♥❣✉❛❣❡ ♦❢ s✉♣❡r♠❛♥✐✲
❢♦❧❞s✳ ❋♦r t❤✐s s✉❜❥❡❝t ❛♥❞ ❢♦r t❤❡ ❜❡❛✉t✐❢✉❧ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ r❡❧❛t❡❞ s✉♣❡rs②♠♠❡tr✐❡s✱ ✇❡ r❡❢❡r t♦
t❤❡ s✉r✈❡②s ♦❢ ❬✶✻❪✱ ✇❤♦ ❡✛❡❝t✐✈❡❧② ❛♣♣❧✐❡❞ t❤✐s s✉♣❡r♠❛t❤❡♠❛t✐❝s t♦ t❤❡ q✉❛♥t✉♠ str✐♥❣ t❤❡♦r②
♠♦❞❡❧ ✐♥ ♣❤②s✐❝s✱ ❛♥❞ ❬✻✱ ✷❪✱ ✇❤♦ ♣r❡s❡♥t❡❞ ❛ ♠♦❞❡r♥ ✈✐❡✇ ♦♥ t❤❡ ❢✉♥❝t✐♦♥❛❧ s✉♣❡r❛♥❛❧②s✐s✳

❲❡ ❧✐✈❡ ✐♥ ❛ ✭✹✱ ✹✮✲❞✐♠❡♥s✐♦♥❛❧ s✉♣❡rs♣❛❝❡✱ ✇❤♦s❡ ✉♥❞❡r❧②✐♥❣ ♠❛♥✐❢♦❧❞ ✐s t❤❡ ♦r❞✐♥❛r② ✹✲
❞✐♠❡♥s✐♦♥❛❧ ▼✐♥❦♦✇s❦✐ s♣❛❝❡✲t✐♠❡✳ ❚❤❡ ❣r♦✉♣ ♦❢ tr❛♥s❢♦r♠❛t✐♦♥s ♦❢ t❤✐s s✉♣❡rs♣❛❝❡ ✐s ❛ s♦
❝❛❧❧❡❞ ▲✐❡ s✉♣❡r❣r♦✉♣ ✇❤♦s❡ ♣♦✐♥ts ♠❛❦❡ ✉♣ t❤❡ P♦✐♥❝❛r❡ ❣r♦✉♣✳ ❚❤✐s ❢✉♥❞❛♠❡♥t❛❧ ♣r❡♠✐s❡ ❤❛s
❛ ♣❤✐❧♦s♦♣❤✐❝❛❧ s✐❣♥✐✜❝❛♥❝❡ t❤❛t tr❛♥s❝❡♥❞s t❤❡ ❝♦♥✜♥❡s ♦❢ ♣✉r❡ ♣❤②s✐❝s✳ ❚❤❡ ✜rst ♠❛t❤❡♠❛t✐❝✐❛♥
t♦ r❡❛❧✐③❡ t❤❛t ❤❡ st♦♦❞ ♦♥ t❤❡ t❤r❡s❤♦❧❞ ♦❢ ❛ ♥❡✇ s✉❜❥❡❝t ✭✧s✉♣❡r♠❛t❤❡♠❛t✐❝s✧✮ ✇❛s ✉♥❞♦✉❜t❡❞❧②
❋❡❧✐① ❇❡r❡③✐♥ t❤❡♥ ❛♥ ■sr❛❡❧ ●❡❧❢❛♥❞✬s st✉❞❡♥t✳ ❇❡✐♥❣ ❝♦♥❝❡r♥❡❞ ✇✐t❤ q✉❡st✐♦♥s ♦❢ t❤❡ s❡❝♦♥❞
q✉❛♥t✐③❛t✐♦♥ ♦❢ s♦♠❡ ❢✉♥❝t✐♦♥❛❧ ❡①♣r❡ss✐♦♥s✱ ❤❡ ♥♦t✐❝❡❞ ❬✷✱ ✸❪ t❤❡ ♣♦ss✐❜✐❧✐t② ♦❢ ❣✐✈✐♥❣ ❛ ♣❛r❛❧❧❡❧
❞❡s❝r✐♣t✐♦♥ ♦❢ s✉❝❤ ❡❧❡♠❡♥t❛r② ♣❛rt✐❝❧❡s ❛s ❜♦s♦♥s ❛♥❞ ❢❡r♠✐♦♥s ❛♥❞✱ ❛s ❡❛r❧② ❛s t❤❡ ✶✾✻✵ s✱
❛rr✐✈❡❞ ❛t t❤❡ ❝♦♥❝❧✉s✐♦♥ t❤❛t t❤❡r❡ ✐s ❛ ♥♦♥✲tr✐✈✐❛❧ ❛♥❛❧♦❣✉❡ ✐♥ ❛♥❛❧②s✐s✱ ✐♥ ✇❤✐❝❤ t❤❡ r♦❧❡ ♦❢
❢✉♥❝t✐♦♥s ✐s t❛❦❡♥ ❜② ❡❧❡♠❡♥ts ♦❢ t❤❡ ●r❛ss♠❛♥♥ ❛❧❣❡❜r❛✳

■t ✐s ❤✐❣❤ t✐♠❡ ✇❡ ❛❝❦♥♦✇❧❡❞❣❡❞ t❤❛t t❤❡ ♣r❡✜① ✧s✉♣❡r✧✇❛s ✐♥tr♦❞✉❝❡❞ ❜② ♠❛t❤❡♠❛t✐❝❛❧❧②
s♣✐r✐t❡❞ ♣❤②s✐❝✐sts✱ ✇❤♦ ✜rst ❞❡s✐❣♥❛t❡❞ ✭❜② t❤❡ s✐♥❣❧❡ ✇♦r❞ s✉♣❡r ✦✮ s♦♠❡ r❡♠❛r❦❛❜❧❡ ❣r♦✉♣ ❛♥❞
❛❧❣❡✈❜r❛s t❤❛t r❡s❤✉✤❡❞ t❤❡ ❡❧❡♠❡♥t❛r② ♣❛rt✐❝❧❡s ♦❢ ❞✐✛❡r❡♥t st❛t✐st✐❝s✳ ❚❤❡♥ t❤❡② r❡❛❧✐③❡❞ t❤❡
❛❝t✐♦♥ ♦❢ t❤❡s❡ s✉♣❡r❣r♦✉♣s ❛♥❞ s✉♣❡r❛❧❣❡❜r❛s ♦♥ ✧s✉♣❡rs♣❛❝❡s ❛♥❞ t❤✐s t❡r♠✐♥♦❧♦❣② ❧❛t❡r s♣r❡❛❞
t❤r♦✉❣❤ t❤❡ ✇❤♦❧❡ s✉❜❥❡❝t✳ ◆♦t❡ t❤❛t ✐♥ s♦♠❡ ❝♦♥t❡♠♣♦r❛r② ❛rt✐❝❧❡s s✉❝❤ s②♠♠❡tr② str✉❝t✉r❡s
❛s ▲✐❡ s✉♣❡r❛❧❣❡❜r❛s ❛r❡ ❝❛❧❧❡❞ ❣r❛❞❡❞ ▲✐❡ ❛❧❣❡❜r❛s✳

■♥ ✇♦r❦ ✇✐t❤ s✉♣❡r♦❜❥❡❝ts✱ ❝♦♥s✐st❡♥❝② ✐♥ ❝❤♦✐❝❡ ♦❢ s✐❣♥s ♣❧❛②s ❛ s♣❡❝✐❛❧ r♦❧❡✳ ❚♦ ❛✈♦✐❞ ❡rr♦rs✱
✇❡ ♠✉st ❦❡❡♣ ✐♥ ♠✐♥❞ t❤❡ ❢♦❧❧♦✇✐♥❣ r✉❧❡ ❜② ◗✉✐❧❧❡♥ ❬✶✷❪ ✿ ✇❤❡♥ s♦♠❡t❤✐♥❣ ♦❢ ♣❛r✐t② p ♠♦✈❡s
♣❛st s♦♠❡t❤✐♥❣ ♦❢ ♣❛r✐t② q✱ t❤❡ s✐❣♥ (−1)pq ❛♣♣❡❛rs✳

■♥ ♦✉r r❡♣♦rt t❤❡r❡ ✇✐❧❧ ❜❡ ❝♦♥s✐❞❡r❡❞ ❛ ♣r♦❜❧❡♠ ♦❢ ❞❡s❝r✐❜✐♥❣ ✐♥✈❛r✐❛♥t s✉♣❡r✲♣s❡✉❞♦❞✐✛❡r❡♥t✐❛❧
♦♣❡r❛t♦rs ❛♥❞ ♣r❡s❡♥t❡❞ s♦♠❡ t❤❡✐r ❛♣♣❧✐❝❛t✐♦♥s✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ♦✇✐♥❣ t♦ t❤❡ ✐♥t❡r❡st✐♥❣ ♦❜s❡r✈❛t✐✲
♦♥ ✐♥ t❤❡ ✇♦r❦ ❬✺❪✱ ❜❛s❡❞ ♦♥ t❤❡ ❛✣♥❡ ❙t✉r♠✲▲✐♦✉✈✐❧❧❡ t②♣❡ s✉♣❡r❝♦♥❢♦r♠❛❧ s♣❡❝tr❛❧ ♣r♦❜❧❡♠
(Dθ1Dθ2 +

∑m+p−1
j=−m uj(x, θ)λ

j+ λm+p)f(x, θ) = 0, m, p ∈ N, λ ∈ C, ♦♥ t❤❡ s✉♣❡r❝✐r❝❧❡ S1|2 ≃
{(x, θ) ∈ S1 × Λ

(2)
1 } ❢♦r f ∈ C∞(S1|2; Λ

(2)
0 ) t❤❡ s♣❡❝✐❛❧ r❡❞✉❝t✐♦♥s ♦❢ t❤❡ r❡❧❛t❡❞ ♥♦♥❧✐♥❡❛r

✐♥t❡❣r❛❜❧❡ s✉♣❡r❝♦♥❢♦r♠❛❧ ❡✈♦❧✉t✐♦♥ ✢♦✇s ♣r♦✈❡ t♦ ❜❡ s✉♣❡rs②♠♠❡tr✐❝ ❞②♥❛♠✐❝❛❧ s②st❡♠s ♦♥
❢✉♥❝t✐♦♥❛❧ s✉♣❡r♠❛♥✐❢♦❧❞s✳ ❆♥♦t❤❡r ✐♥t❡r❡st✐♥❣ ❇❛❝❦❧✉♥❞ t②♣❡ ❝♦♥str✉❝t✐♦♥ ♦❢ ♥♦♥❧✐♥❡❛r N = 2−
s✉♣❡r❝♦♥❢♦r♠❛❧ s❡♠✐✲s✉♣❡rs②♠♠❡tr✐❝ ❞②♥❛♠✐❝❛❧ s②st❡♠s ✇❛s s✉❣❣❡st❡❞ ✐♥ ❬✺❪✱ ❣❡♥❡r❛❧✐③✐♥❣ ✐♥
♣❛rt t❤♦s❡ ♦❜t❛✐♥❡❞ ❜❡❢♦r❡ ✐♥ ❬✾❪✳

❲✐t❤✐♥ ♦✉r ❘❡♣♦rt ✇❡ ✇✐❧❧ ❞❡♠♦♥str❛t❡ ❛ s✉❝❝❡ss❢✉❧ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ♠♦❞❡r♥ ▲✐❡ ❛❧❣❡❜r❛✐❝
❛♣♣r♦❛❝❤❡s✱ ❧②✐♥❣ ✐♥ t❤❡ ❜❛❝❦❣r♦✉♥❞ ♦❢ ❡✛❡❝t✐✈❡ ❝♦♥str✉❝t✐♦♥s ♦❢ ✐♥t❡❣r❛❜❧❡ ✐♥ ❣❡♥❡r❛❧ s❡♠✐✲
s✉♣❡rs②♠♠❡tr✐❝ ❍❛♠✐❧t♦♥✐❛♥ s②st❡♠s ♦♥ ❢✉♥❝t✐♦♥❛❧ N ≥ 2− s✉♣❡r♠❛♥✐❢♦❧❞s✱ ♣♦ss❡ss✐♥❣ r✐❝❤
②❡t ❤✐❞❞❡♥ s✉♣❡r✲s②♠♠❡tr✐❡s ❛♥❞ ❡♥❞♦✇❡❞ ✇✐t❤ s✉✐t❛❜❧② r❡❧❛t❡❞ s✉♣❡r✲P♦✐ss♦♥ str✉❝t✉r❡s✳ ❆s
❛♥ ❛♣♣❧✐❝❛t✐♦♥✱ ✇❡ ❞❡s❝r✐❜❡ ❝♦✉♥t❛❜❧❡ ❤✐❡r❛r❝❤✐❡s ♦❢ ♥❡✇ ▲❛① t②♣❡ ✐♥t❡❣r❛❜❧❡ ♥♦♥❧✐♥❡❛r N =
3− s❡♠✐✲s✉♣❡rs②♠♠❡tr✐❝ ❞②♥❛♠✐❝❛❧ s②st❡♠s✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ ❛♥❛❧②③❡ t❤❡ s✉✐t❛❜❧② ❝❡♥tr❛❧
❡①t❡♥❞❡❞ s✉♣❡r✲❝♦♥❢♦r♠❛❧ ❛✣♥❡ ▲✐❡ s✉♣❡r❛❧❣❡❜r❛ K̂(1|3) ❛♥❞ ✐ts ✜♥✐t❡✲❞✐♠❡♥s✐♦♥❛❧ ❝♦❛❞❥♦✐♥t ♦r❜✐✲
ts✱ ❣❡♥❡r❛t❡❞ ❜② t❤❡ r❡❧❛t❡❞ ❈❛s✐♠✐r ❢✉♥❝t✐♦♥❛❧s ♦♥ t❤❡ s✉♣❡r✲❝♦❛❧❣❡❜r❛ K̂(1|3)∗, ❛♥❞ ❝♦♥str✉❝t
❛♥ ✐♥✜♥✐t❡ ❤✐❡r❛r❝❤② ♦❢ ❝♦♠♣❧❡t❡❧② ✐♥t❡❣r❛❜❧❡ s✉♣❡r✲❍❛♠✐❧t♦♥✐❛♥ s②st❡♠s ♦♥ s♠♦♦t❤ ❢✉♥❝t✐♦♥❛❧

✶✻✹



s✉♣❡r♠❛♥✐❢♦❧❞s✱ ✇❤✐❝❤ ❛❧s♦ ♣r♦✈❡ t♦ ❜❡ s✉♣❡rs②♠♠❡tr✐❝✳ ▼♦r❡♦✈❡r✱ ✇❡ ❣❡♥❡r❛❧✐③❡❞ t❤❡s❡ r❡s✉❧ts
s✉❜❥❡❝t t♦ t❤❡ s✉✐t❛❜❧② ❢❛❝t♦r✐③❡❞ s✉♣❡r✲♣s❡✉❞♦❞✐✛❡r❡♥t✐❛❧ ▲❛① t②♣❡ r❡♣r❡s❡♥t❛t✐♦♥s✱ t❛❦✐♥❣ ✐♥t♦
❛❝❝♦✉♥t t❤❡ ❞❡✈✐s❡❞ ❜❡❢♦r❡ ❛❧❣❡❜r♦✲❛♥❛❧②t✐❝ ❝♦♥str✉❝t✐♦♥s ❜♦t❤ ✐♥ ♠❡♥t✐♦♥❡❞ ❛❜♦✈❡ ✇♦r❦s ❬✺✱ ✾❪
❛♥❞ ✐♥ ❞❡✈♦t❡❞ t♦ ▲✐❡ ❛❧❣❡❜r❛✐❝ ♣r♦♣❡rt✐❡s ♦❢ ❢❛❝t♦r✐③❡❞ ▲❛① t②♣❡ r❡♣r❡s❡♥t❛t✐♦♥s ❬✶✹❪ ❛♥❞ t❤❡
r❡s♣❡❝t✐✈❡❧② ❢❛❝t♦r✐③❡❞ ❍❛♠✐❧t♦♥✐❛♥ s②st❡♠s✳ ❆s ❛ ♥❡✇ ✐♥t❡r❡st✐♥❣ r❡s✉❧t✱ ✇❡ s✉❝❝❡❡❞ ✐♥ ❛❧❣♦r✐✲
t❤♠✐❝ ❝♦♥str✉❝t✐♦♥ ♦❢ ✐♥t❡❣r❛❜❧❡ s✉♣❡r✲❍❛♠✐❧t♦♥✐❛♥ ❢❛❝t♦r✐③❡❞ s②st❡♠s✱ ❣❡♥❡r❛t❡❞ ❜② ❈❛s✐♠✐r
✐♥✈❛r✐❛♥ts ♦❢ ❝❡♥tr❛❧❧② ❡①t❡♥❞❡❞ ♣s❡✉❞♦✲❞✐✛❡r❡♥t✐❛❧ ♦♣❡r❛t♦r s✉♣❡r❛❧❣❡r❜r❛s✳

