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Biryu dpocnas, ITerpumuua Poman, Ckyrap Irop Veepednenns 6 yzazarvrenus
CUCTMEMAT 13 NOBIADHUMU | WEUIKUMU 3MIHAMU

Biryn pocaaB, Ilerpumnua Poman, Ykpaineup Ouaer Kpatiosa sadaua s
KOAUBHUL CUCTEM 3 IMNYALCHONW JIEN

Binozepoa Mapis, Henok Ouabra Acumnmomuuni 3006pasicenns po3e’a3kie ou-
Pepenuiarvhux prerans dpy2020 NopadKy 3 HEATHITHOCTAMU EKCNOHEHUIAALHOZO
muny

BobuneB JImutpo Pezyrsapusosari caidu cutzysapHus dupepenyiovHuL onepamo-
pis

Bonnapenko Kupuno, Kiumapeuko Oabra Acumnmomuune po3e’asanms 3a0a4i
ONMUMAALHO20 KEPYBAHHA OAA PIBHANNHA 3 NoTidHot0 XyKkyxrapu 31 weudkokoiue-
HUMU KOCPHIyIeHMam

Bounnapenko Ouabra, IlpanboButuii Mukosa Tonosozo-mempusuti 6AaCmueoc
MHOACUN, GUIHAUEHUT Y MEPMIHAT 300pasicenns wucen padamu Karnwmopa, wo
n06’A3ai 3 nocaidosnicmio Pibonanuyi

Bypruak IBan, Mamunpska I'anuna 3adava ipizae 6 nisnpocmopi 0is preHaHmA
Koamozoposa

Bacunenko Haranisa, Bok FOunisa, Ilpansosutuii Mukoaa Cucmemu wucierms
3 ocnoeoto s i (m + 1)-010 yugporo

Bacuneunko Haramig, Yepuyk Haxia @ynxuisa muny Cepnincvrozo, noe’asana 3
padamu Kanmopa

Baaceuko Mapia Ilepiodu anzebpaivnur mHo206udie

Tony6es Cepriit Acumnmomuuna nosedinka weudko 3MiHHUT piwers dudepenyi-
ANDHO20 PIBHAHMHA 3 HEAHITHICNIO, WO WEUIKO ZMIHIOEMBCA

Topogennkuit Bacuan, Komicauk Pycinana, IIlesuyk Haramia Heaoxaavha
0a2aMOMOYK06A 30 YACOM 3040040 OAL €BOAOUITHO20 PIBHAHHA 3 ONEPATOPOM OPO-
006020 dughepeniitosarma

Tlopoaniit Muxaitno Ilpo obmesiceni pos3e’asku piaHUUEE020 PIGHAHMA 3 KYCKOGO-
CAAUMY ONEPAMOPHUMU KOEPHIYIEHNAMU

I'puimnyk Cepriit Bicapmoniune npodosorcenns 2padichmie
I'pymka Apocaa Esoatouyiting sudumicmsd y MIHAUBUT MHOHCUHAT

dpous Biramiit, Meauacekuii Irop 3Zadava Kowi das 00moz0 xaacy supodstcenus
napadosiynux pienans muny Koamozoposa 3 6a04H010 cmpyrmyporo
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Inbayk Oaexciit Mydarzosi aatinepu ma ix 36’a3ox 3 darecosumu
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NOGEAIHKG COMOULTHUL BKAMOUEHD 3 MHO203HAYHOI NPABOIO YACTNUHOI DLALUL HIIC
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Kopobos Bauepiii, PeBina Terana Poss’asok zadavui cunmesy ois 36ypenoi d6o-
BUMIPHOT KAHOHIYHOT CUCTNEMU

Kopoas 1.I., Henkauuu O.B., CkBopmos 1.B. Jlocaidocenns dugpepenvianvrio-
aA2e0PATUHUT CUCTEM 3 3 IMNYALCHONW 0IEI0 Ma J80MOYKOBUMU KPATIOSUMU YMO-
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HUT 360040L

Jlarumt Amnapiii, Kiumapeuko Ogabra Ichysanna po3s’asky 6 3adawi onmumanv-
H020 KEPYBAHHA CGOMOUITHUMU DYHKUIOHAADHO-OUPEPEHUIAAOHUMY PIBHAHHAMU
HG NI60CT

JlaxBa Pokcojsiana, MoruasoBa BikTopia 3acmocysarns memody ycepedrerms
do tnmeezpo-dudepenyiarvhoi 360441 ONMUMANOHO20 KEPYEAHHS