❘❡❢❡r❡♥❝❡s

❬✶❪ ❆❣r❡❜❛♦✉✐ ❇✳✱ ❍❛tt❛❜ ❘✳✱ 1✲❝♦❝②❝❧❡s ♦♥ t❤❡ ❣r♦✉♣ ♦❢ ❝♦♥t❛❝t♦♠♦r♣❤✐s♠s ♦♥ t❤❡ s✉♣❡r❝✐✲
r❝❧❡ S1,3 ❣❡♥❡r❛❧✐③✐♥❣ t❤❡ ❙❝❤✇❛r③✐❛♥ ❞❡r✐✈❛t✐✈❡✳ ❈③❡❝❤♦s❧♦✈❛❦ ▼❛t❤❡♠❛t✐❝❛❧ ❏♦✉r♥❛❧✱ ✻✻✭✹✮
✭✷✵✶✻✮✱ ✶✶✹✸✕✶✶✻✸

❬✷❪ ❇❡r❡③✐♥ ❋✳❆ ✳✱ ■♥tr♦❞✉❝t✐♦♥ t♦ ❙✉♣❡r❛♥❛❧②s✐s✱ ✭❡❞✳ ❜② ❆✳❆✳ ❑✐r✐❧❧♦✈✮✱ ❉✳ ❘❡✐❞❡❧ P✉❜❧✳
❈♦♠♣❛♥②✱ ✶✾✽✼✳

❬✸❪ ❇❡r❡③✐♥ ❋✳❆✳✱ ❚❤❡ ♠❡t❤♦❞ ♦❢ s❡❝♦♥❞ q✉❛♥t✐③❛t✐♦♥✱ P✉r❡ ✫ ❆♣♣❧✐❡❞ P❤②s✐❝s ✷✹✱ ❆❝❛❞❡♠✐❝
Pr❡ss✱ ◆❡✇ ❨♦r❦✲▲♦♥❞♦♥✱ ✶✾✻✻✳

❬✹❪ ❍❡♥t♦s❤ ❖✳❊✳✱ ❈♦♠♣❛t✐❜❧② ❜✐✲❍❛♠✐❧t♦♥✐❛♥ s✉♣❡r❝♦♥❢♦r♠❛❧ ❛♥❛❧♦❣s ♦❢ ▲❛①✲✐♥t❡❣r❛❜❧❡ ♥♦♥❧✐✲
♥❡❛r ❞②♥❛♠✐❝❛❧ s②st❡♠s✳ ❯❦r❛✐♥✐❛♥ ▼❛t❤❡♠❛t✐❝❛❧ ❏♦✉r♥❛❧✱ ✺✽✭✼✮ ✷✵✵✻✱ ✶✵✵✶✲✶✵✶✺✳

❬✺❪ ❍❡♥t♦s❤ ❖✳❊✳✱ ❚❤❡ ▲❛① ✐♥t❡❣r❛❜❧❡ ▲❛❜❡r❣❡✕▼❛t❤✐❡✉ ❤✐❡r❛r❝❤② ♦❢ s✉♣❡rs②♠♠❡tr✐❝ ♥♦♥❧✐♥❡❛r
❞②♥❛♠✐❝❛❧ s②st❡♠s ❛♥❞ ✐ts ✜♥✐t❡✲❞✐♠❡♥s✐♦♥❛❧ ◆❡✉♠❛♥♥ t②♣❡ r❡❞✉❝t✐♦♥✳ ❯❦r❛✐♥✐❛♥ ▼❛t❤✳ ❏✳
✻✶✭✼✮ ✭✷✵✵✾✮✱ ✶✵✼✺✕✶✵✾✷❀ ❤tt♣s✿✴✴❞♦✐✳♦r❣✴✶✵✳✶✵✵✼✴s✶✶✷✺✸✲✵✵✾✲✵✷✻✵✲✼✳

❬✻❪ ■♥♦✉❡ ❆ts✉s❤✐✱ ▲❡❝t✉r❡s ♦♥ ❙✉♣❡r ❆♥❛❧②s✐s ✲ ❲❤② ♥❡❝❡ss❛r② ❛♥❞ ❲❤❛t✬s t❤❛t❄ ❚♦✇❛r❞s ❛
♥❡✇ ❛♣♣r♦❛❝❤ t♦ ❛ s②st❡♠ ♦❢ P❉❊s✳ ❛r❳✐✈✿✶✺✵✹✳✵✸✵✹✾✈✹ ❬♠❛t❤✲♣❤❪ ✶✺ ❉❡❝ ✷✵✶✺

❬✼❪ ❑✉❧✐s❤ P✳P✳✱ ❆♥❛❧♦❣ ♦❢ t❤❡ ❑♦rt❡✇❡❣✕❞❡ ❱r✐❡s ❡q✉❛t✐♦♥ ❢♦r t❤❡ s✉♣❡r❝♦♥❢♦r♠❛❧ ❛❧❣❡❜r❛✳ ❏✳
❙♦✈✐❡t ▼❛t❤✳ ✹✶✭✷✮✱ ✭✶✾✽✽✮✱ ✾✼✵✕✾✼✺

❬✽❪ ❑✉♣❡rs❤♠✐❞t ❇✳❆✳✱ ■♥t❡❣r❛❜❧❡ s②st❡♠s✱✧Pr♦❝✳ ◆❛t✳ ❆❝❛❞✳ ❙❝✐✳ ❯❙❆✱ ✽✶ ✭✶✾✽✹✮✱ ✻✺✻✷✲✻✺✻✸✳

❬✾❪ ▲❛❜❡r❣❡ ❈✳✲❆✳✱ ▼❛t❤✐❡✉ P✳✱ N = 2 s✉♣❡r❝♦♥❢♦r♠❛❧ ❛❧❣❡❜r❛ ❛♥❞ ✐♥t❡❣r❛❜❧❡ ❖✭✷✮ ❢❡r♠✐♦♥✐❝
❡①t❡♥s✐♦♥s ♦❢ t❤❡ ❑♦rt❡✇❡❣ ✕ ❞❡ ❱r✐❡s ❡q✉❛t✐♦♥✱ P❤②s✳ ▲❡tt✳ ❇✳ ✷✶✺✭✹✮ ✶✾✽✽✱ ✼✶✽ ✕ ✼✷✷✳

❬✶✵❪ ▲❡✐t❡s ❉✳✱ ■♥tr♦❞✉❝t✐♦♥ t♦ s✉♣❡r♠❛♥✐❢♦❧❞s✱ ❘✉ss✐❛♥ ▼❛t❤✳ ❙✉r✈❡②s ✸✺✭✶✮ ✭✶✾✽✵✮✱ ✶✲✻✹

❬✶✶❪ P♦♣♦✇✐❝③ ❩✳✱ N = 2 ❙✉♣❡r✲❝♦♠♣❧❡①✐✜❝❛t✐♦♥ ♦❢ t❤❡ ❑♦rt❡✇❡❣✲❞❡ ❱r✐❡s✱ ❙❛✇❛❞❛✲❑♦t❡r❛ ❛♥❞
❑❛✉♣✲❑✉♣❡rs❤♠✐❞t ❊q✉❛t✐♦♥s✳ ❏♦✉r♥❛❧ ♦❢ ◆♦♥❧✐♥❡❛r ▼❛t❤❡♠❛t✐❝❛❧ P❤②s✐❝s✱ ✷✻✭✷✮ ✭✷✵✶✾✮✱
✷✾✹✲✸✶✷❀ ❤tt♣s✿✴✴❞♦✐✳♦r❣✴✶✵✳✶✵✽✵✴✶✹✵✷✾✷✺✶✳✷✵✶✾✳✶✺✾✶✼✸✷

❬✶✷❪ ●✉✐❧❧❡♥ ❉✳✱ ❍♦♠♦t♦♣✐❝❛❧ ❆❧❣❡❜r❛✱ ❚❡①r♦♠❛♥❝❡rs✱ ✷✵✷✷

❬✶✸❪ ❱♦❧❦♦✈ ❉✳❱✳ ❛♥❞ ❆❦✉❧♦✈ ❱✳P✳✱ ■s t❤❡ ♥❡✉tr✐♥♦ ❛ ●♦❧❞st♦♥❡ ♣❛rt✐❝❧❡❄✱ P❤②s✳ ▲❡tt✳ ✹✻❇ ✭✶✾✼✸✮✱
✶✵✾✲✶✶✵✳

❬✶✹❪ ❱♦✈❦ ▼✳✱ P✉❦❛❝❤✱ ❍❡♥t♦s❤ ❖✳✱ Pr②❦❛r♣❛ts❦② ❨❛✳✱ ❚❤❡ str✉❝t✉r❡ ♦❢ r❛t✐♦♥❛❧❧② ❢❛❝t♦r✐③❡❞
▲❛① t②♣❡ ❢♦✇s ❛♥❞ t❤❡✐r ❛♥❛❧②t✐❝❛❧ ✐♥t❡❣r❛❜✐❧✐t②✳ ❲❙❊❆❙ ❚r❛♥s❛❝t✐♦♥s ♦♥ ▼❛t❤❡♠❛t✐❝s✱ ✶✻
✭✷✵✶✼✮✱ ✸✷✸✲✸✸✵

❬✶✺❪ ❲❡ss ❏✳ ❛♥❞ ❩✉♠✐♥♦ ❇✳✱ ❙✉♣❡r✲❣❛✉❣❡ tr❛♥s❢♦r♠❛t✐♦♥s ✐♥ ❢♦✉r ❞✐♠❡♥s✐♦♥s✱ ◆✉❝❧✳ P❤②s✳ ❇✼✵
✭✶✾✼✹✮ ✸✾✲✺✵✳

❬✶✻❪ ❲✐tt❡♥ ❊✳✱ ❙✉♣❡rs②♠♠❡tr② ❛♥❞ ▼♦rs❡ t❤❡♦r②✱ ❏✳❉✐✛✳●❡♦♠✳✶✼✭✶✾✽✷✮✱ ♣♣✳ ✻✻✶✲✻✾✷✳

✶✻✺



❬✶✼❪ ❨❛♠❛♥❛❦❛ ■✳✱ ❙❛s❛❦✐ ❘✳✱ ❙✉♣❡r ❱✐r❛s♦r♦ ❆❧❣❡❜r❛ ❛♥❞ ❙♦❧✈❛❜❧❡ ❙✉♣❡rs②♠♠❡tr✐❝ ◗✉❛♥t✉♠
❋✐❡❧❞ ❚❤❡♦r✐❡s✳ Pr♦❣r❡ss ♦❢ ❚❤❡♦r❡t✐❝❛❧ P❤②s✐❝s✱ ✼✾✭✺✮ ✶✾✽✽✱ ✶✶✻✼✲✶✶✽✹

❡✲♠❛✐❧✿ ♣r②❦✳❛♥❛t❅❝②❜❡r❣❛❧✳❝♦♠✱ ♦❤❡♥❅✉❦r✳♥❡t

✶✻✻



❈♦♥♥❡❝t✐♦♥ ♦❢ t❤❡ P❛♣♣✉s ❛♥❞ ❉❡s❛r❣✉❡s✐❛♥ ❛❢❢✐♥❡ ♣❧❛♥❡s

❱❧❛❞②s❧❛✈ Ps❤②❦

■✈❛♥ ❋r❛♥❦♦ ▲✈✐✈ ◆❛t✐♦♥❛❧ ❯♥✐✈❡rs✐t②✱ ▲✈✐✈✱ ❯❦r❛✐♥❡

■♥ t❤✐s t❛❧❦ ✇❡ ✇✐❧❧ s❤♦✇ t❤❛t ❡✈❡r② P❛♣♣✐❛♥ ❆✣♥❡ ♣❧❛♥❡ ✐s ❉❡s❛r❣✉❡s✐❛♥✳
❋✐rst t✐♠❡ t❤✐s r❡s✉❧ts ❤❛s ❜❡❡♥ ♦❜t❛✐♥❡❞ ✇✐t❤ s♦♠❡ ✐♥❛❝❝✉r❛❝② ❜② ❍❡ss❡♥❜❡r❣ ✐♥ ✶✾✵✺ ✐♥ ❤✐s

✇♦r❦ ❬✶❪✳ ■♥ t❤❡ ✶✾✺✸ ❆r♥♦ ❈r♦♥❤❡✐♠ ❤❛s ❝♦♠♣❧❡t❡❞ ♣r♦♦❢ ❢♦r ♣r♦❥❡❝t✐✈❡ ♣❧❛♥❡ ✐♥ ❬✷❪✳ ❆t t❤❡ s❛♠❡
t✐♠❡✱ ❛ ♣r♦♦❢ ❢♦r t❤❡ ❛✣♥❡ ♣❧❛♥❡ st✐❧❧ ✇❛s ♥♦t ✜♥✐s❤❡❞✳ ❲❡ ✇✐❧❧ ♣r❡s❡♥t ❝♦♠♣❧❡t❡ ♣r♦♦❢ ❢♦r t❤❡
❛✣♥❡ ♣❧❛♥❡✳

❘❡❢❡r❡♥❝❡s

❬✶❪ ❍❡ss❡♥❜❡r❣✱ ●❡r❤❛r❞✳ ❇❡✇❡✐s ❞❡s ❉❡s❛r❣✉❡ss❝❤❡♥ ❙❛t③❡s ❛✉s ❞❡♠ P❛s❝❛❧s❝❤❡♥✳ ✭●❡r♠❛♥✮
▼❛t❤✳ ❆♥♥✳ ✻✶ ✭✶✾✵✺✮✱ ♥♦✳ ✷✱ ✶✻✶✕✶✼✷✳

❬✷❪ ❈r♦♥❤❡✐♠✱ ❆r♥♦✳ ❆ ♣r♦♦❢ ♦❢ ❍❡ss❡♥❜❡r❣✬s t❤❡♦r❡♠✳ Pr♦❝✳ ❆♠❡r✳ ▼❛t❤✳ ❙♦❝✳ ✹ ✭✶✾✺✸✮✱ ✷✶✾✕✷✷✶

❡✲♠❛✐❧✿ ✈❧❛❞②s❧❛✈✳♣s❤②❦❅❧♥✉✳❡❞✉✳✉❛

✶✻✼



❇❡st ❛♣♣r♦①✐♠❛t✐♦♥s ❢♦r t❤❡ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ ❈❛✉❝❤②✕❙③❡❣☎♦ ❦❡r♥❡❧s ✐♥ t❤❡ ♠❡❛♥

▼❛r②♥❛ ❙❛✈❝❤✉❦✱ ❱✐❦t♦r ❙❛✈❝❤✉❦

◆❛t✐♦♥❛❧ ❚❡❝❤♥✐❝❛❧ ❯♥✐✈❡rs✐t② ♦❢ ❯❦r❛✐♥❡ ✧■❣♦r ❙✐❦♦rs❦② ❑②✐✈ P♦❧②t❡❝❤♥✐❝ ■♥st✐t✉t❡ ❑②✐✈✱
❯❦r❛✐♥❡

■♥st✐t✉t❡ ♦❢ ▼❛t❤❡♠❛t✐❝s ♦❢ ◆❆❙ ♦❢ ❯❦r❛✐♥❡✱ ❑②✐✈✱ ❯❦r❛✐♥❡

❚❤❡ ❈❛✉s❝❤②✕❙③❡❣☎♦ ❦❡r♥❡❧ ✐s t❤❡ ❢✉♥❝t✐♦♥

C(t, z) :=
1

1− tz

❞❡✜♥❡❞ ♦♥ T× D✱ ✇❤❡r❡ T := {t ∈ C : |t| = 1} ❛♥❞ D := {z ∈ D : |z| < 1}✳ ❇② t❤❡ ❝♦♠❜✐♥❛t✐♦♥
♦❢ ❈❛✉❝❤②✕❙③❡❣☎♦ ❦❡r♥❡❧s ✇❡ ♠❡❛♥ t❤❡ ❢✉♥❝t✐♦♥

Cn,z,λ(t) := tn
d

dz
C(t, z) + λC(t, z), t ∈ T,

✇❤❡r❡ n ∈ Z+ ❛♥❞ λ ∈ C✳
❉❡♥♦t❡ H1

0 = {h ∈ H1 : h(0) = 0}✱ ✇❤❡r❡ H1 ✐s t❤❡ ❍❛r❞② s♣❛❝❡ ✐♥ t❤❡ ❞✐s❦ D✳
■♥ t❤❡ ♣r❡s❡♥t t❛❧❦✱ ✇❡ ❣✐✈❡ ❛♥ ❡①♣❧✐s✐t ❢♦r♠ ♦❢

en,z(λ) := inf

{
1

2π

∫

T

∣∣Cn,z,λ + h
∣∣ |dt| : h ∈ H1

0

}
,

❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ λ ∈ C ❛♥❞ ❞✐s❝r✐❜❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❡①tr❡♠❛❧ ❢✉♥❝t✐♦♥s h ❢♦r ✇❤✐❝❤ t❤❡ ✐♥✜♠✉♠
✐s ❛tt❛✐♥❡❞✳

❚❤❡♦r❡♠ ✶✳ ▲❡t z ∈ D ❛♥❞ n ∈ Z+✳ ❚❤❡♥

en,z(λ) =





1

1− |z|2 +
|λ|2(1− |z|2)

4
, ✐❢ 0 ≤ |λ| ≤ 2

1− |z|2 ,

|λ|, ✐❢ |λ| ≥ 2

1− |z|2 ,
✭✶✮

❚❤❡ ❡①tr❡♠❛❧ ❢✉♥❝t✐♦♥ ✐s ♦♥❧②

h(t) =
λtz

1− tz
+ β2

tn+1

(1− tz)2
, ✭✷✮

✇❤❡r❡

β =





λ(1− |z|2)
2

, ✐❢ |λ| ≤ 2

1− |z|2 ,

ei arg λ, ✐❢ |λ| ≥ 2

1− |z|2 .

❡✲♠❛✐❧✿ ♠❛r②♥❛✶s❛✈❝❤✉❦❅❣♠❛✐❧✳❝♦♠✱ s❛✈❝❤✉❦❅✐♠❛t❤✳❦✐❡✈✳✉❛

✶✻✽



❆♣♣r♦①✐♠❛t✐♦♥ ❜② ✐♥t❡r♣♦❧❛t✐♦♥ tr✐❣♦♥♦♠❡tr✐❝ ♣♦❧②♥♦♠✐❛❧s ♦♥ t❤❡ s❡ts ♦❢

❝♦♥✈♦❧✉t✐♦♥s

❆♥❛t♦❧② ❙❡r❞②✉❦✱ ❚❡t✐❛♥❛ ❙t❡♣❛♥✐✉❦

■♥st✐t✉t❡ ♦❢ ▼❛t❤❡♠❛t✐❝s ◆❆❙ ♦❢ ❯❦r❛✐♥❡✱ ❑②✐✈✱ ❯❦r❛✐♥❡

▲❡t ψ(k) ❜❡ ❛♥ ❛r❜✐tr❛r② ✜①❡❞ s❡q✉❡♥❝❡ ♦❢ r❡❛❧ ♥♦♥♥❡❣❛t✐✈❡ ♥✉♠❜❡rs ❛♥❞ ❧❡t β ❜❡ ❛ ✜①❡❞ r❡❛❧
♥✉♠❜❡r✳

❉❡♥♦t❡ ❜② Cψβ L1 t❤❡ s❡t ♦❢ 2π✕♣❡r✐♦❞✐❝ ❢✉♥❝t✐♦♥s✱ ✇❤✐❝❤ ❢♦r ❛❧❧ x ∈ R ❝❛♥ ❜❡ r❡♣r❡s❡♥t❡❞ ❛s
❝♦♥✈♦❧✉t✐♦♥s ♦❢ t❤❡ ❢♦r♠

f(x) =
a0
2

+
1

π

π∫

−π

Ψβ(x− t)ϕ(t)dt, a0 ∈ R, ϕ ∈ L1, ϕ ⊥ 1 (1)

✇✐t❤ t❤❡ ❣❡♥❡r❛t✐♥❣ ❦❡r♥❡❧ Ψβ ♦❢ t❤❡ ❢♦r♠

Ψβ(t) =
∞∑

k=1

ψ(k) cos
(
kt− βπ

2

)
, ψ(k) ≥ 0, β ∈ R,

s✉❝❤ t❤❛t
∞∑
k=1

ψ(k) <∞.

❚❤❡ ❢✉♥❝t✐♦♥ ϕ ✐♥ ❡q✉❛❧✐t② ✭✶✮ ✐s ❝❛❧❧❡❞ ❛s (ψ, β)✕❞❡r✐✈❛t✐✈❡ ♦❢ t❤❡ ❢✉♥❝t✐♦♥ f ❛♥❞ ✐s ❞❡♥♦t❡❞
❜② fψβ ✭ϕ(·) = fψβ (·)✮ ❬✶❪✳

❚❤❡ s✉❜s❡t ♦❢ ❢✉♥❝t✐♦♥s f ❢r♦♠ Cψβ L1✱ s✉❝❤ t❤❛t fψβ ∈ B1✱ ✇❤❡r❡ B1 ✐s ❛ ✉♥✐t ❜❛❧❧ ♦❢ t❤❡ s♣❛❝❡

Ñ✕ L1✱ ♥❛♠❡❧② B1 := {ϕ : ||ϕ||1 ≤ 1} , ✇❡ ❞❡♥♦t❡ ❜② Cψβ,1✳

❲❡ st✉❞② ❛♣♣r♦①✐♠❛t✐♦♥ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ s❡ts Cψβ L1 ❛♥❞ C
ψ
β,1✱ ✇❤❡r❡ ✇❡ ✉s❡ ❛s ❛♣♣r♦①✐♠❛t✐♦♥

❛❣❣r❡❣❛t❡ t❤❡ ❝❧❛ss✐❝❛❧ ✐♥t❡r♣♦❧❛t✐♦♥ tr✐❣♦♥♦♠❡tr✐❝ ▲❛❣r❛♥❣❡ ♣♦❧②♥♦♠✐❛❧s✱ ✇❤✐❝❤ ❛r❡ ❞❡✜♥❡❞ ❜②
♦❞❞ ♥✉♠❜❡r ♦❢ ✉♥✐❢♦r♠❧② ❞✐str✐❜✉t❡❞ ✐♥t❡r♣♦❧❛t✐♦♥ ♥♦❞❡s✳

❋♦r ❛r❜✐tr❛r② ❢✉♥❝t✐♦♥ f(x) ❢r♦♠ C ❜② S̃n−1(f ;x)✱ n ∈ N✱ ✇❡ ✇✐❧❧ ❞❡♥♦t❡ t❤❡ tr✐❣♦♥♦♠❡tr✐❝

♣♦❧②♥♦♠✐❛❧ ♦❢ t❤❡ ♦r❞❡r n−1✱ ✇❤✐❝❤ ✐♥t❡r♣♦❧❛t❡s f(x) ✐♥ t❤❡ ♥♦❞❡s x(n−1)
k = 2kπ

2n−1 ✱ k ∈ Z✱ ♥❛♠❡❧②✱
s✉❝❤ t❤❛t

S̃n−1(f ;x
(n−1)
k ) = f(x

(n−1)
k ), k = 0, 1, ..., 2n− 2.

▲❡t T2n−1 ❜❡ t❤❡ s♣❛❝❡ ♦❢ ❛❧❧ tr✐❣♦♥♦♠❡tr✐❝ ♣♦❧②♥♦♠✐❛❧s ♦❢ ❞❡❣r❡❡ ❛t ♠♦st n − 1 ❛♥❞ ❧❡t
En(f)L1 ❜❡ t❤❡ ❜❡st ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ ❢✉♥❝t✐♦♥ f ∈ L1 ✐♥ t❤❡ ♠❡tr✐❝ ♦❢ s♣❛❝❡ L1✱ ❜② t❤❡
tr✐❣♦♥♦♠❡tr✐❝ ♣♦❧②♥♦♠✐❛❧s tn−1 ♦❢ ❞❡❣r❡❡ n− 1✱ ✐✳❡✳✱

En(f)L1 = inf
tn−1∈T2n−1

‖f − tn−1‖L1 .

❉❡♥♦t❡ ❜② ρ̃n(f ; ·) t❤❡ ❞❡✈✐❛t✐♦♥ ♦❢ t❤❡ ❢✉♥❝t✐♦♥ f ∈ C ❢r♦♠ ✐ts ✐♥t❡r♣♦❧❛t✐♦♥ ▲❛❣r❛♥❣❡
♣♦❧②♥♦♠✐❛❧ S̃n−1(f ; ·)

ρ̃n(f ;x) = f(x)− S̃n−1(f ;x).

❖✉r ❛✐♠ ✐s t♦ ❡st❛❜❧✐s❤ t❤❡ ✐♥t❡r♣♦❧❛t✐♦♥ ❛♥❛❧♦❣✉❡s ♦❢ t❤❡ ▲❡❜❡s❣✉❡ t②♣❡ ✐♥❡q✉❛❧✐t✐❡s ❢♦r t❤❡
❢✉♥❝t✐♦♥s ❢r♦♠ t❤❡ s❡ts Cψβ L1✱ β ∈ R✱ ✇❤❡r❡ t❤❡ ✉♣♣❡r ❡st✐♠❛t❡s ♦❢ t❤❡ q✉❛♥t✐t✐❡s |ρ̃n(f ;x)|✱
x ∈ R✱ ❛r❡ ❡①♣r❡ss❡❞ ✈✐❛ t❤❡ ❜❡st ❛♣♣r♦①✐♠❛t✐♦♥s En(f

ψ
β )L1 ✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠ t❛❦❡s ♣❧❛❝❡✳

❚❤❡♦r❡♠ ✶✳ ▲❡t
∞∑
k=1

kψ(k) < ∞✱ ψ(k) ≥ 0✱ k = 1, 2, ...✱ β ∈ R ❛♥❞ n ∈ N✳ ❚❤❡♥✱ ❢♦r ❛❧❧ x ∈ R

❛♥❞ ❛r❜✐tr❛r② ❢✉♥❝t✐♦♥ f ∈ Cψβ L1 t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥❡q✉❛❧✐t② t❛❦❡s ♣❧❛❝❡

|ρ̃n(f ;x)| ≤
2

π

∣∣∣∣sin
2n− 1

2
x

∣∣∣∣




∞∑

k=0

∞∑

ν=(2k+1)n−k

ψ(ν)


En(f

ψ
β )L1 .

✶✻✾



▼♦r❡♦✈❡r✱ ❢♦r t❤❡ ❢✉♥❝t✐♦♥ f ∈ Cψβ L1 ♦♥❡ ❝❛♥ ✜♥❞ t❤❡ ❢✉♥❝t✐♦♥ F(·) = F(f ;n;x, ·) s✉❝❤✱ t❤❛t
En(Fψ

β )L1 = En(f
ψ
β )L1 ✱ ❢♦r ✇❤✐❝❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛❧✐t② t❛❦❡s ♣❧❛❝❡✿

|ρ̃n(F ;x)| = 2

∣∣∣∣sin
2n− 1

2
x

∣∣∣∣

(
1

π

∞∑

k=n

ψ(k) + ξ

∞∑

k=1

kψ(k + n)

n

)
En(f

ψ
β )L1 . ✭✶✮

■♥ ✭✶✮ t❤❡ q✉❛♥t✐t② ξ = ξ(f ;n;ψ;β;x) ✐s s✉❝❤ t❤❛t −
(
2 + 1

π

)
≤ ξ ≤ 1

π ✳

❚❤❡♦r❡♠ ✷✳ ▲❡t
∞∑
k=1

kψ(k) < ∞✱ ψ(k) ≥ 0✱ k = 1, 2, ...✱ β ∈ R ❛♥❞ n ∈ N✳ ❚❤❡♥✱ ❢♦r ❛❧❧ x ∈ R

t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛❧✐t② ❤♦❧❞s

Ẽn(Cψβ,1;x) =
2

π

∣∣∣∣sin
2n− 1

2
x

∣∣∣∣

(
∞∑

k=n

ψ(k) +
Θ

n

∞∑

k=1

kψ(k + n)

)
. ✭✷✮

■♥ ✭✷✮ t❤❡ q✉❛♥t✐t② Θ = Θ(n;ψ;β;x) ✐s s✉❝❤ t❤❛t − (1 + π) ≤ Θ ≤ 1✳

■t s❤♦✉❧❞ ❜❡ ♥♦t✐❝❡❞ t❤❛t t❤❡ ❡st✐♠❛t❡s ✭✷✮ ✇✐❧❧ ❜❡ t❤❡ ❛s②♠♣t♦t✐❝ ❡q✉❛❧✐t② ❛s n→ ∞✱ ✐❢ t❤❡
❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥ t❛❦❡s ♣❧❛❝❡

lim
n→∞

1
n

∞∑
k=1

kψ(k + n)

∞∑
k=n

ψ(k)

= 0. ✭✸✮

❚❤❡ ❝♦♥❞✐t✐♦♥ ✭✸✮ ❤♦❧❞s ✐♥ t❤❡ r♦✇ ♦❢ ♠❛♥② ✐♠♣♦rt❛♥t ❝❛s❡s✱ ♥❛♠❡❧②✱ ✇❤❡♥ t❤❡ s❡q✉❡♥❝❡ ψ(k)
❞❡❝r❡❛s❡s t♦ ③❡r♦ ❢❛st❡r ❛s ❛r❜✐tr❛r② ♣♦✇❡r s❡q✉❡♥❝❡ 1

kr ✱ r > 1✱ ❛s k → ∞✳
❚❤❡s❡ r❡s✉❧ts ✇❡r❡ ♣✉❜❧✐s❤❡❞ ✐♥ ❬✷❪✳
❆❝❦♥♦✇❧❡❞❣♠❡♥t✳ ❚❤✐s ✇♦r❦ ✐s ♣❛rt✐❛❧❧② s✉♣♣♦rt❡❞ ❜② t❤❡ ●r❛♥t ❍✷✵✷✵✲▼❙❈❆✲❘■❙❊✲✷✵✶✾✱

♣r♦❥❡❝t ♥✉♠❜❡r ✽✼✸✵✼✶ ✭❙❖▼P❆❚❨✿ ❙♣❡❝tr❛❧ ❖♣t✐♠✐③❛t✐♦♥✿ ❋r♦♠ ▼❛t❤❡♠❛t✐❝s t♦ P❤②s✐❝s ❛♥❞
❆❞✈❛♥❝❡❞ ❚❡❝❤♥♦❧♦❣②✮ ❛♥❞ ❜② t❤❡ ❣r❛♥t ❢r♦♠ t❤❡ ❙✐♠♦♥s ❋♦✉♥❞❛t✐♦♥ ✭✶✷✾✵✻✵✼✱ ❆❙✮✳

❘❡❢❡r❡♥❝❡s

❬✶❪ ❆✳■✳ ❙t❡♣❛♥❡ts✱ ▼❡t❤♦❞s ♦❢ ❆♣♣r♦①✐♠❛t✐♦♥ ❚❤❡♦r② ❱❙P✿ ▲❡✐❞❡♥✱ ❇♦st♦♥ ✷✵✵✺✳

❬✷❪ ❙❡r❞②✉❦ ❆✳ ❙✳✱ ❙t❡♣❛♥②✉❦ ❚✳❆✳✱ ❊st✐♠❛t❡s ♦❢ ❛♣♣r♦①✐♠❛t✐♦♥s ❜② ✐♥t❡r♣♦❧❛t✐♦♥ tr✐❣♦♥♦♠❡tr✐❝
♣♦❧②♥♦♠✐❛❧s ♦♥ ❝❧❛ss❡s ♦❢ ❝♦♥✈♦❧✉t✐♦♥s ♦❢ ♣❡r✐♦❞✐❝ ❢✉♥❝t✐♦♥s ♦❢ ❤✐❣❤ s♠♦♦t❤♥❡ss✱ ❏♦✉r♥❛❧ ♦❢
▼❛t❤❡♠❛t✐❝❛❧ ❙❝✐❡♥❝❡s✳ ✭ ✷✵✷✹✮✱ ✷✶✶ ✭✶✮✱ ✶✶✶✕✶✸✻✳

❡✲♠❛✐❧✿ s❛♥❛t♦❧✐✐❅✉❦r✳♥❡t✱ st❡♣❛♥✐✉❦✳t❡t❅❣♠❛✐❧✳❝♦♠

✶✼✵



❆ ♣❛r❛♠❡tr✐❝ ❞❡s❝r✐♣t✐♦♥ ❣❡♥❡r❛❧ ❧✐♥❡❛r ❣r♦✉♣ ♦❢ ❞❡❣r❡❡ ✸ ♦✈❡r ❛ ❢✐❡❧❞

❱♦❧♦❞②♠②r ❙❤❝❤❡❞r②❦

P✐❞str②❤❛❝❤ ■♥st✐t✉t❡ ❢♦r ❆♣♣❧✐❡❞ Pr♦❜❧❡♠s ♦❢ ▼❡❝❤❛♥✐❝s ❛♥❞ ▼❛t❤❡♠❛t✐❝s ♦❢ ◆❆❙ ♦❢ ❯❦r❛✐♥❡✱
▲✬✈✐✈✱ ❯❦r❛✐♥❡