Jlentok Ouer, Hikitina Oasra, [Iluakapuk Mukona Poss’a3ysanna 3aday ma-
memamuunoi Pizuru memodom 2i6pudHo20 iHMe2pasvbHo20 nepemeopenna Eiaepa-
Becceas na ceamenmi
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Goy Taras Some Toeplitz—Hessenberg Determinants with Schrider Number Entries 132

Gutik Oleg On locally compact shift-continuous topologies on upper and down subsemi-
groups of the bicyclic monoid with adjoined zero 134

Gutik Oleg, Maksymyk Kateryna On semitopological simple inverse w-semigroups
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J1s1 AITEBPU JII sly HA CUMETPUYHI MHOT'OYJIEHU
Jleonin Beapatiok
Xmervhuyvbkutl yHisepcumem, Xmeasvhuybkul, YKpaina

Hexaii P,, — MHOXKHHA BCiX PO3OUTTIB TOBXKUHE He Gibiie n. Po3ourrs A = (A, Ao, ..., \,)
€ BIIOPSIKOBAHUI 3a CIIaIaHHAM Ha0ip HEBiA €MHHUX ILJINX YHCE].

Muorowren lypa sy(x), mo Biamosizae po3ourTio A € P, € MHOTOWIEHOM BiJjI 3MiH-

HUX & = (21, Z9, ..., T,) AKUHA BU3HAYAETHCsI HacTynHEM dunaoM ( auB. [1],[2]):
A1+n—1 A1+n—1 A +n—1
:c}\ ) :ci , x,
1+n— 1+n— A1+n—2
x] x5 ST
N
() det(z;"") ! .y
n—1i n—1 n—1 n—1
det(z™") T T T
n— n—2 n—2
xy x4 ),
1 1 1
Mmuorouenn [Tlypa mnopoazKyoTh KiJblle CAMETPUYHUX MHOTOYJIEHIB Bi/l N 3MIHHUX X1, L2, . . ., Tp.

[Ipsama nepesipka mokasye 1o AudepeHIia bl olepaTopu

Dy = 220, 4 2205 + - - + 220,
D = 2(.1'181 + .1'2(92 + -+ .I'nan),
D_= (3 + 8+ -+ 8y,

BU3HAYAIOTH JIiI0 KOMILIEKCHOI aJreopu sl y Kiabli MHOTOUJIEHIB BiJl 1 3MiHHHX.

Hacrynne TBep/KeHHs BU3HAYAE 3BY2KEHHS II€T i1 HA TiAKIAbIE CUMETPUYHUX MHO-
rOYJIeHIB.

Teopema. Cnpasediusi cniesidHOULEHHA:

(@) D(sa(x))=— > (n+cl)su(=),

pu=A—0eP,
(i)  D(sa(z)) = 2[A[sr(x),
(iid) Di(sa(z)) = 3 c(M)su(=).
p=A+0eP,
CymyBaHHd BiOyBaeThed 3a Bcima miarpamamu FOHra, ki OTpEUMYIOTBCS 3 PO3OUTTS A
MUISIXOM Jo/IaBanst, abo, BiANOBiIHO, BHiydeHns kaitunku [ = (4,7). Tyr i 1 j € Ko-
OpJAMHATAMH KJITUHKH, TOOTO HOMEPAMHU PsiJIKA i CTOBIYUKA B SKOMY 3HAXOMuTbCs [, a
¢(0) nosnauae xonrent miel kmitunkm: ¢(0) = j — .

1. R. Stanley. Enumerative Combinatorics. Volume 2. Cambridge University Press. 2001.

2. I. G. Macdonald. Symmetric Functions and Hall Polynomials. Second Edition, Oxford
University Press. 1995.

e-mail: LeonidBedratyuk@khmnu.edu.ua
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yCEPE,ZLHEHHH B Y3ATAJIBHEHUX CHUCTEMAX I3 INIOBIJIBHMMH I IIBUIKNMIN
SMIHAMMU
Apocnar Biryu, Poman Ilerpumun, Irop CkyTap
Yepriseuvrul nautonasvhut yricepcumem iment FOpia Pedvrosuua, Yrpaina

Ha BigMiny Bifi cucTeM piBHSIHB CTAHAAPTHOTO BUTJIAMY 13 MOBLUIBHUMH 1 TIBUAKHMUI
sMinHuME [1]

d_a = X(7,a,¢),
g; w(T) (1)
7= TY(may),

PO3TISIAETHCS CUCTEMa PIBHAHD 13 3aIi3HeHHIM BUTISLY

da

d_ = €H1X(7—a CLA,QO@),

do () 2)
-

—SO = —7 +€H2Y(7', CLA,QOQ),

dr gr

ae k1 > 0, kg >0,k > 0;¢ € (0,60], 7> 0, a € D CR" D — obmexkena ommyKJa
obractb, ¢ € R™; ap(1) = (a()\lT),...,a(ApT)>, 0 <A < - <A <1, polr) =

(90(917),...,¢(eq7)), 0<f < - <0,<L1.

Jocnimpkenus cucreMu piBHAHD (2) YCKJIQTHIOETHCS BHACIIIOK PE30HAHCIB, yMOBA SIKHX

y TOHUI T
q

> (kv bw(0,7)) =0,

v=1
e ky € Z, ||k + -+ |[Eql| # 0. -
Biamosinna (2) ycepenHeHa 3a MIBHIKHME 3MIHHUME @y, ,V = 1,q, cucreMa pPiBHSHb
HabyBae BULJISLTY

da
d—a = 5){1X0(T, aA),

d; w(T) (3)
e SV N

dr R +é 0(7’, CLA),

e

2 2
1
F0<7-7 aA) = (27T>mq F(T7 CLA,QO@)d(,O@, F= (X7 Y)7 FO = (X(]?YE])
0 0

Y HOBLIOMJIEHH] 3HAMIEHO JOCTaTHI YMOBH ICHYBAaHHS €JIMHOIO JIHMEPEHIIHOBHOIO
PO3B’SI3Ky cucTeMu piBHsiHD (2) i3 movarkoBuMu ymoBamu B Touti 7 = 0, ki 36iraro-
ThCs 3 HOYATKOBUMHU YMOBaMU PO3B’SI3KYy yCEpPEHEHOI CUCTEMU PIBHAHD.

rpyHTyIO‘{I/ICb Ha BCTAHOBJIEHIH OIiHII BiAmOBiAHOTO cucremi (2) ocrusniiinoro inre-

rpaJjia
t+7 s

Ii(7,8,5,¢) = /f(s,a) exp (;—.H/’yk(z)dz>ds, (4)

g (1,e) € [0, L] x (0,&*], e* < &g, OnepKAHO OIIHKY

ella(r,e) —a(r)|| + ™ lo(r,e) = B(7,€)|| < ™™™, (5)
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jae a = k/(mgq), c; > 01 He 3ajexKuTh BiJ €.
OrpumMaHnii pe3yabTaT IPOLTIOCTPOBAHO HA MOAEJIBHOMY HPUKJIAII OMHOIACTOTHOI CH-
cremn

da

= Ve(by + by cos(kp + L)),

de  dy+ 2dyT
dr e
neb,,d, €ER, by #0,dy,dy #0; 0 € (0,1), k,1€Z, k+10=0; a(0,¢) =7, p(0,e) = 0.
Pesonanc y cucremi gocsraerbest npu 7 = 0. Ha Biapisky [0, 1//2] Bukonyernes oninka

la(r,2) — ()| < [bsle e/ + O(9/2) = O(T?),

mo Bignosigae orminii (5).

JlitepaTypa

[1] Cawmoitnerko A.M., [lerpumun P.I. Maremaruani acriektn Teopil HesiHIHIX KoTnBadb. K-
iB: Hayk. aymka, 2004. 474 c.

[2] Biryn .M. IcnyBanusi po3s‘si3ky Ta ycepejHeHHs 6araroToYKOBUX KpafioBux 3aja4 st ba-
raTOYaCTOTHUX CUCTEM i3 JiHifiHO meperBopennmM aprymenTom. Hemiuiitni kosmsamms, 2008.

T. 11, Ne 4. C. 462- 471.
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KPATIOBA SAJAYA JJIAd KOJIMBHUX CHUCTEM 3 IMIIVJIBCHOIO OIECHO
Apocnas Biryn, Poman Ilerpumuna, Oner YkpaiHensb
Yepniseyvkuli Haytonasvhul yuisepcumem iment Opia Pedvrosuua, Yrpaina

Posriignaerbess 6araro4acToTHa CHCTEMa 3 IMITYJILCHOIO JIi€l0 V (biKCOBaHI MOMEHTH
Jacy 1 mapaMeTpaMu:

dz dp  w(T)

B L S 1

dr a’(‘r79077—7ﬂ)7 dr c +b<x>9077-aﬂ)7 ( )
Ax’rsz = 8f<£13', ()07 Tj?ﬂ)7 ASO‘T=TJ‘ = Eg(ZE, 9077—]'7 :u’>7 (2)

B axiit 7 € (0,2me], 754 —7; =2me, j>1, 7 €[0;L], manuii mapamerp € € (0;¢o],
reDCR", ¢eR™ peGCRY DiG - obmexeni obmacti, = (fy, ..., fbs) —
HeBIIOMI ITapaMeTpH.