❆ ♣❛r❛♠❡tr✐❝ ❞❡s❝r✐♣t✐♦♥ ❣❡♥❡r❛❧ ❧✐♥❡❛r ❣r♦✉♣ ♦❢
❞❡❣r❡❡ ✸ ♦✈❡r ❛ ❢✐❡❧❞

❱♦❧♦❞②♠②r ❙❤❝❤❡❞r②❦

P✐❞str②❤❛❝❤ ■♥st✐t✉t❡ ❢♦r ❆♣♣❧✐❡❞ Pr♦❜❧❡♠s ♦❢ ▼❡❝❤❛♥✐❝s ❛♥❞ ▼❛t❤❡♠❛t✐❝s ♦❢ ◆❆❙ ♦❢ ❯❦r❛✐♥❡✱
▲✬✈✐✈✱ ❯❦r❛✐♥❡

s❤❝❤❡❞r②❦✈❅✉❦r✳♥❡t

❲❡ ❝♦♥s✐❞❡r t❤❡ ♣r♦❜❧❡♠ ♦❢ r❡♣r❡s❡♥t✐♥❣ ❣❡♥❡r❛❧ ❧✐♥❡❛r ❣r♦✉♣ ♦❢ ❞❡❣r❡❡ 3 ♦✈❡r ❛ ✜❡❧❞ F
❛s ❛ ♣r♦❞✉❝t ♦❢ ❝❡♥tr❛❧✐③❡r ♦❢ t❤❡ ♠❛tr✐① J := diag(0, 0, 1) ✐♥ t❤❡ ❣r♦✉♣ GL3(F ) ✭✐♥ ♥♦t❛t✐♦♥
CGL3(F )(J)✮ ❛♥❞ t❤❡ s❡t r❡♣r❡s❡♥t❛t✐✈❡s ♦❢ r✐❣❤t ❝♦s❡ts ♦❢ t❤✐s ❣r♦✉♣ ✭✐♥ ♥♦t❛t✐♦♥ K(J)✮✳

❚❤❡♦r❡♠ ✶✳
GL3(F ) = CGL3(F )(J)K(J),

✇❤❡r❡

CGL3(F )(J) = GL2(F )
⊕

F\{0};

GL2(F ) =

[
m 0
n m

]
·
{[

b 1
a 0

]
,

[
c 0
0 1

]}
,

✇❤❡r❡ a, c,m ∈ F\{0}, b, n ∈ F ; K(J) ❝♦♥s✐sts ♦❢ ♠❛tr✐❝❡s ♦❢ t❤❡ ❢♦r♠



a 1 0
c d 1

b+ c d 1


 ,




a 0 1
c 1 0

b+ c 1 0


 ,




1 0 0
d c 1
d b+ c 1


 ,




1
m 0 0
n m −1
n m 0


 ,




0 1 0
m 0 0
m 0 1


 ,




0 1 0
−1 0 0
0 0 1


 ,




1
m 0 0
n m −1
n m 0


 ,




1 0 0
n 0 −1
n 1 0


 ,




n 1 0
m 0 −1
m 0 0


 ,




n 1 0
0 0 −1
1 0 0


 ,

✇❤❡r❡ a, c, d, n ∈ F ✱ b,m ∈ F\{0}✳
❚❤❡♦r❡♠ ✷✳ ❆❧❧ ✐❞❡♠♣♦t❡♥t ♠❛tr✐❝❡s ❢r♦♠ M3(F ) ✇✐t❤ t❤❡ ❙♠✐t❤ ❢♦r♠

diag(1, x, x(x− 1)) ♦❢ ✐ts ❝❤❛r❛❝t❡r✐st✐❝ ♠❛tr✐❝❡s ❛r❡ t❤❡ ❢♦❧❧♦✇✐♥❣✿

b−1




b+ c d 1
−(b+ c)a −da −a

(b+ c)(da− c) d(da− c) da− c


 ,

b−1




(b+ c) 1 0
−(b+ c)c −c 0
−(b+ c)a −a 0


 , b−1




0 0 0
d b+ c 1

−dc −(b+ c)c −c


 ,




0 0 0
0 0 0
m n 1


 ,




0 0 0
m 1 0
nm n 0


 ,




1 0 0
m 0 0
n 0 0


 ,

✇❤❡r❡ a, c, d,m, n ∈ F ✱ b ∈ F\{0}✳

❡✲♠❛✐❧✿ s❤❝❤❡❞r②❦✈❅✉❦r✳♥❡t

✶✼✶



σ✲♠♦♥♦❣❡♥✐❝ ❢✉♥❝t✐♦♥s ✐♥ ❝♦♠♠✉t❛t✐✈❡ ❛❧❣❡❜r❛s

❱✐t❛❧✐✐ ❙❤♣❛❦✐✈s❦②✐

■♥st✐t✉t❡ ♦❢ ▼❛t❤❡♠❛t✐❝s ◆❆❙ ♦❢ ❯❦r❛✐♥❡✱ ❑②✐✈✱ ❯❦r❛✐♥❡

▲❡t A ❜❡ ❛♥ ❛r❜✐tr❛r② n✲❞✐♠❡♥s✐♦♥❛❧ (1 ≤ n < ∞) ❝♦♠♠✉t❛t✐✈❡ ❛ss♦❝✐❛t✐✈❡ ❛❧❣❡❜r❛ ✇✐✲
t❤ ✉♥✐t ♦✈❡r t❤❡ ✜❡❧❞ ♦❢ ❝♦♠♣❧❡① ♥✉♠❜❡r C✳ ❊✳ ❈❛rt❛♥ ♣r♦✈❡❞ t❤❛t ✐♥ A t❤❡r❡ ❡①✐st ❛ ❜❛s✐s
{Ik}nk=1 s✉❝❤ t❤❛t t❤❡ ✜rst m ❜❛s✐s ✈❡❝t♦rs I1, I2, . . . , Im ❛r❡ ✐❞❡♠♣♦t❡♥ts ❛♥❞ ❛♥♦t❤❡r ✈❡❝t♦rs
Im+1, Im+2, . . . , In ❛r❡ ♥✐❧♣♦t❡♥ts✳ ❚❤❡ ❡❧❡♠❡♥t 1 = I1 + I2 + · · ·+ Im ✐s t❤❡ ✉♥✐t ♦❢ A✳

■♥ t❤❡ ❛❧❣❡❜r❛ A ✇❡ ❝♦♥s✐❞❡r t❤❡ ✈❡❝t♦rs e1, e2, . . . , ed✱ 2 ≤ d ≤ 2n✳ ▲❡t t❤❡s❡ ✈❡❝t♦rs ❤❛✈❡
t❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡❝♦♠♣♦s✐t✐♦♥ ✐♥ t❤❡ ❜❛s✐s ♦❢ t❤❡ ❛❧❣❡❜r❛✿

ej =
n∑

r=1

ajr Ir , ajr ∈ C, j = 1, 2, . . . , d. ✭✶✮

❚❤r♦✉❣❤♦✉t t❤✐s ♣❛♣❡r✱ ✇❡ ✇✐❧❧ ❛ss✉♠❡ t❤❛t ❛t ❧❡❛st ♦♥❡ ♦❢ t❤❡ ✈❡❝t♦rs e1, e2, . . . , ed ✐s ✐♥✈❡rt✐✲
❜❧❡✳ ❚❤✐s ❝♦♥❞✐t✐♦♥ ❡♥s✉r❡s t❤❡ ✉♥✐q✉❡♥❡ss ♦❢ t❤❡ σ✲❞❡r✐✈❛t✐✈❡✳

❋♦r t❤❡ ❡❧❡♠❡♥t ζ = x1e1+x2e2+ · · ·+xded ✱ ✇❤❡r❡ x1, x2, . . . , xd ∈ R✱ t❤❡ ❝♦♠♣❧❡① ♥✉♠❜❡rs

ξu := x1a1u + x2a2u + · · ·+ xdadu, u = 1, 2, . . . ,m

❢♦r♠s t❤❡ s♣❡❝tr✉♠ ♦❢ t❤❡ ♣♦✐♥t ζ✳
❈♦♥s✐❞❡r ✐♥ t❤❡ ❛❧❣❡❜r❛ A ❛ ❧✐♥❡❛r s♣❛♥

Ed := {ζ = x1e1 + x2e2 + · · ·+ xded : x1, x2, . . . , xd ∈ R}

❣❡♥❡r❛t❡❞ ❜② t❤❡ ✈❡❝t♦rs e1, e2, . . . , ed ♦❢ A✳
◆❡①t✱ t❤❡ ❛ss✉♠♣t✐♦♥ ✐s ❡ss❡♥t✐❛❧✿ ❢♦r ❡❛❝❤ ✜①❡❞ u ∈ {1, 2, . . . ,m} ❛t ❧❡❛st ♦♥❡ ♦❢ t❤❡ ♥✉♠❜❡rs

a1u, a2u, . . . , adu ❜❡❧♦♥❣s t♦ C \ R✳
❲❡ ✐❞❡♥t✐❢② ❛ ❞♦♠❛✐♥ Ω ✐♥ t❤❡ s♣❛❝❡ Rd ✇✐t❤ t❤❡ ❞♦♠❛✐♥

Ω := {ζ = x1e1 + x2e2 + · · ·+ xded : (x1, x2, . . . , xd) ∈ S} ✐♥ Ed ⊂ A.

❉❡✜♥✐t✐♦♥ ✶ ❬✶❪✳ ❲❡ ✇✐❧❧ ❝❛❧❧ t❤❡ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥ Φ : Ω → A ♠♦♥♦❣❡♥✐❝ ✐♥ t❤❡ ❞♦♠❛✐♥
Ω ⊂ Ed ✐❢ Φ ✐s ❞✐✛❡r❡♥t✐❛❜❧❡ ✐♥ t❤❡ s❡♥s❡ ♦❢ ●✂❛t❡❛✉① ❛t ❡✈❡r② ♣♦✐♥t ♦❢ t❤✐s ❞♦♠❛✐♥✱ t❤❛t ✐s✱ ✐❢ ❢♦r
❡❛❝❤ ζ ∈ Ω t❤❡r❡ ❡①✐sts ❛♥ ❡❧❡♠❡♥t Φ′(ζ) ♦❢ t❤❡ ❛❧❣❡❜r❛ A s✉❝❤ t❤❛t t❤❡ ❡q✉❛❧✐t②

lim
ε→0+0

Φ(ζ + εh)− Φ(ζ)

ε
= hΦ′(ζ) ∀h ∈ Ed ✭✷✮

❤♦❧❞s✳ Φ′(ζ) ✐s ❝❛❧❧❡❞ t❤❡ ●✂❛t❡❛✉① ❞❡r✐✈❛t✐✈❡ ♦❢ t❤❡ ❢✉♥❝t✐♦♥ Φ ❛t t❤❡ ♣♦✐♥t ζ✳
❚❤❡ t❤❡♦r② ♦❢ ♠♦♥♦❣❡♥✐❝ ❢✉♥❝t✐♦♥s ✐♥ ❝♦♠♠✉t❛t✐✈❡ ❛❧❣❡❜r❛s ✐s ✇❡❧❧ ❞❡✈❡❧♦♣❡❞ ✐♥ t❤❡ ✇♦r❦s ♦❢

t❤❡ ❛✉t❤♦r ❛♥❞ ❤✐s ❝♦❧❧❡❛❣✉❡s ❙✳ ❆✳ P❧❛❦s❛✱ ❙✳ ❱✳ ●r②s❤❝❤✉❦ ❛♥❞ ❘✳ P✳ P✉❦❤t❛✐❡✈②❝❤✳ ▼♦♥♦❣❡♥✐❝
❢✉♥❝t✐♦♥s ❛r❡ s♦♠❡ ❛♥❛❧♦❣ ♦❢ ❛♥❛❧②t✐❝ ❢✉♥❝t✐♦♥s ✐♥ ❝♦♠♠✉t❛t✐✈❡ ❛❧❣❡❜r❛s✳

❆t t❤❡ ❡♥❞ ♦❢ ❜♦♦❦ ❬✷❪✱ ❱✳ ❑r❛✈❝❤❡♥❦♦ ♣♦s❡s ✺ ♦♣❡♥ ♣r♦❜❧❡♠s✳ ■♥ t❤❡ ❢♦✉rt❤ ♣r♦❜❧❡♠✱
❑r❛✈❝❤❡♥❦♦ ♣♦✐♥ts ♦✉t t❤❡ ♥❡❡❞ t♦ ❝♦♥str✉❝t ❛ ♣s❡✉❞♦❛♥❛❧②t✐❝ ❢✉♥❝t✐♦♥ t❤❡♦r② ✐♥ ♠✉❧t✐❞✐♠❡♥s✐✲
♦♥❛❧ ❝❛s❡✳

❖✉r ✇♦r❦ ✐s ❛♥ ❛tt❡♠♣t t♦ s♦❧✈❡ t❤❡ ❑r❛✈❝❤❡♥❦♦ ♣r♦❜❧❡♠ ✐♥ t❤❡ ❝❛s❡ ♦❢ ❛♥② ✜♥✐t❡✲❞✐♠❡♥s✐♦♥❛❧
❝♦♠♠✉t❛t✐✈❡ ❛ss♦❝✐❛t✐✈❡ ❛❧❣❡❜r❛✳ ◆❛♠❡❧②✱ ❜② ❞❡✈❡❧♦♣✐♥❣ t❤❡ ✐❞❡❛s ♦❢ ▲✳ ❇❡rs ❛♥❞ ●✳ P♦❧♦③❤✐✐✱
σ✲♠♦♥♦❣❡♥✐❝ ❢✉♥❝t✐♦♥s ✇✐❧❧ ❜❡ ✐♥tr♦❞✉❝❡ ✐♥ ❛♥② ❝♦♠♠✉t❛t✐✈❡ ❛ss♦❝✐❛t✐✈❡ ❛❧❣❡❜r❛✳

▲❡t ❛ ❢✉♥❝t✐♦♥ Φ : Ω → A ❜❡ ♦❢ t❤❡ ❢♦r♠

Φ(ζ) =
n∑

k=1

Uk(x1, x2, . . . , xd) Ik . ✭✸✮

▲❡t σ ❜❡ ❛ ❝♦❧❧❡❝t✐♦♥ ♦❢ n A✲✈❛❧✉❡❞ ❢✉♥❝t✐♦♥s✿

σ = (σ1, σ2, . . . , σn),

✶✼✷



✇❤❡r❡ σk = σk(x1, x2, . . . , xd) = σk(ζ)✱ k = 1, 2, . . . , n✱ ✐s ❛ ❢✉♥❝t✐♦♥ ✐♥ A✳

❋♦r ❛ ✈❡❝t♦r h =
d∑
j=1

hjej ✱ hj ∈ R✱ ✇❡ ❞❡♥♦t❡

∆ε,h,σΦ(ζ) :=
n∑

k=1

σk(ζ)
(
Uk(x1 + εh1, . . . , xd + εhd)− Uk(x1, . . . , xd)

)
Ik .