Bamamo s cucreMu piBHsaHb (1), (2) 6araTroTouKoBi it iHTerpaabHi yMOBH

F(@lr=tys oos Tlr=t,, 1) = 0, (3)

/0 [A(r, &) + clz, o, 7, 1)]dr = 0, (4)

e 0 <t <ty < ..<t. <L r>1 F - (n+ s)-samipunii Bekrop, A(1,e) -
(m x n)-marpung, a,b, ¢, f, g, F' Ha7TeKaTh MEBHAM KJAcaM DIAIKHX i 27-TepIonIHIX 110
PvyV = ]-7m7 Y = (Spla "'7S0'm) (bYHKHIﬁ

Beaxkarumenmo, mo w(7) = (wi(7), ..., wn (7)) € Clom) 1

k

det(%wy(ﬂ);_l# 0,7 € o, L]. (5)

Poss’szarn 3amaay (1) — (4) o3nauae 3naiitu rakuit po3s’a3ok (z(7, p(7)) cucremu (1), (2)
i 3HaUeHHsT Mapamerpa i € G, gKi 3310BOIBHAIOTH yMOBHE (3), (4). s nporo mobyryemo
yCepeIHeHy 3aady

Az _

=A@ ) + o @), )
do — 1

WD b ) + (), (™)
F(§|T:t17 "'7f|‘r:t7~7ﬁ> = 07 (8)

L
| 4o + et rmlar =0, 9)
0

ne @,b,c, f,J MO3HAYAIOTE cepeiHi 10 0 B KyOi mepiozis Binmosimanx dynkiii. 3a3znaun-
Mo, 1110 3aga4a (6)—(9) mpocrima Bix 3ana4i (1)—(4) B meputy gepry Tum, o ycepeaHeHa
cucrema (6),(7) wa Bigminy Bin (1),(2) He migmsirae iMmyabcHOMY BIJMBY. Takoxk, SKIMO
3Hafimeno po3s’a3ok (T(7), ) 3amadi (6),(8), TO JerKo mepeKOHATHC, IO it 3HAXO/Ke-
HHs po3B’st3Ky B(7) 3amadi (7), (9) AOCHTH MPUIYCTHTH, IO

L
da/‘A&@MT#Q e e (0,2,
0

BaszHaunMo, mo ooMezkeHHs (5) Ja€ MOKIUBICTh BCTAHOBUTH ebeKTHBHI ONIHKU OCITH-
JAAMAHEX iHTerpastis i cyM [1], ki icTOTHO BAKOPUCTOBYIOTHCSI TPU OOr PYHTYBAHHI METOLY
ycepeaHennst i cucreMu piBusub (1),(2).
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Y JjlaHOMY HOBLJIOMJIEHHI 3HA/JIEHO JIOCTATHI YMOBM ICHYBaHHS €JIMHOIO PO3B A3KY
(x(7, (1), p) 3amadi (1)—(4) y mazomy okoui po3s’s3ky (Z(7), 1) ycepeanenoi 3anaui (6)—
(9) i ozmeprKaHO OIIHKY

lz(7) = Z(D)ll + [le(r) =2 + |l — 7l < Ke®, 7 € [0, L], € € (0,&],
e Kia< (m+1)"! — gesaki gosaThi crasi, a 1ij HOPMOIO BEKTOpPa PO3YyMIEMO €BK/IiI0BY
HOPMY.
Jlitepatypa

[1] Cawmoitnernko A.M., [lerpumun P.I. Maremarudni acriekTn Teopil HesiHIHIX KoTuBaHb. K-
iB: Hayk. maymka, 2004. 474 c.
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ACHUMIITOTHUYHI 30BPAYKEHHSI PO3B’SI3KIB JANOEPEHUIIAJIBHIX PIBHAHDb
APYTOTI'O IMTOPAIOKY 3 HEJIHIMHOCTSIMU EKCIIOHEHIIAJIBHOT O TUITY
Mapia Binozeposa, Osbra Yemnok
Odecoruti nauytonasvrut ynisepcumem imens 1.1, Meunurxosa, Yxpaina
Leporcasnuti 3axaad "lliedenroyxpaincorut HayionarvHutl nedazo2iunut Yyrisepcumen
wment K. /1. Ywuncorozo”, Yepaina

Posriisnaernes audepenniaabie piBHAHHSA

y" = aop(t) exp (Ro(y,y") +exp (Ri(y, %)) , (1)

e ag € {—1;1},p: [a,w][—=]0,+00] (—00 < a < w < 4+00), Ry : Ay, XAy, —]0, 400 (k €
{0,1}) € menepeppro nudepenniiopaumu yuknismu, Y; € {0, 00}, Ay, abo TpoMiKoK
(12, Y;[! abo 1Y}, y?]. Takox npumyckaersbed, mo dbyHKIIl Ry 3a10BOJBHAIOTH YMOBH

lim Ry (Yo, 1) = +00,

(y0,y1)—(Yp,Y1)
(¥0,y1)€ Ay XAy

yaRk(yoayl)
lim S /7 B Yk, piBHOMIpHO 32 y; #v; (k,4,j € {0,1}).
s By, v)

3 BumesasHaueHnX yMmoB BuiuuBae, mo bynkmi R, (kK € {0,1}) e y gesaxomy cenci
OAM3BKUME 10 TPABUJIbHO 3MiHHEHX dyHKIii [1]. TIpukaagamu Takux GYHKIIH MOXKYThH
cayryBata |yo| ™0 |y, [ % exp(In” [yov]), |0l y1|"** In” |yoy: | Inln |yoy: | Ta GaraTo immux.
Otrxe, knac naudepeHiagbHIX PiBHAHD (1) OXOIUIIOE JOCTATHBO MIHPOKHIl KJIaC iCTOTHO
HeJIIHIRHUX PIBHSHD 3 HEJIIHWHOCTSIMHA €KCIIOHEHITIAIbHOTO THIy. JaCTHHHI BUTIQIKN TAKHUX
PIBHSIHB 3aCTOCOBYIOTHCS ([UB., HAIPUKJIAT, [2]|) mpu AocaiazKeHH] eJINTHYHUX PIBHSIHb,
dKi, B CBOIO Yepry, BUKOPUCTOBYIOThCS JIJIs MOJIETIOBAHHS ITPOIECIB PISHOMAHITHOI MpH-
poru. Yactuunuii Buna ok pisasuus (1) moctimkysases y pobori [3].

Poss’s30k y pisuanusa (1), Busnavenuii na [to, w|[C [a,w|, HasuBaiors P, (Yy, Y, \o)-
PO3B’43KOM, SKIIO

) ) /t 2
Yy fto, w[— Ay, lti/rmy(z)(t) =Y, (i=0,1), lim YOS _ Ao-

it " ()y(t)

OTpuMano acUMIITOTHYHI 300pazkeHHs IPU HPAMYBaHHI apryMeHTY JI0 0COOJHBOI TO-
akn s P, (Yo, Y1, \o)-po3s’s3kiB qudepeniianibaoro pisasHas (1), a TaKOXK JJIs MOXi-
JIHUX TIEPIIOrO TMOPSIKY IUX po3B’si3kiB utst Bumagakis Ag € R\{0,1}. Kpim Toro, orpu-
MaHO HeoOXijHI Ta JOCTATHI yMOBHM iCHYBaHHS TAKUX PO3B’s3KiB y piHgub Buay (1).

Beenemo nmosnavenms:

t, as w = 400,

mo(t) = Do(y) = / exp(—Ro(,y' ((7)))—exp(Ra(7,y (¢(7)))))dr,
t—w, asw < 400, Vo

ne t(y) € obeprenoio dyukIieo a1 y(t),

Y

Dy (7 )
‘1’1(3/)2/ o )dﬂ Zy= lim & (y),
T y—¥o
YO yEAYO

Mpu Y; = +oo(Y; = —o0) BBAKaemo, mo v > 0 (y? < 0).
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>\0](T) 1
W= [ T e

B}, w, asf(/\’\ou ydT < +oo.

Mae wmicre HacTymHaA TeopeMa.
Teopema YmoBu

Ty Xo(Ao — 1) > 0; 7w (H)ap(Mo —1) >0  ast € [a;w],

0.1 ﬁ = im = im I(t) =
y° .1#3 |7 ()] =Y, lm I(t) = Zy, lm NCRIAGDE 1
. HOLAO N Lm0
ttw @ ((I)fl(ll(t))) @fl(ll(t)) X —1" tw  I(¢) ’

I'(t)m, ()P0 (27 (L) N

13%3 D) (D7 (L(1)) DT (L (8)I(t) Y

€ HeoOximHuM Ta gocraruiMu jist icayBanns y piBusuus (1) P, (Yo, Y1, Ao)-po3s’s3kiB y
sunaakax Ao € R\{0,1}.