❉❡✜♥✐t✐♦♥ ✷ ❲❡ ✇✐❧❧ ❝❛❧❧ t❤❡ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥ Φ : Ω → A σ✲♠♦♥♦❣❡♥✐❝ ✐♥ t❤❡ ❞♦♠❛✐♥
Ω ⊂ Ed ✐❢ ❢♦r ❡❛❝❤ ζ ∈ Ω t❤❡r❡ ❡①✐sts ❛♥ ❡❧❡♠❡♥t Φ′

σ(ζ) ♦❢ t❤❡ ❛❧❣❡❜r❛ A s✉❝❤ t❤❛t ❢♦r ❡✈❡r②
h ∈ Ed t❤❡ ❡q✉❛❧✐t②

lim
ε→0+0

∆ε,h,σΦ(ζ)

ε
= hΦ′

σ(ζ) ✭✹✮

❤♦❧❞s✳ Φ′
σ(ζ) ✐s ❝❛❧❧❡❞ σ✲❞❡r✐✈❛t✐✈❡ ♦❢ t❤❡ ❢✉♥❝t✐♦♥ Φ ❛t t❤❡ ♣♦✐♥t ζ✳

❘❡♠❛r❦ ✶✳ ■❢ ❢♦r ❛❧❧ k = 1, 2, . . . , n σk ≡ 1✱ t❤❡♥ ❞❡✜♥✐t✐♦♥ ✷ ❝♦✐♥❝✐❞❡s ✇✐t❤ ❞❡✜♥✐t✐♦♥ ✶✱
✐✳ ❡✳ 1✲♠♦♥♦❣❡♥✐❝ ❢✉♥❝t✐♦♥ ✐s ♠♦♥♦❣❡♥✐❝✳

❘❡♠❛r❦ ✷✳ ■❢ A ≡ C ❛♥❞ ❢♦r s♣❡❝✐❛❧ ❝❤♦✐❝❡ ♦❢ σ1, σ2 t❤❡ ❞❡✜♥✐t✐♦♥ ✭✹✮ ❝♦✐♥❝✐❞❡s ✇✐t❤ t❤❡
❞❡✜♥✐t✐♦♥ ♦❢ ♣s❡✉❞♦❛♥❛❧②t✐❝ ❢✉♥❝t✐♦♥ ✐♥ t❤❡ s❡♥s❡ ♦❢ ❇❡rs✳

◆❡❝❡ss❛r② ❛♥❞ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥s ❢♦r σ✲♠♦♥♦❣❡♥❡✐t② ❤❛✈❡ ❜❡❡♥ ❡st❛❜❧✐s❤❡❞✳ ■♥ s♦♠❡ ❧♦✇✲
❞✐♠❡♥s✐♦♥❛❧ ❛❧❣❡❜r❛s✱ ✇✐t❤ ❛ s♣❡❝✐❛❧ ❝❤♦✐❝❡ ♦❢ σ✱ t❤❡ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ σ✲♠♦♥♦❣❡♥✐❝ ❢✉♥❝t✐♦♥s
✐s ♦❜t❛✐♥❡❞ ✉s✐♥❣ ❤♦❧♦♠♦r♣❤✐❝ ❢✉♥❝t✐♦♥s ♦❢ ❛ ❝♦♠♣❧❡① ✈❛r✐❛❜❧❡✳ ❲❡ ♣r♦♣♦s❡❞ t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢
σ✲♠♦♥♦❣❡♥✐❝ ❢✉♥❝t✐♦♥s ✇✐t❤ ✈❛❧✉❡s ✐♥ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ❜✐❤❛r♠♦♥✐❝ ❛❧❣❡❜r❛ t♦ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢
s♦❧✉t✐♦♥s ♦❢ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ❜✐❤❛r♠♦♥✐❝ ❡q✉❛t✐♦♥✳ ❚❤❡ ❛♥♥♦✉♥❝❡❞ r❡s✉❧ts ❛r❡ ♣✉❜❧✐s❤❡❞ ✐♥ t❤❡
♣❛♣❡r ❬✸❪✳

❘❡❢❡r❡♥❝❡s

❬✶❪ ▼❡❧✬♥✐❝❤❡♥❦♦ ■✳ P✳ ❚❤❡ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ ❤❛r♠♦♥✐❝ ♠❛♣♣✐♥❣s ❜② ♠♦♥♦❣❡♥✐❝ ❢✉♥❝t✐♦♥s✳ ❯❦r✳
▼❛t❤✳ ❏✳✱ ✶✾✼✺✱ ❱♦❧✳ ✷✼✱ ♥♦✳ ✺✱ ✹✾✾✕✺✵✺✳

❬✷❪ ❑r❛✈❝❤❡♥❦♦ ❱✳ ❱✳ ❆♣♣❧✐❡❞ ♣s❡✉❞♦❛♥❛❧②t✐❝ ❢✉♥❝t✐♦♥ t❤❡♦r②✳ ❇✐r❦❤☎❛✉s❡r✱ ❙❡r✐❡s✿ ❋r♦♥t✐❡rs ✐♥
▼❛t❤❡♠❛t✐❝s✱ ❇❛s❡❧✱ ✷✵✵✽✳

❬✸❪ ❙❤♣❛❦✐✈s❦②✐ ❱✳ ❙✳ σ✲♠♦♥♦❣❡♥✐❝ ❢✉♥❝t✐♦♥s ✐♥ ❝♦♠♠✉t❛t✐✈❡ ❛❧❣❡❜r❛s✳ Pr♦❝❡❡❞✐♥❣s ♦❢ t❤❡
■♥t❡r♥❛t✐♦♥❛❧ ●❡♦♠❡tr② ❈❡♥t❡r✱ ✷✵✷✸✱ ❱♦❧✳ ✶✻✱ ♥♦✳ ✶✱ ✶✼✕✹✶✳

❡✲♠❛✐❧✿ s❤♣❛❦✐✈s❦②✐✽✻❅❣♠❛✐❧✳❝♦♠

✶✼✸



❊✉❧❡r✲▼❛s❝❤❡r♦♥✐ ❝♦♥st❛♥t ❢♦r ✐♥❝r❡❛s✐♥❣ ❢✉♥❝t✐♦♥s

❑❛t❡r②♥❛ ❙♠♦rts♦✈❛✱ ❙❡r❤✐✐ ●❡❢t❡r

❱✳ ◆✳ ❑❛r❛③✐♥ ❑❤❛r❦✐✈ ◆❛t✐♦♥❛❧ ❯♥✐✈❡rs✐t②✱ ❑❤❛r❦✐✈✱ ❯❦r❛✐♥❡

▲❡t f : [1; +∞) 7→ R ❜❡ ❛ ♥♦♥✲♥❡❣❛t✐✈❡ ✐♥❝r❡❛s✐♥❣ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥ s✉❝❤ t❤❛t lim
x→+∞

f(x) =

+∞✳

❉❡✜♥✐t✐♦♥ ✶✳ ▲❡t ✉s ❝❛❧❧ t❤❡ s✉♠ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡r✐❡s ❜② ❊✉❧❡r✲▼❛s❝❤❡r♦♥✐ ❝♦♥st❛♥t ♦❢ t❤❡
❢✉♥❝t✐♦♥ f ✿

γf =
∞∑

n=1


f(n+ 1)−

n+1∫

n

f(x)dx


 .

●❡♦♠❡tr✐❝❛❧❧②✱ ✐t ✐s t❤❡ s✉♠ ♦❢ t❤❡ ❛r❡❛s ♦❢ ❣r❡❡♥ ❝✉r✈✐❧✐♥❡❛r tr✐❛♥❣❧❡s✿

❚❤❡r❡ ❛r❡ ✉♥❜♦✉♥❞❡❞❧② ✐♥❝r❡❛s✐♥❣ ❢✉♥❝t✐♦♥s ✇✐t❤ ✜♥✐t❡ ❊✉❧❡r✲▼❛s❝❤❡r♦♥✐ ❝♦♥st❛♥t✳ ❋♦r ✐♥st❛♥❝❡✱
t❤❡ ❢✉♥❝t✐♦♥

f(x) =

{
n+ (2n − 1)(x− n), x ∈

[
n;n+ 1

2n

)
,

n+ 2n−1
2n +

x−n− 1
2n

2n−1 , x ∈
[
n+ 1

2n ;n+ 1
)

❤❛s ♦♥❡ ❡q✉❛❧✐♥❣ t♦ 3
4 ✭s❡❡ ✜❣✳ ❜❡❧♦✇✮✳

✶✼✹



❚❤❡♦r❡♠ ✶✳ ▲❡t f : [1; +∞) 7→ R ❜❡ ❛ ♥♦♥✲♥❡❣❛t✐✈❡ ✐♥❝r❡❛s✐♥❣ ❝♦♥t✐♥✉♦✉s❧② ❞✐✛❡r❡♥t✐❛❜❧❡
❝♦♥❝❛✈❡ ❢✉♥❝t✐♦♥ s✉❝❤ t❤❛t lim

x→+∞
f(x) = +∞✳ ❚❤❡♥ γf = +∞✳

❚❤❡ ♣r♦♦❢ ✐s ❜❛s❡❞ ♦♥ ❛ ❝❡rt❛✐♥ ✈❡rs✐♦♥ ♦❢ ❊✉❧❡r✲▼❛❝❧❛✉r✐♥ s✉♠♠❛t✐♦♥ ❢♦r♠✉❧❛✳

❚❤✐s ✇♦r❦ ✇❛s s✉♣♣♦rt❡❞ ❜② t❤❡ ❆❦❤✐❡③❡r ❋♦✉♥❞❛t✐♦♥✳

❡✲♠❛✐❧✿ ❦❛t❡r②♥❛✳s♠♦rts♦✈❛❅st✉❞❡♥t✳❦❛r❛③✐♥✳✉❛✱ ❣❡❢t❡r❅❦❛r❛③✐♥✳✉❛

✶✼✺



❘❡t✉r♥ ❝♦♥❞✐t✐♦♥ ❢♦r ❛♥ ❆r❜✐tr❛r② ▲✐♥❡❛r ❙②st❡♠s ♦❢ t❤❡ ❙❡❝♦♥❞ ❖r❞❡r

❚❡t②❛♥❛ ❙♠♦rts♦✈❛

❱✳◆✳ ❑❛r❛③✐♥ ❑❤❛r❦✐✈ ◆❛t✐♦♥❛❧ ❯♥✐✈❡rs✐t②✱ ❑❤❛r❦✐✈✱ ❯❦r❛✐♥❡

❈♦♥s✐❞❡r t❤❡ s②st❡♠ ♦❢ t❤❡ ❢♦r♠ ❬✶❪

ẋ = Ax+ ϕ(u), x ∈ Rn, u ∈ Ω ⊂ Rr. (1)

❉❡✜♥✐t✐♦♥ ✶✳ ❬✶❪ ❋♦r s②st❡♠ ✭✶✮ t❤❡ r❡t✉r♥ ❝♦♥❞✐t✐♦♥ ♦♥ t❤❡ ✐♥t❡r✈❛❧ I = [T ∗, T ∗ + a]✱
a > 0✱ T ∗ ≥ 0✱ ✐s s❛t✐s✜❡❞✱ ✐❢ ❢♦r ❛♥② T ∈ I t❤❡r❡ ❡①✐sts ❛♥ ❛❞♠✐ss✐❜❧❡ ❝♦♥tr♦❧ uT (t) s✉❝❤ t❤❛t t❤❡
s♦❧✉t✐♦♥ ♦❢ t❤❡ ❈❛✉❝❤② ♣r♦❜❧❡♠ ẋ = Ax+ ϕ(uT (t)), x(0) = 0 s❛t✐s✜❡s t❤❡ ❝♦♥❞✐t✐♦♥ x(T ) = 0✳

❋♦r ❛♥ ❛r❜✐tr❛r② ❧✐♥❡❛r s②st❡♠

ẋ = Ax+Bu, x ∈ Rn, u ∈ Ω ⊂ Rr.

t❤❡ r❡t✉r♥ ❝♦♥❞✐t✐♦♥ t❛❦❡s t❤❡ ❢♦r♠
T∫

0

e−AtbuT (t)dt = 0.

▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ r❡t✉r♥ ❝♦♥❞✐t✐♦♥ ❢♦r ❛ ❧✐♥❡❛r s②st❡♠ ♦❢ t❤❡ s❡❝♦♥❞ ♦r❞❡r ♦❢ t❤❡ ❢♦r♠
{
ẋ1 = a11x1 + a12x2 + b1u
ẋ1 = a21x1 + a22x2 + b2u

, |u| ≤ c. (2)

❚❤❡ ❣♦❛❧ ✐s t♦ ✜♥❞ ♣✐❡❝❡✲✇✐s❡ ❝♦♥tr♦❧s t❤❛t r❡t✉r♥ t❤❡ ♦r✐❣✐♥ ❜② ✈✐rt✉❡ ♦❢ t❤✐s s②st❡♠ ❛t ❛♥② t✐♠❡
T ✳ ■♥ ♦t❤❡r ✇♦r❞s✱ t❤❡ s✇✐t❝❤ ♣♦✐♥ts ♦❢ s✉❝❤ ❝♦♥tr♦❧s s❤♦✉❧❞ ❜❡ ✐❞❡♥t✐✜❡❞✳

❚❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ♣r♦❜❧❡♠ st❛t❡❞ ❞❡♣❡♥❞s ♦♥ ❡✐❣❡♥✈❛❧✉❡s ♦❢ ♠❛tr✐① A ❛♥❞ ♦♥ t❤❡ ♥✉♠❜❡r
♦❢ s✇✐t❝❤ ♣♦✐♥ts ♦❢ ❝♦♥tr♦❧s ❝♦♥s✐❞❡r❡❞✳

■t ✐s ♥❛t✉r❛❧ t❤❛t t❤❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ♣r♦❜❧❡♠ ❡①✐sts ❢♦r t❤❡ ❝❛s❡ ♦❢ t✇♦ s✇✐t❝❤ ♣♦✐♥ts
♦♥❧②✱ ✐✳❡✳ ❢♦r ❝♦♥tr♦❧s ♦❢ t❤❡ ❢♦r♠

u(t) =

{
−c, t ∈ [0, t1) ∪ [t2, T ]
c, t ∈ [t1, t2),

, 0 < t1 < t2 < T.

❚❤❡r❡ ✐s ♥♦ ❝♦♥tr♦❧ ✇✐t❤ ❛ s✐♥❣❧❡ s✇✐t❝❤ ♣♦✐♥t t❤❛t r❡t✉r♥s t❤❡ ♦r✐❣✐♥❣ ❜② ✈✐rt✉❡ ♦❢ s②st❡♠
✭✷✮✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡r❡ ❛r❡ ❢❛♠✐❧✐❡s ♦❢ ❝♦♥tr♦❧s ✇✐t❤ t❤r❡❡ s✇✐t❝❤ ♣♦✐♥ts ❛♥❞ ♠♦r❡✳

❇❛s❡❞ ♦♥ t❤❡ ❡✐❣❡♥✈❛❧✉❡s ♦❢ t❤❡ ♠❛tr✐①✱ ❢♦✉r ❡ss❡♥t✐❛❧❧② ❞✐✛❡r❡♥t ❝❛s❡s s❤♦✉❧❞ ❜❡ ❞✐st✐♥❣✉✐s❤❡❞✳
✶✳ ❚❤❡ ♠❛tr✐① ❤❛s ✵ ❡✐❣❡♥✈❛❧✉❡✳
✷❛✳ ❚❤❡ ♠❛tr✐① ❤❛s ❞✐✛❡r❡♥t r❡❛❧ ❡✐❣❡♥✈❛❧✉❡s✳
✷❜✳ ❚❤❡ ♠❛tr✐① ❤❛s ❡q✉❛❧ r❡❛❧ ❡✐❣❡♥✈❛❧✉❡s✳
✷❝✳ ❚❤❡ ♠❛tr✐① ❤❛s ❞✐✛❡r❡♥t ❝♦♠♣❧❡① ❡✐❣❡♥✈❛❧✉❡s✳
❋♦r ❞✐✛❡r❡♥t ❝❛s❡s✱ ❛❧❣❡❜r❛✐❝ s②st❡♠s t♦ ✜♥❞ s✇✐t❝❤ ♣♦✐♥ts ✇❡r❡ ♦❜t❛✐♥❡❞✳ ❚❤❡ s♦❧✉t✐♦♥s ♦❢

t❤♦s❡ s②st❡♠s ✇❡r❡ ❢♦✉♥❞ ✉s✐♥❣ ❲♦❧❢r❛♠ ▼❛t❤❡♠❛t✐❝❛✳
❇❡❧♦✇✱ t❤❡ r❡s✉❧ts ❢♦r t❤❡ ❢♦❧❧♦✇✐♥❣ s②st❡♠

{
ẋ1 = x2 + u
ẋ1 = 2x1 + x2 + u

, |u| ≤ 1.

❛r❡ ♣r❡s❡♥t❡❞✳ ◆❛♠❡❧②✱
❢♦r T = 1.1✿ s✇✐t❝❤ ♣♦✐♥ts ❛r❡ t1 ≈ 0.221484✱ t2 ≈ 0.810935✱ ❡♥❞ ♣♦✐♥t ✐s

x1(1.1) ≈ −2.28855 · 10−10✱ x2(1.1) ≈ −5.42602 · 10−10❀
❢♦r T = 2✿ s✇✐t❝❤ ♣♦✐♥ts ❛r❡ t1 ≈ 0.309015✱ t2 ≈ 1.51658✱ ❡♥❞ ♣♦✐♥t ✐s

x1(1) ≈ −2.147652 · 10−9✱ x2(1) ≈ 4.426365 · 10−9✳
❖♥ t❤❡ ✜❣✉r❡s✱ t❤❡ ❣r❛♣❤✐❝s ♦❢ ❝♦♦r❞✐♥❛t❡s ♦❢ t❤❡ s②st❡♠ ❛♥❞ ✐ts tr❛❥❡❝t♦r✐❡s ❛r❡ s❤♦✇♥✳

✶✳ ❑♦r♦❜♦✈✱ ❱✳ ■✳ ●❡♦♠❡tr✐❝ ❈r✐t❡r✐♦♥ ❢♦r ❈♦♥tr♦❧❧❛❜✐❧✐t② ❯♥❞❡r ❆r❜✐tr❛r② ❈♦♥str❛✐♥ts ♦♥ t❤❡
❈♦♥tr♦❧✱ ❏✳ ♦❢ ❖♣t✐♠✳ ❚❤❡♦r② ❛♥❞ ❆♣♣❧✐❝❛t✐♦♥s✱ ✷✵✵✼✱ ❱♦❧✳ ✶✸✹✱ ♣♣✳ ✶✻✶✕✶✼✻✳

❡✲♠❛✐❧✿ t✳s♠♦rts♦✈❛❅❦❛r❛③✐♥✳✉❛
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Ðèñ✳ ✶✿ ●r❛♣❤✐❝s ♦❢ ❝♦♦r❞✐♥❛t❡s Ðèñ✳ ✷✿ ❙②st❡♠ tr❛❥❡❝t♦r✐❡s

❖♥ t❤❡ ✐♥t❡rr❡❧❛t✐♦♥ ❜❡t✇❡❡♥ s♦❧✉t✐♦♥s ♦❢ ❜♦✉♥❞❛r② ✈❛❧✉❡ ♣r♦❜❧❡♠s ♦♥ s❡ts ♦❢

❢✐①❡❞ ❛♥❞ ✈❛r✐❛❜❧❡ str✉❝t✉r❡

❖❧❡①❛♥❞r ❙t❛♥③❤②ts❦②✐✱ ❘♦③❛ ❯t❡s❤♦✈❛✱ ❩♦✐❛ ❑❤❛❧❡ts❦❛

❚❛r❛s ❙❤❡✈❝❤❡♥❦♦ ◆❛t✐♦♥❛❧ ❯♥✐✈❡rs✐t② ♦❢ ❑②✐✈✱ ❑②✐✈✱ ❯❦r❛✐♥❡
■♥st✐t✉t❡ ♦❢ ▼❛t❤❡♠❛t✐❝s ❛♥❞ ▼❛t❤❡♠❛t✐❝❛❧ ▼♦❞❡❧✐♥❣✱ ❆❧♠❛t②✱ ❑❛③❛❦❤st❛♥

❱♦❧♦❞②♠②r ❱✐♥♥✐❝❤❡♥❦♦ ❈❡♥tr❛❧ ❯❦r❛✐♥✐❛♥ ❙t❛t❡ ❯♥✐✈❡rs✐t②✱ ❑r♦♣②✈♥②ts❦②✐✱ ❯❦r❛✐♥❡

▲❡t T ❜❡ ❛♥ ❛r❜✐tr❛r② ♥♦♥❡♠♣t② ❝❧♦s❡❞ s✉❜s❡t ♦❢ t❤❡ r❡❛❧ ❛①✐s✱ ✇❤✐❝❤ ✐s ❝❛❧❧❡❞ ❛ t✐♠❡ s❝❛❧❡✳
❍✐❧❣❡r ❬✶❪ ✐♥tr♦❞✉❝❡❞ t❤❡ ❝♦♥❝❡♣t ♦❢ ❛ ❞❡r✐✈❛t✐✈❡ ♦♥ s✉❝❤ s❡ts✱ r❡❢❡rr❡❞ t♦ ❛s t❤❡ ∆✲❞❡r✐✈❛t✐✈❡✳

❉❡✜♥✐t✐♦♥✳ ▲❡t f : T → R✳ ❚❤❡ ∆✲❞❡r✐✈❛t✐✈❡ ♦❢ t❤❡ ❢✉♥❝t✐♦♥ f ❛t ❛ ♣♦✐♥t t ∈ T ✐s t❤❡ ❧✐♠✐t

f∆(t) = lim
s→t

f(σ(t))− f(t)

σ − t
,

✐❢ ✐t ❡①✐sts✳ ❍❡r❡ σ(t) = inf{s > t, s, t ∈ T}✳
❲❡ ❝♦♥s✐❞❡r ❛ ❢❛♠✐❧② ♦❢ t✐♠❡ s❝❛❧❡s Tλ ✭❛ s❡t ♦❢ ✈❛r✐❛❜❧❡ str✉❝t✉r❡✮ s✉❝❤ t❤❛t [0, 1] ∩ Tλ =

[0, 1]λ → [0, 1]✱ λ → 0✱ ❢♦r ✐♥st❛♥❝❡✱ ✐♥ t❤❡ ❍❛✉s❞♦r✛ ♠❡tr✐❝✳ ❍❡r❡ λ ∈ Λ ⊂ R1✱ ❛♥❞ 0 ✐s ✐♥
❛❝❝✉♠✉❧❛t✐♦♥ ♣♦✐♥t ♦❢ t❤✐s s❡t✳ ■♥ t❤✐s ❝❛s❡✱ [0, 1] ✐s r❡❣❛r❞❡❞ ❛s ❛ s❡t ♦❢ ✜①❡❞ str✉❝t✉r❡✳ ❖♥ t❤❡
s❡ts [0, 1]λ✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❢❛♠✐❧② ♦❢ ❜♦✉♥❞❛r② ✈❛❧✉❡ ♣r♦❜❧❡♠s

x∆ = f(t, x),

F (x(0), x(1)) = 0.
(1)

■t ✐s ❛ss✉♠❡❞ t❤❛t 0, 1 ∈ [0, 1]λ ❢♦r ❛❧❧ λ✳ ❲❡ ❛❧s♦ ❝♦♥s✐❞❡r t❤❡ ❛s②♠♣t♦t✐❝ ❜♦✉♥❞❛r② ✈❛❧✉❡ ♣r♦❜❧❡♠

dx
dt = f(t, x),

F (x(0), x(1)) = 0

(2)

❢♦r ❛ s②st❡♠ ♦❢ ♦r❞✐♥❛r② ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s✳ ❍❡r❡ f : [0, 1] ×D → Rd✱ D ✐s ❛ ❞♦♠❛✐♥ ✐♥ Rd✱
F : D ×D → Rd✳

▲❡t xλ(t) ❞❡♥♦t❡ ❛ s♦❧✉t✐♦♥ ♦❢ ♣r♦❜❧❡♠ ✭✶✮ ♦♥ [0, 1]λ✱ ❛♥❞ ❧❡t x(t) ❜❡ ❛ s♦❧✉t✐♦♥ ♦❢ ♣r♦❜❧❡♠ ✭✷✮
♦♥ [0, 1]✳ ❲❡ ❛ss✉♠❡ t❤❛t t❤❡ ❢✉♥❝t✐♦♥s f ❛♥❞ F ❛r❡ ❝♦♥t✐♥✉♦✉s❧② ❞✐✛❡r❡♥t✐❛❜❧❡ ✐♥ t❤❡✐r ❞♦♠❛✐♥s✳
❚❤❡ ❢♦❧❧♦✇✐♥❣ st❛t❡♠❡♥t ♦♥ t❤❡ ✐♥t❡rr❡❧❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ s♦❧✉t✐♦♥s ♦❢ ♣r♦❜❧❡♠s ✭✶✮ ❛♥❞ ✭✷✮ ❤♦❧❞s
tr✉❡✳

❚❤❡♦r❡♠✳ ▲❡t ♣r♦❜❧❡♠ ✭✷✮ ❤❛✈❡ ❛♥ ✐s♦❧❛t❡❞ s♦❧✉t✐♦♥ xλ(t) ✭✐✳❡✳✱ t❤❡r❡ ❡①✐sts ❛ ♥❡✐❣❤❜♦r❤♦♦❞

♦❢ xλ(t) ✇❤❡r❡ ♥♦ ♦t❤❡r s♦❧✉t✐♦♥s ♦❢ ♣r♦❜❧❡♠ ✭✷✮ ❡①✐st✮✳ ❚❤❡♥✱ t❤❡r❡ ❡①✐sts λ0 s✉❝❤ t❤❛t ❢♦r
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0 < λ ≤ λ0 t❤❡ ❜♦✉♥❞❛r② ✈❛❧✉❡ ♣r♦❜❧❡♠ ✭✶✮ ❤❛s ❛ ✉♥✐q✉❡ ✐s♦❧❛t❡❞ s♦❧✉t✐♦♥✳ ▼♦r❡♦✈❡r✱

sup
t∈[0,1]λ

|xλ(t)− x(t)| → 0, λ→ 0. (3)

❚❤❡ ❝♦♥✈❡rs❡ r❡s✉❧t ✐s ❛❧s♦ tr✉❡✿ ✐❢ t❤❡r❡ ❡①✐sts λ0 s✉❝❤ t❤❛t ❢♦r ❛❧❧ λ ∈ (0, λ0]✱ t❤❡ ❜♦✉♥❞❛r②
✈❛❧✉❡ ♣r♦❜❧❡♠ ✭✶✮ ❤❛s ❛ ✉♥✐q✉❡ ✐s♦❧❛t❡❞ s♦❧✉t✐♦♥✱ t❤❡♥ ♣r♦❜❧❡♠ ✭✷✮ ❛❧s♦ ❤❛s ❛ ✉♥✐q✉❡ ✐s♦❧❛t❡❞
s♦❧✉t✐♦♥✱ ❛♥❞ t❤❡ r❡❧❛t✐♦♥ ✭✸✮ ❤♦❧❞s ❛s ✇❡❧❧✳

❇♦t❤ st❛t❡♠❡♥ts ❛r❡ ♣r♦✈❡❞ ✉s✐♥❣ ❇❛♥❛❝❤✬s ✜①❡❞✲♣♦✐♥t t❤❡♦r❡♠ ❢♦r ❛ ❝❡rt❛✐♥ ♠❛♣♣✐♥❣✱ ✇❤✐❝❤
✐s ❛ ❝♦♥tr❛❝t✐♦♥ ♠❛♣♣✐♥❣ ❢♦r s✉✣❝✐❡♥t❧② s♠❛❧❧ λ✳

❋✉♥❞✐♥❣✿ ❚❤✐s r❡s❡❛r❝❤ ✐s ❢✉♥❞❡❞ ❜② t❤❡ ❙❝✐❡♥❝❡ ❈♦♠♠✐tt❡❡ ♦❢ t❤❡ ▼✐♥✐str② ♦❢ ❙❝✐❡♥❝❡ ❛♥❞
❍✐❣❤❡r ❊❞✉❝❛t✐♦♥ ♦❢ t❤❡ ❘❡♣✉❜❧✐❝ ♦❢ ❑❛③❛❦❤st❛♥ ✭❣r❛♥t ◆♦✳ ❆P✷✸✹✽✺✻✶✽✮✳

❘❡❢❡r❡♥❝❡s

❬✶❪ ❍✐❧❣❡r ❙✳ ❊✐♥ ▼❛➹➯❦❡tt❡♥❦❛❧❦➹❥❧ ♠✐t ❆♥✇❡♥❞✉♥❣❡♥ ❛✉❢ ❩❡♥tr✉♠s♠❛♥♥✐❣❢❛❧t✐❣❦❡✐t❡♥✳ P❤❉✱
❯♥✐✈❡rs✐t➹➒t ❲➹❥r③❜✉r❣✱ ❲➹❥r③❜✉r❣✱ ●❡r♠❛♥②✱ ✶✾✽✽✳

❡✲♠❛✐❧✿ ♦st❛♥③❤❅❣♠❛✐❧✳❝♦♠✱ r✳✉t❡s❤♦✈❛❅♠❛t❤✳❦③✱ ❦❤❛❧❡ts❦❛③♦②❛❅❣♠❛✐❧✳❝♦♠
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❖✉t❣♦✐♥❣ ♥✉❧❧ ❣r❛✈✐t❛t✐♦♥❛❧ ❛♥❞ ♥❡✉tr✐♥♦ ❢✐❡❧❞ ❡q✉❛t✐♦♥s

❨✉r✐✐ ❚❛✐str❛✱ ❱♦❧♦❞②♠②r P❡❧②❦❤

P✐❞str②❤❛❝❤ ■♥st✐t✉t❡ ❢♦r ❆♣♣❧✐❡❞ Pr♦❜❧❡♠s ♦❢ ▼❡❝❤❛♥✐❝s ❛♥❞ ▼❛t❤❡♠❛t✐❝s ◆❆❙ ♦❢ ❯❦r❛✐♥❡✱
▲✈✐✈✱ ❯❦r❛✐♥❡

◆❡✉tr✐♥♦ ✜❡❧❞ ♦♥ ❛♥ ❛str♦♣❤②s✐❝❛❧ s❝❛❧❡ ❝❛♥ ❜❡ str♦♥❣ ❡♥♦✉❣❤✱ ❛♥❞ ✇✐t❤✐♥ t❤❡ ❢r❛♠❡✇♦r❦
♦❢ t❤❡ ❣❡♥❡r❛❧ t❤❡♦r② ♦❢ r❡❧❛t✐✈✐t② ✐t ❝❛♥ ❛✛❡❝t t❤❡ ❝✉r✈❛t✉r❡ ♦❢ s♣❛❝❡✲t✐♠❡✳ ■♥ t❤✐s ❝❛s❡✱ t❤❡
r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ ❊✐♥st❡✐♥✬s ❡q✉❛t✐♦♥s ❜❡❝♦♠❡s t❤❡ ❡♥❡r❣②✲♠♦♠❡♥t✉♠ t❡♥s♦r ♦❢ ♥❡✉tr✐♥♦ ✜❡❧❞✱
❛♥❞ t❤✉s ♥❡✉tr✐♥♦ ❛♥❞ ❣r❛✈✐t❛t✐♦♥❛❧ ✜❡❧❞s ❢♦r♠ ❛ ❝♦♥♥❡❝t❡❞ s②st❡♠ ♦❢ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s✳
❲❡ ❝♦♥s✐❞❡r s✉❝❤ ❛ s②st❡♠ ♦❢ ❡q✉❛t✐♦♥s ✐♥ t❤❡ ❝❛s❡ ♦❢ ♦✉t❣♦✐♥❣ ♥✉❧❧ ❣r❛✈✐t❛t✐♦♥❛❧ ✜❡❧❞✱ ✇❤❡r❡
t❤❡ ❡♥❡r❣②✲♠♦♠❡t✉♠ t❡♥s♦r ✐s ❞❡✜♥❡❞ ❜② ♦✉t❣♦✐♥❣ ♥❡✉tr✐♥♦ ✜❡❧❞✱ ❛♥❞ ♦❜t❛✐♥ ❝♦♥❞✐t✐♦♥s ♦♥ t❤❡
◆❡✇♠❛♥✲P❡♥r♦s❡ s❝❛❧❛rs✱ t❤❛t ❞❡s❝r✐❜❡s s♣❛❝❡✲t✐♠❡s ✇❤❡r❡ s✉❝❤ ✜❡❧❞s ❛r❡ ❛❞♠✐tt❡❞✳ ❙✉❝❤ ♠♦❞❡❧
♠❛② ❞❡s❝r✐❜❡ ❣r❛✈✐t❛t✐♦♥❛❧ ✇❛✈❡s ✐♥❞✉❝❡❞ ❜② str♦♥❣ ♥❡✉tr✐♥♦ ✜❡❧❞✳

▲✐t❡r❛t✉r❡

✶✳ ❱✳ ❖✳ P❡❧②❦❤✱ ❨✳ ❱✳ ❚❛✐str❛ ❯❦r✳ ❏♦✉r♥✳ ♦❢ P❤②s✳ ✻✷✱ ✶✶ ✭✷✵✶✼✮
✷✳ ❈✳ ❉✳ ❈♦❧❧✐♥s♦♥✱ P✳ ❇✳ ▼♦rr✐s ■♥t✳ ❏♦✉r♥✳ ♦❢ ❚❤❡♦r✳ P❤②s✳ ✺✱ ✭✶✾✼✶✮

❡✲♠❛✐❧✿ ②t❤❡❧❧♦✇♦r❧❞❅❣♠❛✐❧✳❝♦♠

✶✼✾



❊①✐st❡♥❝❡ ❛♥❞ ❛s②♠♣t♦t✐❝ ❜❡❤❛✈✐♦✉r ♦❢ s♦❧✉t✐♦♥s ❢♦r ❛ ❢r❛❝t✐♦♥❛❧ t❤✐♥✲❢✐❧♠

❡q✉❛t✐♦♥ ✐♥ ♠✉❧t✐✲❞✐♠❡♥s✐♦♥❛❧ ❞♦♠❛✐♥s

❘♦♠❛♥ ❚❛r❛♥❡ts

■♥st✐t✉t❡ ♦❢ ❆♣♣❧✐❡❞ ▼❛t❤❡♠❛t✐❝s ❛♥❞ ▼❡❝❤❛♥✐❝s ♦❢ t❤❡ ◆❆❙ ♦❢ ❯❦r❛✐♥❡✱ ❙❧♦✈✐❛♥s❦✱ ❯❦r❛✐♥❡