Binbire Toro, KozkeH Takuii po3B’A30K 3a0BOJIbHSE TIpH ¢ T w HACTYIHI aCUMITOTUYHI
300pazKeHHS

N (L)
(Ao —1) T (t)

y(t) = o (L)1 +o(1)], ¥'(t) = [1+o(1)]. (2)

JlitepaTypa

[1] Seneta E. Regularly varying functions, Lecture Notes in Math., vol. 508, Springer-Verlag,
Berlin, 1976.

[2] Feckan M.; Marynets K. Study of Differential Equations with Ezponential Nonlinearities
via the Lower and Upper Solutions’ Method, Numer. Anal. Appl. Math., 2020, 1(2), 1-7.

[3] Bilozerova M.O. Asymptotic behavior of solutions to second order with nonlinearities, that
are compositions of exponential and regularly varying functions, Bukovinian Math. Journal.

2023, 11, 2, pp. 33-40

e-mail: Marbel@ukr.net, olachepok@ukr.net
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PErvJISIPU3OBAHI CJIOAN CUHTWIAPHNX JUOEPEHIIAJIBHIX OIIEPATOPIB
Amurpo Bobuien
Kpusopisvkutl depocasnutl nedazozivnut yuisepcumem, Yxpaina

Posragnemo B Ly]0, +00) camocupsizkenuii HaniBoOMezkeruit 3uu3y oneparop L 3 juc-
KPETHAM CHEKTPOM, dKWW 3aJaHANH BUPA30OM:

I(y) = (=1)"y®™ (@) + Pam-a()y®" ™ + ... + Po(x)y(x)
Ta, KpalloBUMU YMOBaMU

2m

Bi(y) =Y awy*M0)=0, I=Tm.

s=1

Koedinient Pym—ry(x), k= 2,m € TifiCHAMH, JOKAJIbHO 0OMeKeHUMH (bYHKIIiIMH
Ha jojaTHil miBoci, a Py, o(x) — KyckoBo-ryiaaka dyukiig. Koedinienru a3 € C, [ =
1,m, s=1,2m KpaiioBi yMOBHI fKi 3a0e3METYIOTH CAMOCIPIZKEHEe PO3MHUpenHs L wimi-
MaJbHOTO CHMETPUIHOTO OllepaTopa, MmopozKeroro oneparieio [(y). Hymepyemo B mopsii-
Ky HeclaJlaHHsd BJacHi 3HadeHHA \; < Ay < ... < Ay < ... oneparopa L. Hexait P —
omeparop J00yTKY Ha [ificHo3HavHy, BUMIpHY, oOMexkeny 1 dinitay dbyukmio ¢(x). Ome-
parop L+4+P 3ajummaernbcs caMOCHPSIZKEHUM HAIIBOOMEXKEHUM 3 JUCKPETHUM CHEKTPOM
pr < pp S S e S

Teopema. Hezali ¢(z) = L [ q(t)dt € Var[0,6],0 > 0. Todi

Tz

- [T oo 1 .
Z [“k — A — Q(t)dtl = lim q() (@m(%l’aﬂ) - ;/ﬂm) dz,

e A—400
k=1 0 0

B 1 B
de cp = A" o = N — Nk =23, 1 Op(2,y, 1) — cnexmpanvra Gyrkyia onepa-
mopa

" Bl(y) :07 [ = , 1,

arud die 6 npocmopi Ly]0, +00).

e-mail: dmytrobobyliev@gmail.com
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ACHUMIITOTUYHE PO3B’SI3AHHSI SAJAYI OIITUMAJIBHOI'O KEPYBAHHS OJIA
PIBHAHHA 3 IMTOXIAHOIO XVKYXAPHU 31 MBNAKOKOJINBHUMU KOE®III€HTAMHI
Kupuao Boumapenko, Osbra KiumapeHko
Odecorutl naytonarvrutl ynisepcumem im. 1.1 Meunukosa, Odeca, Yrpaina

[IponioryeThCs 3acTOCYBAHHS METOMLY YCePeTHEHHS 718 PO3B’I3aHHS 33/1a91 ONTUMATb-
HOTO KepYBaHHS HETIHINHOIO KEePOBAHOIO CHUCTEMOIO, KA OMUCYETbCS JTUDepeHIaIbHIM
PIBHAHHAM 3 HOXiJIHOK XYKyXapu 3 MaJIUM [apaMeTpoM, 10 y3arajbHIOE Pe3yJibTaTh
poboru 3] Ha Bunmagok auddepeniaTbHIX PIBHHIHD 3 MHOKHHHO3HAYHOK MPABOIO Ya-
CTHUHOTO.