❲❡ ❝♦♥s✐❞❡r ❛ ❞❡❣❡♥❡r❛t❡ ♥♦♥❧♦❝❛❧ ♣❛r❛❜♦❧✐❝ ❡q✉❛t✐♦♥ ✐♥ ❛ ♠✉❧t✐✲❞✐♠❡♥s✐♦♥❛❧ ❞♦♠❛✐♥ ✐♥tr♦❞✉❝❡❞
t♦ ♠♦❞❡❧ ❤②❞r❛✉❧✐❝ ❢r❛❝t✉r❡s✱ ✇❤❡r❡ t❤❡ ♥♦♥❧♦❝❛❧ ♦♣❡r❛t♦r ✐s ❣✐✈❡♥ ❜② ❛ ❢r❛❝t✐♦♥❛❧ ♣♦✇❡r ♦❢ t❤❡
▲❛♣❧❛❝✐❛♥✱ ❛♥❞ t❤❡ ❞❡❣❡♥❡r❛t❡ ♠♦❜✐❧✐t② ❡①♣♦♥❡♥t ❝♦rr❡s♣♦♥❞s t♦ ✏str♦♥❣ s❧✐♣♣❛❣❡✑ r❡❣✐♠❡ ✇✐✲
t❤ ✏❝♦♠♣❧❡t❡ ✇❡tt✐♥❣✑ ✐♥t❡r❢❛❝✐❛❧ ❝♦♥❞✐t✐♦♥s ❢♦r ❧♦❝❛❧ t❤✐♥✲✜❧♠ ❡q✉❛t✐♦♥s✳ ❲❡ ♣r♦✈❡ ❡①✐st❡♥❝❡ ♦❢
✇❡❛❦ s♦❧✉t✐♦♥s t♦ ❛ ❢❛♠✐❧② ♦❢ ❢r❛❝t✐♦♥❛❧ t❤✐♥✲✜❧♠ ❡q✉❛t✐♦♥s ✐♥ ❛ ❜♦✉♥❞❡❞ ❞♦♠❛✐♥✳ ❆❧s♦✱ ✉s✐✲
♥❣ ❛ ❧♦❝❛❧✐③❡❞ ❡♥tr♦♣② ❡st✐♠❛t❡ ❛♥❞ ❛ ❙t❛♠♣❛❝❝❤✐❛✲t②♣❡ ❧❡♠♠❛✱ ✇❡ ❡st❛❜❧✐s❤ ❛ ✜♥✐t❡ s♣❡❡❞ ♦❢
♣r♦♣❛❣❛t✐♦♥ r❡s✉❧t ❛♥❞ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥s ❢♦r t❤❡ ✇❛✐t✐♥❣✲t✐♠❡ ♣❤❡♥♦♠❡♥♦♥✳ ❚❤✐s ✐s ❥♦✐♥t ✇♦r❦
✇✐t❤ ❆♥t♦♥✐♦ ❙❡❣❛tt✐ ❛♥❞ ❙t❡❢❛♥♦ ▲✐s✐♥✐ ✭❯♥✐✈❡rs✐t�❛ ❞✐ P❛✈✐❛✱ P❛✈✐❛✱ ■t❛❧②✮✱ ◆✐❝♦❧❛ ❞❡ ◆✐tt✐ ✭✁❊❝♦❧❡
P♦❧②t❡❝❤♥✐q✉❡ ❋✁❡❞✁❡r❛❧❡ ❞❡ ▲❛✉s❛♥♥❡✱ ▲❛✉s❛♥♥❡✱ ❙✇✐t③❡r❧❛♥❞✮✳

❚❤✐s r❡s❡❛r❝❤ ✇❛s s✉♣♣♦rt❡❞ ❜② ◆❘❋❯ ♣r♦❥❡❝t ◆♦✳ ✷✵✷✸✳✵✸✴✵✵✼✹ ✏■♥✜♥✐t❡✲❞✐♠❡♥s✐♦♥❛❧ ❡✈♦❧✉t✐✲
♦♥❛r② ❡q✉❛t✐♦♥s ✇✐t❤ ♠✉❧t✐✈❛❧✉❡❞ ❛♥❞ st♦❝❤❛st✐❝ ❞②♥❛♠✐❝s✑✳

❡✲♠❛✐❧✿ t❛r❛♥❡ts❴r❅②❛❤♦♦✳❝♦♠

✶✽✵



❖♥ ❈❤♦♦s✐♥❣ t❤❡ ■♥✐t✐❛❧ ❆♣♣r♦①✐♠❛t✐♦♥ ❢♦r ❛ ❇♦✉♥❞❛r② ❱❛❧✉❡ Pr♦❜❧❡♠ ✇✐t❤

■♠♣✉❧s✐✈❡ ❆❝t✐♦♥

❙✈❡t❧❛♥❛ ❚❡♠❡s❤❡✈❛✱ ❙❛♥s②③❜❛✐ ❆s❤✐r♦✈

■♥st✐t✉t❡ ♦❢ ▼❛t❤❡♠❛t✐❝s ❛♥❞ ▼❛t❤❡♠❛t✐❝❛❧ ▼♦❞❡❧✐♥❣✱ ❆❧♠❛t②✱ ❑❛③❛❦❤st❛♥
❆❧✲❋❛r❛❜✐ ❑❛③❛❦❤ ♥❛t✐♦♥❛❧ ✉♥✐✈❡rs✐t②✱ ❆❧♠❛t②✱ ❑❛③❛❦❤st❛♥

❲❡ ❝♦♥s✐❞❡r❡❞ ❛ ❜♦✉♥❞❛r② ✈❛❧✉❡ ♣r♦❜❧❡♠ ✇✐t❤ ✐♠♣✉❧s✐✈❡ ❛❝t✐♦♥

dx

dt
= f(t, x), t ∈ (t1, t2) \ {t0}, ✭✶✮

x(t0 + 0)− x(t0 − 0) = p, ✭✷✮

g(x(t1), x(t2)) = 0, ✭✸✮

✇❤❡r❡ x ∈ Rn✱ f : ((t1, t2) \ {t0})× Rn → Rn✱ g : Rn × Rn → Rn ❛r❡ ❝♦♥t✐♥✉♦✉s✱ t1 < t0 < t2✱
❛♥❞ p ✐s ❛ ❣✐✈❡♥ ❝♦♥st❛♥t n✲✈❡❝t♦r✳

❚❤❡ ❞✐✣❝✉❧t✐❡s ❡♥❝♦✉♥t❡r❡❞ ✐♥ st✉❞②✐♥❣ ♥♦♥❧✐♥❡❛r ❜♦✉♥❞❛r② ✈❛❧✉❡ ♣r♦❜❧❡♠s ❛r❡ r❡❧❛t❡❞ t♦
t❤❡ ♥❡❡❞ t♦ ❝♦♥s✐❞❡r t❤❡ ❜❡❤❛✈✐♦r ♦❢ t❤❡ ❢✉♥❝t✐♦♥s f ❛♥❞ g ✇✐t❤✐♥ t❤❡ ❝❤♦s❡♥ s❡ts✳ ❉❡♣❡♥❞✐♥❣
♦♥ t❤❡ s❡❧❡❝t❡❞ s❡t ✇❤❡r❡ t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ♣r♦❜❧❡♠ ✐s s♦✉❣❤t✱ t❤❡s❡ ❢✉♥❝t✐♦♥s ❡①❤✐❜✐t ❞✐✛❡r❡♥t
♣r♦♣❡rt✐❡s✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡ ✐♥✐t✐❛❧ ❛♣♣r♦①✐♠❛t✐♦♥ ✐s ❝r✐t✐❝❛❧❧② ✐♠♣♦rt❛♥t ✐♥ ❝♦♥str✉❝t✐✲
♥❣ ❛♣♣r♦①✐♠❛t❡ s♦❧✉t✐♦♥s ❢♦r ♥♦♥❧✐♥❡❛r ❜♦✉♥❞❛r② ✈❛❧✉❡ ♣r♦❜❧❡♠s ❢♦r ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s✳ ❆
✇❡❧❧✲❝❤♦s❡♥ ✐♥✐t✐❛❧ ❛♣♣r♦①✐♠❛t✐♦♥ ❣r❡❛t❧② ✐♥✢✉❡♥❝❡s t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ✐t❡r❛t✐✈❡ ♣r♦❝❡ss ❛♥❞
t❤❡ ❛❝❝✉r❛❝② ♦❢ t❤❡ r❡s✉❧t✐♥❣ s♦❧✉t✐♦♥✳ ■♥ ❝♦♠♣❧❡① ♥♦♥❧✐♥❡❛r ♣r♦❜❧❡♠s✱ ❛ ♣r♦♣❡r ✐♥✐t✐❛❧ ❛♣♣r♦①✐✲
♠❛t✐♦♥ ❝❛♥ s✐❣♥✐✜❝❛♥t❧② s♣❡❡❞ ✉♣ t❤❡ s♦❧✉t✐♦♥ ♣r♦❝❡ss ♦r ❡✈❡♥ ❡♥s✉r❡ ✐ts ❡①✐st❡♥❝❡✳ ❲✐t❤♦✉t ❛
❝❛r❡❢✉❧ s❡❧❡❝t✐♦♥ ♦❢ t❤❡ ✐♥✐t✐❛❧ ❛♣♣r♦①✐♠❛t✐♦♥✱ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞s ♠❛② ❢❛❝❡ s✉❜st❛♥t✐❛❧ ❞✐✣❝✉❧t✐❡s✱
♠❛❦✐♥❣ t❤✐s ✐ss✉❡ ❝❡♥tr❛❧ t♦ t❤❡ st✉❞② ❛♥❞ r❡s♦❧✉t✐♦♥ ♦❢ ♥♦♥❧✐♥❡❛r ❜♦✉♥❞❛r② ✈❛❧✉❡ ♣r♦❜❧❡♠s✳

❯s✐♥❣ t❤❡ s♦❧✉t✐♦♥ (λ
(0)
0 , λ

(0)
1 , λ

(0)
2 , λ

(0)
3 ) ♦❢ t❤❡ ♥♦♥❧✐♥❡❛r ♦♣❡r❛t♦r ❡q✉❛t✐♦♥




λ0 − λ1 −
∫ t1

t1+t0
2

f(t, λ1)dt

p+ λ1 +

∫ t0

t1+t0
2

f(t, λ1)dt− λ2 −
∫ t0

t2+t0
2

f(t, λ2)dt

λ2 +

∫ t2

t2+t0
2

f(t, λ2)dt− λ3

g(λ0, λ3)




= 0, ✭✹✮

✇❡ ✇✐❧❧ ❝♦♥str✉❝t t❤❡ ♣✐❡❝❡✇✐s❡ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥

x(0)(t) =





λ
(0)
0 ✐❢ t = t1,

λ
(0)
1 +

∫ t

t1+t0
2

f(τ, λ
(0)
1 )dτ ✐❢ t ∈ (t1, t0),

λ
(0)
2 +

∫ t

t2+t0
2

f(τ, λ
(0)
2 )dτ ✐❢ t ∈ (t0, t2),

λ
(0)
3 ✐❢ t = t2.

✭✺✮

❈♦♥❞✐t✐♦♥s ❢♦r t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛♥ ✐s♦❧❛t❡❞ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❡q✉❛t✐♦♥ ✭✹✮ ✇✐t❤✐♥ ❛ ❝❡rt❛✐♥ s♣❤❡r❡
❤❛✈❡ ❜❡❡♥ ♦❜t❛✐♥❡❞✳ ❚❤✉s✱ ♦♥❡ ♦❢ t❤❡ ♠❡t❤♦❞s ❢♦r ❝❤♦♦s✐♥❣ t❤❡ ✐♥✐t✐❛❧ ❛♣♣r♦①✐♠❛t✐♦♥ x(0)(t) ♦❢
t❤❡ s♦❧✉t✐♦♥ t♦ ♣r♦❜❧❡♠ ✭✶✮✲✭✸✮ ❤❛s ❜❡❡♥ ♣r♦♣♦s❡❞✳

❚❤✉s✱ t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ ✐❞❡❛ ♦❢ t❤❡ ❉③❤✉♠❛❜❛❡✈ ♣❛r❛♠❡tr✐③❛t✐♦♥ ♠❡t❤♦❞ ❬✶❪ ❛♥❞ ✐t❡r❛t✐✲
✈❡ ♠❡t❤♦❞s ❢♦r ✉♥❜♦✉♥❞❡❞ ♦♣❡r❛t♦r ❡q✉❛t✐♦♥s ❬✷❪ ❛❧❧♦✇s ✉s t♦ ✜♥❞ t❤❡ ✈❛❧✉❡s ♦❢ t❤❡ ✐♥✐t✐❛❧
❛♣♣r♦①✐♠❛t✐♦♥ ✉s✐♥❣ t❤❡ ✐♥✐t✐❛❧ ❞❛t❛ ❢r♦♠ ♣r♦❜❧❡♠s ✭✶✮✲✭✸✮✳

❋✉♥❞✐♥❣✿ ❚❤✐s r❡s❡❛r❝❤ ✐s ❢✉♥❞❡❞ ❜② t❤❡ ❙❝✐❡♥❝❡ ❈♦♠♠✐tt❡❡ ♦❢ t❤❡ ▼✐♥✐str② ♦❢ ❙❝✐❡♥❝❡ ❛♥❞
❍✐❣❤❡r ❊❞✉❝❛t✐♦♥ ♦❢ t❤❡ ❘❡♣✉❜❧✐❝ ♦❢ ❑❛③❛❦❤st❛♥ ✭●r❛♥t ◆♦ ❆P✷✸✹✽✽✽✶✶✮✳

✶✽✶



❘❡❢❡r❡♥❝❡s

❬✶❪ ❉③❤✉♠❛❜❛②❡✈ ❉✳❙✳ ❈r✐t❡r✐❛ ❢♦r t❤❡ ✉♥✐q✉❡ s♦❧✈❛❜✐❧✐t② ♦❢ ❛ ❧✐♥❡❛r ❜♦✉♥❞❛r②✲✈❛❧✉❡ ♣r♦❜❧❡♠
❢♦r ❛♥ ♦r❞✐♥❛r② ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥✱ ❈♦♠♣✉t✳ ▼❛t❤s✳ ▼❛t❤✳ P❤②s✳✱ ✷✾✿✶ ✭✶✾✽✾✮✱ ✸✹✕✹✻✳

❬✷❪ ❉③❤✉♠❛❜❛❡✈ ❉✳❙✳ ❈♦♥✈❡r❣❡♥❝❡ ♦❢ ✐t❡r❛t✐✈❡ ♠❡t❤♦❞s ❢♦r ✉♥❜♦✉♥❞❡❞ ♦♣❡r❛t♦r ❡q✉❛t✐♦♥s✱
▼❛t❤❡♠❛t✐❝❛❧ ◆♦t❡s✱ ✹✶✿✺ ✭✶✾✽✼✮✱ ✸✺✻â❶✏✲✸✻✶ ✳

❡✲♠❛✐❧✿ t❡♠❡s❤❡✈❛s✈❡t❧❛♥❛❅❣♠❛✐❧✳❝♦♠✱ t❡♠❡s❤❡✈❛✳s✈❡t❧❛♥❛❅❦❛③♥✉✳❦③✱ ❛s❤✐r♦✈❴✷✼❅♠❛✐❧✳r✉

✶✽✷



❖♥ ✇❡❛❦❧② ❜❧♦❝❦✲s②♠♠❡tr✐❝ ❢✉♥❝t✐♦♥s ♦♥ t❤❡ s♣❛❝❡ ♦❢ ❛❜s♦❧✉t❡❧② s✉♠♠✐♥❣

s❡q✉❡♥❝❡s

▼②❦❤❛✐❧♦ ❱❛r✈❛r✐✉❦✱ ❚❛r❛s ❱❛s②❧②s❤②♥

❱❛s②❧ ❙t❡❢❛♥②❦ Pr❡❝❛r♣❛t❤✐❛♥ ◆❛t✐♦♥❛❧ ❯♥✐✈❡rs✐t②✱ ■✈❛♥♦✲❋r❛♥❦✐✈s❦✱ ❯❦r❛✐♥❡

▲❡t ℓ1 ❜❡ t❤❡ ❝♦♠♣❧❡① ❇❛♥❛❝❤ s♣❛❝❡ ♦❢ ❛❧❧ ❛❜s♦❧✉t❡❧② s✉♠♠✐♥❣ s❡q✉❡♥❝❡s ♦❢ ❝♦♠♣❧❡① ♥✉♠❜❡rs
x = (x1, x2, . . .) ✇✐t❤ ♥♦r♠

‖x‖ =
∞∑

n=1

|xn|.