Posragnemo HemiHITHY 38181y ONTAMAJIBHOTO KePYBaHHS 31 MIBUIKOKOJTUBHUMHA 3MiH-
HUMU:

t
D =F (Lxu(®) . x(0.u0) = )
ge € > 0 — wmaumii mapamerp, T > 0 — 3amana craga, yo € conv(R"™) x : [to,T] —

conv(R"™), F : [to,T] x conv(R™) x R™ — conv(R"™), xo € conv(R"), u(t) — BexTOp
KepyBaHHs, u : [to, T] — R™, u(t) € U C comp(R"), 3 kpurepiem sikocTi

J:u] = /0 L(t, x:(t), u(t))dt +P(x: (T)) — 0. (2)

[Tosnaunmo gepe3 x(t,u) — po3s’sa30k 3amadi (1), akuil BianOBiNac KepyBaHHIO u(t).
[TocTtaBuMO y BIATOBITHICTH yCepeIHEHHY 3a/1a9y ONTHMAJIBHOTO KepYBaHHS

Dhn: FO (777 U’(t))v 77(07 U(O)) = Xo (3)
3 KPUTEPiIMH SKOCT1
Jo [u] :/0 L(t, (1), w(t))dt +®(5 (T)) > inf, (4)
Je o
Jim © /0 F(t, x, w)dt = Fo(x, u), (5)

TYT IHTErpaJl Bil MHOXKMHHOXHAYHOT'O BIJIOOPazKeHHA po3yMieMo B cerci XyKyxapu-Pimana
[1, 2|, a 36ixkuicTb B cenci merpuku Xaycaopda:

lim 7 (F0<X, u),% /O R v, u)dt) 0. (6)

§—00

Cdopayroemo yMoBH, Ki OYAyTb BHKOPHCTOBYBATUCS I JOBEIEHHSI OCHOBHUX PE3YJIhb-
TaTIB.

VYwmosa 1. Jonycmumum Kepysannam € m-sumipri sexmop-gynkuii u(-) maxi, wo u(-) €
U, de u — womnaxmua mmoscuna 6 Ly([0, TY).

VYMmoBa 2. Qynkuyis F(t, x, u) 6usHauwena 1 HENEPEPSHA 34 CYKYNHICMIO apey-
menmis 6 obaacmi Qo ={t>0, x € R*, ue U}, i
1) F(t, x, u) sadososvuae 6 QQ ymosy ainitnozo pocmy 3i cmanoto M, mobmo

[E(t, X, w)] < M(1+[x])

ons 6ydv-axuz (t, x, u) € Qo;
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2) F(t, x, u) sadosorvnac 6 Qy ymosy Jlinwuus sa x € R i u € R™ 3i cmanoio A,
mobmo

h(F <t7 X5 u)7F<t7X17 ul)) S A(h (X7X1) + \u—ul\)
das dosinvnuz (t, x, u) i (t, x1, u1) 6 Q.

Mojtysib BiJi MHOYKUHHO3HAYHOTO Bi/IOOpaKeHHs PO3YMIEMO B CEHCI METPUKHU XayCa0p-

da
YmMmogsa 3. Pisnomipno sidnocro x € R iu € R™ icnye epanuua (6).

VYmoBa 4. Qynruyin L(t, x, u) 6usHaweHa 1 HeNepepena 3a CYKYNHICMIO apey-
meumie 6 obaacmi Q1 = {t €0, T], x€RY ue Rm}, nPUOMY

1) L(t, x, u) pienomipro eidnocro t € [0, T| i u € R™ nenepepena sa x € RY;

2) L(t, x, u) 3adososvuae 3a 3mintor u 6 obaacmi Q1 ymosy Jlinwuus 3 KoHcmMaH-
moro A > 0;

3) pynxuia ® : RY — R nenepepeha 3a X.

lonoBuuit pesyabrar podoTn cHOopMyIbOBAHO ¥ HACTYIIHUX TEOPEMax

Teopema 1. Hexatl suxonyromovea ymosu 3.1-8.4. Todi das dosiavhozo n > 0 ichye
g0 = €0(n, x0) make, wo npu 0 < € < gy daa x(t,u) i n(t,u) pose’asxie s3adaw (1) i (3)
810N061010 CNPABEONUBH OUIHKG

h(x (8, u),n(t, uw)) <n (7)

dan sciz t € [0, T| i eciz donyemumuz kepysans u(t).