❉❡✜♥✐t✐♦♥ ✶✳ ▲❡t S ❜❡ s♦♠❡ ❣r♦✉♣ ♦❢ ✐s♦♠♦r♣❤✐s♠s s : ℓ1 → ℓ1. ❆ ❢✉♥❝t✐♦♥ f ♦♥ ℓ1 ✐s ❝❛❧❧❡❞
S✲s②♠♠❡tr✐❝ ✐❢ f(s(x)) = f(x) ❢♦r ❡✈❡r② s ∈ S ❛♥❞ x ∈ ℓ1.

▲❡t n ∈ N. ▲❡t σ : N → N ❜❡ ❛ ❜✐❥❡❝t✐♦♥✳ ▲❡t bσ : N → N ❜❡ ❞❡✜♥❡❞ ❜②

bσ(k) = nσ(q) + r,

✇❤❡r❡ q ❛♥❞ r ❛r❡ t❤❡ q✉♦t✐❡♥t ❛♥❞ t❤❡ r❡♠❛✐♥❞❡r ♦❢ t❤❡ ❞✐✈✐s✐♦♥ ♦❢ k ❜② n r❡s♣✳ ■♥ ♦t❤❡r ✇♦r❞s✱
bσ ♣❡r♠✉t❡s ✏❜❧♦❝❦s✑ {1, 2, . . . , n}, {n+ 1, n+ 2, . . . , 2n}, . . . ♦❢ t❤❡ ❧❡♥❣t❤ n. ❋♦r ❡①❛♠♣❧❡✱ ❧❡t σ
❜❡ ❞❡✜♥❡❞ ❜②

σ(j) =





2 ✐❢ j = 1,
1 ✐❢ j = 2,
j ♦t❤❡r✇✐s❡.

❚❤❡♥ bσ
(
{1, 2, . . . , n}

)
= {n + 1, n + 2, . . . , 2n}, bσ

(
{n + 1, n + 2, . . . , 2n}

)
= {1, 2, . . . , n} ❛♥❞

bσ(j) = j ❢♦r j > 2n.
▲❡t

Bn = {bσ : σ : N → N ✐s ❛ ❜✐❥❡❝t✐♦♥}.
▲❡t τ : N → N ❜❡ s♦♠❡ ✜①❡❞ ❜✐❥❡❝t✐♦♥✳ ▲❡t

Bn,τ = {τ−1 ◦ b ◦ τ : b ∈ Bn}.

❋♦r ❡✈❡r② ❜✐❥❡❝t✐♦♥ a : N → N, ❧❡t sa : ℓ1 → ℓ1 ❜❡ ❞❡✜♥❡❞ ❜②

sa((x1, x2, . . .)) =
(
xa(1), xa(2), . . .

)
.

▲❡t
Sn,τ = {sa : a ∈ Bn,τ}

■❢ τ ✐s t❤❡ ✐❞❡♥t✐❝❛❧ ❜✐❥❡❝t✐♦♥✱ Sn,τ ✲s②♠♠❡tr✐❝ ❢✉♥❝t✐♦♥s ♦♥ ℓ1 ❛r❡ ❝❛❧❧❡❞ ❜❧♦❝❦✲s②♠♠❡tr✐❝✳ ❲❡
❝❛❧❧ ❛ ❢✉♥❝t✐♦♥ f ♦♥ ℓ1 ✇❡❛❦❧② ❜❧♦❝❦✲s②♠♠❡tr✐❝ ✐❢ t❤❡r❡ ❡①✐st n ∈ N ❛♥❞ ❛ ❜✐❥❡❝t✐♦♥ τ : N → N

s✉❝❤ t❤❛t f ✐s Sn,τ ✲s②♠♠❡tr✐❝✳ ❊✈✐❞❡♥t❧②✱ s❡ts ♦❢ ✇❡❛❦❧② ❜❧♦❝❦✲s②♠♠❡tr✐❝ ❢✉♥❝t✐♦♥s ❛r❡ ✉♥✐♦♥s ♦❢
r❡s♣❡❝t✐✈❡ Sn,τ ✲s②♠♠❡tr✐❝ ❢✉♥❝t✐♦♥s✳

❲❡ ✐♥✈❡st✐❣❛t❡ ❛❧❣❡❜r❛s ♦❢ ✇❡❛❦❧② ❜❧♦❝❦✲s②♠♠❡tr✐❝ ♣♦❧②♥♦♠✐❛❧s ♦♥ ℓ1.

❡✲♠❛✐❧✿ ♠✈❛r✈❛r②✉❦✾✼❅❣♠❛✐❧✳❝♦♠✱ t❛r❛s✳✈❛s②❧②s❤②♥❅♣♥✉✳❡❞✉✳✉❛

✶✽✸



❖♥ ❛❧❣❡❜r❛s ♦❢ ❛♥❛❧②t✐❝ ❢✉♥❝t✐♦♥s✱ ❣❡♥❡r❛t❡❞ ❜② ❝♦✉♥t❛❜❧❡ s❡ts ♦❢

♣♦❧②♥♦♠✐❛❧s ♦♥ s♦♠❡ ❇❛♥❛❝❤ s♣❛❝❡s

❙✈✐t❧❛♥❛ ❱❛s②❧②s❤②♥

❱❛s②❧ ❙t❡❢❛♥②❦ Pr❡❝❛r♣❛t❤✐❛♥ ◆❛t✐♦♥❛❧ ❯♥✐✈❡rs✐t②✱ ■✈❛♥♦✲❋r❛♥❦✐✈s❦✱ ❯❦r❛✐♥❡

▲❡t ✉s ❞❡♥♦t❡ ❜② N t❤❡ s❡t ♦❢ ❛❧❧ ♣♦s✐t✐✈❡ ✐♥t❡❣❡rs✳ ❲❡ ❛❧s♦ ❞❡♥♦t❡ ❜② ℓ∞ t❤❡ ❝♦♠♣❧❡①
❇❛♥❛❝❤ s♣❛❝❡ ♦❢ ❛❧❧ ❜♦✉♥❞❡❞ s❡q✉❡♥❝❡s ♦❢ ❝♦♠♣❧❡① ♥✉♠❜❡rs z = {zn}∞n=1 ✇✐t❤ ♥♦r♠ ‖z‖ =
supn∈N |zn|, ❛♥❞ ❜② L∞[0, 1] t❤❡ ❝♦♠♣❧❡① ❇❛♥❛❝❤ s♣❛❝❡ ♦❢ ❛❧❧ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❛❜❧❡ ❡ss❡♥t✐❛❧❧②
❜♦✉♥❞❡❞ ❢✉♥❝t✐♦♥s y : [0, 1] → C ✇✐t❤ ♥♦r♠ ‖y‖∞ = ess supt∈[0,1]|y(t)|.

▲❡t X ❜❡ ❛ ❝♦♠♣❧❡① ❇❛♥❛❝❤ s♣❛❝❡ ♦❢ s❡q✉❡♥❝❡s ♦❢ ❝♦♠♣❧❡① ♥✉♠❜❡rs s✉❝❤ t❤❛t t❤❡ ❝♦♦r❞✐♥❛t❡
❢✉♥❝t✐♦♥❛❧s ♦♥ X ❛r❡ ❝♦♥t✐♥✉♦✉s✳ ▲❡t

P =
{
P11, . . . , P1m1 , P21, . . . , P2m2 , . . . , Pn1, . . . , Pnmn , . . .

}

❜❡ t❤❡ s❡q✉❡♥❝❡ ♦❢ ❝♦♠♣❧❡①✲✈❛❧✉❡❞ ♣♦❧②♥♦♠✐❛❧s ♦♥ t❤❡ s♣❛❝❡ X ❞❡✜♥❡❞ ❜② t❤❡ ❢♦r♠✉❧❛s

P11(x) = x1, . . . , P1m1(x) = xm1 , . . . , Pn1(x) = xnmn−1+1, . . . , Pnmn(x) = xnmn
, . . .

❢♦r ❡✈❡r② s❡q✉❡♥❝❡ x = {x1, . . . , xm1 , . . . , xmn , . . .} ∈ X, ✇❤❡r❡ mn ∈ N ❛♥❞ mn < mn+1 ❢♦r ❡✈❡r②
n ∈ N. ■t ✐s ❝❧❡❛r t❤❛t t❤❡ ♣♦❧②♥♦♠✐❛❧s ❢r♦♠ t❤❡ s❡q✉❡♥❝❡ P ❛r❡ ❝♦♥t✐♥✉♦✉s ❛♥❞ ❛❧❣❡❜r❛✐❝❛❧❧②
✐♥❞❡♣❡♥❞❡♥t✳ ▲❡t ✉s ❞❡♥♦t❡ ❜② PP(X) t❤❡ ❛❧❣❡❜r❛ ♦❢ ❛❧❧ ♣♦❧②♥♦♠✐❛❧s ✇❤✐❝❤ ❛r❡ ❛❧❣❡❜r❛✐❝ ❝♦♠❜✐✲
♥❛t✐♦♥s ♦❢ ❡❧❡♠❡♥ts ♦❢ t❤❡ s❡t P. ❲❡ ❞❡♥♦t❡ ❜② Hb(X) t❤❡ ❋r✁❡❝❤❡t ❛❧❣❡❜r❛ ♦❢ ❛❧❧ ❝♦♠♣❧❡①✲✈❛❧✉❡❞
❡♥t✐r❡ ❢✉♥❝t✐♦♥s ♦❢ ❜♦✉♥❞❡❞ t②♣❡ ✭t❤❛t ✐s✱ ❢✉♥❝t✐♦♥s ✇❤✐❝❤ ❛r❡ ❜♦✉♥❞❡❞ ♦♥ ❜♦✉♥❞❡❞ s❡ts✮ ♦♥ t❤❡
s♣❛❝❡ X, ❡♥❞♦✇❡❞ ✇✐t❤ t❤❡ t♦♣♦❧♦❣② ♦❢ ✉♥✐❢♦r♠ ❝♦♥✈❡r❣❡♥❝❡ ♦♥ ❜♦✉♥❞❡❞ s❡ts ♦❢ t❤❡ s♣❛❝❡ X.
▲❡t ✉s ❞❡♥♦t❡ ❜② HbP(X) t❤❡ ❝❧♦s✉r❡ ♦❢ t❤❡ ❛❧❣❡❜r❛ PP(X) ✐♥ t❤❡ ♠❡tr✐❝ ♦❢ t❤❡ ❛❧❣❡❜r❛ Hb(X).

❲❡ ♣r♦✈❡ s♦♠❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❛❧❣❡❜r❛ HbP(X). ❲❡ ❛❧s♦ ❝♦♥s✐❞❡r t❤❡ ♣❛rt✐❝✉❧❛r ❝❛s❡ ♦❢
t❤❡ ❛❧❣❡❜r❛ HbP(X) ✇❤❡♥ X = ℓ∞ ❛♥❞ ✇❤❡♥ ✐♥ t❤❡ r♦❧❡ ♦❢ t❤❡ s❡q✉❡♥❝❡ ♦❢ ♣♦❧②♥♦♠✐❛❧s P ✇❡
❝♦♥s✐❞❡r ❛ s❡q✉❡♥❝❡ ♦❢ ♣♦❧②♥♦♠✐❛❧s

I = {I11, I12, I21, I22, I23, . . . , In1, In2, . . . , In,n+1, . . .}

♦♥ t❤❡ s♣❛❝❡ ℓ∞, s✉❝❤ t❤❛t t❤❡ ♣♦❧②♥♦♠✐❛❧s ❢r♦♠ t❤❡ s❡q✉❡♥❝❡ I ❛r❡ ❞❡✜♥❡❞ ❜② t❤❡ ❢♦r♠✉❧❛

In,k+1(z) = zn(n+2)(n−1)
2

+(k+1)

❢♦r ❡✈❡r② s❡q✉❡♥❝❡ z = {zn}∞n=1 ∈ ℓ∞, ✇❤❡r❡ n, k ∈ N ❛♥❞ k = 0, n. ❲❡ ♣r♦✈❡ s♦♠❡ ♣r♦♣❡rt✐❡s
♦❢ t❤❡ ❛❧❣❡❜r❛ HbI(ℓ∞). ❲❡ ❛❧s♦ ♣r♦✈❡ t❤❛t t❤❡r❡ ❡①✐sts ❛ t♦♣♦❧♦❣✐❝❛❧ ✐s♦♠♦r♣❤✐s♠ ❜❡t✇❡❡♥ t❤❡
❛❧❣❡❜r❛ HbI(ℓ∞) ❛♥❞ t❤❡ ❋r✁❡❝❤❡t ❛❧❣❡❜r❛ ♦❢ ❛❧❧ ❡♥t✐r❡ s②♠♠❡tr✐❝ ❢✉♥❝t✐♦♥s ♦❢ ❜♦✉♥❞❡❞ t②♣❡ ♦♥
t❤❡ ❈❛rt❡s✐❛♥ ♣r♦❞✉❝t ♦❢ t❤❡ s♣❛❝❡ L∞[0, 1], ❡♥❞♦✇❡❞ ✇✐t❤ t❤❡ t♦♣♦❧♦❣② ♦❢ ✉♥✐❢♦r♠ ❝♦♥✈❡r❣❡♥❝❡
♦♥ ❜♦✉♥❞❡❞ s❡ts✳

❡✲♠❛✐❧✿ s✈✳❤❛❧✉s❤❝❤❛❦❅❣♠❛✐❧✳❝♦♠

✶✽✹



P❧❛st✐❝ ♣❛✐rs ♦❢ ♠❡tr✐❝ s♣❛❝❡s

❖❧❡s✐❛ ❩❛✈❛r③✐♥❛

❱✳◆✳❑❛r❛③✐♥ ❑❤❛r❦✐✈ ◆❛t✐♦♥❛❧ ❯♥✐✈❡rs✐t②✱ ❑❤❛r❦✐✈✱ ❯❦r❛✐♥❡

❉❡✜♥✐t✐♦♥ ✶✳ ❆ ♠❡tr✐❝ s♣❛❝❡ (M,d) ✐s ❝❛❧❧❡❞ ❡①♣❛♥❞✲❝♦♥tr❛❝t ♣❧❛st✐❝ ✭❜r✐❡✢② ❊❈✲♣❧❛st✐❝✮ ✐❢ ❡✈❡r②
♥♦♥✲❡①♣❛♥s✐✈❡ ❜✐❥❡❝t✐♦♥ F : M →M ✐s ❛♥ ✐s♦♠❡tr②✳

❉❡✜♥✐t✐♦♥ ✷✳ ❆ ♠❡tr✐❝ s♣❛❝❡ (M,d) ✐s s❛✐❞ t♦ ❜❡ str♦♥❣❧② ♣❧❛st✐❝ ✐❢ ❢♦r ❡✈❡r② ♠❛♣♣✐♥❣ F :
M → M t❤❡ ❡①✐st❡♥❝❡ ♦❢ ♣♦✐♥ts x, y ∈ M ✇✐t❤ d(F (x), F (y)) > d(x, y) ✐♠♣❧✐❡s t❤❡ ❡①✐st❡♥❝❡ ♦❢
x̃, ỹ ∈M ❢♦r ✇❤✐❝❤ d(F (x̃), F (ỹ)) < d(x̃, ỹ)✳

❚❤❡s❡ ❞❡✜♥✐t✐♦♥s ♠❛② ❜❡ ❡①t❡♥❞❡❞ t♦ t❤❡ ❝❛s❡ ♦❢ t✇♦ ❞✐✛❡r❡♥t ♠❡tr✐❝ s♣❛❝❡s✳ ❚❤❡ t❛❧❦ ✐s
❞❡✈♦t❡❞ t♦ r❡s✉❧ts ❝♦♥❝❡r♥✐♥❣ ♣❧❛st✐❝✐t② ❛♥❞ str♦♥❣ ♣❧❛st✐❝✐t② ♦❜t❛✐♥❡❞ ❢♦r ♣❛✐rs ♦❢ t✇♦ ❞✐✛❡r❡♥t
t♦t❛❧❧② ❜♦✉♥❞❡❞ ♠❡tr✐❝ s♣❛❝❡s✳
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