Teopema 2. Hexati suxonani ymosu 3.1, 3.4.Todi sadawi (1),(2) i (3),(4) maromo pose’sasku
(XE(t),ul(t)), (n*(t),u(t)) sidnosiono. Ilpu yvomy

1) JX — J§ npue —0;
2) dasa dosiavrozo £ > 0 icnye €9 make, wo npu € < &g

|[J2 = Je(u)] <&, (8)

MoOMO ONMUMAALHE KEPYBAHHA Ycepednenoi 3adayi € matiorce ONMUMGALHUM 044 TNOYHOT
3) icnye nocaidosnicmsy €, — 0,n — 00, makxa wo

X, (1) = " (2) (9)

piehomipro wa [0, T, a

ul (t) = u(t) (10)

6 Ly([0, T)).
Sxwo npu yvomy ycepednena sadaua (3),(4) mae edunutdi poss’azox, mo 30ixcHocmi
(9) i (10) maromo micue npu eciz € — 0.

OTke, 70BejIeHO 301KHOCTI ONTUMATHLHUX KE€PYBaHb 1 ONTHMAIBHUX TPAEKTOPI TO-
anux 3a71a4 (1)—(2) 10 onTHMaIBHOrO KepyBaHHS 1 TPAE€KTODii yeepemuenol 3amadi (3)-—
(4). TIpu poMy ONTHMAJIbHE KEDYBAaHHS YCePeIHEHOI 3a/1a4i € ACHMITOTHIHO ONTUMAJbHE
JIJISE TOYHOT, TOOTO 3 TOYHICTIO JI0 MaJIOr0o lapaMerpa £ peasizyerbcd MIHIMyM KpUTepis
SIKOCTI.
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JlitepaTypa

[1] Hukuhara M. Integration des applications mesurables dont la valeur est un compact convexe
// Funke. ekvacioj., 1967, Ne. 10. — P. 205-223.

[2] F. S. de Blasi, F. Iervolino,Equazioni differentiali con soluzioni a valore compatto convesso
// Boll. Unione Mat. Ital., 1969, Vol. 2, Ne 45 P. 491-501 .

[3] Kiumapenko O. 1. BacrocyBaHHs METO/LY yCEPEHEHHST JI0 33144 OI'TUMAJILHOTO KEPYBaHHSI
JUTst 3BUYaiiHnX sndbepeHniaabHuX PiBHsIHL Ha misoci // YKp. mar. xkypH., 2018, 7. 70, Ne

5. — C.642-654.
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TOIIOJIOrO-METPUYHI BJIACTUBOCTI MHOXKINH, BUSHAYEHNX ¥V TEPMIHAX
SOBPAKEHHSA YNCEJI PAJAMU I(AHTOPA7 1o IMOB’SI3AHI 3 MMOCJIOOBHICTIO
DIBOHAYYI
Ouabra Bongapenko, Mukosaa IlpanpoBurnii
Yrpaincorutd deporcasnuti yrnisepcumem, imens Muxatina pazomanosa, Yxpaina

Y JT0TOBiII PO3TIATAECTHCSI TeOMeTpisd KAaHTOPIBCHKOI CUCTEMHU YHCJIEHHS, TTOPOIXKEHOL
MOCJTIIOBHICTIO OCHOB (Sy,), 1€ s, = 29", (p,) — iacu4aHa nocjaigosricrs Pibonaqdi:
Y1 =1 = Y2, Ynia = ©n + Ppi1. POBNIGIAI0THCT MHOKUHU KAHTOPIBCHKOTO THILY 3
HYJILOBOIO i J1ojIaTHOIO Mipoio JlebGera, 30KpemMa aHOMAaJIbHO (DpaKTaJIbHI.

Hexait An = {07 1,...,2¢" — ]_},W = Al X AQ X ...

JIema 1. Jlaa 6ydv-axozo wucaa x € [0;1] 3 (ay,) € W maka, wo

aq (6%)) Qp
T=—+—+ .+ ——+ .. =Dgas..an
S1 S189 §182...5p,

Ocranuiit cumBostiunuit 3anuc Ay, q,..0, HABUBAETHCH A-300DAHCEHHAM YUCAG Ty Oty —
iforo n-or yudporo.

Teopema 3. Mnootcuna
C = O[A7 H = {35 = Aclcz...cn...>cn 7é 1}

€ Hide He WIABHOM, J0CKOHAN00 MHOHCUNHOIO dodamnoi mipu Jlebeza, axa 0buMucAIOEMBCA

3a Hopmonor0
) 1
— Ul (1 - 2%) > 0. (1)

Teopema 4. Mipa Jlebeza mroocuny

C = C[A, Vn] = {T = Aclcg...cn...acn € Vn C An} (2)

004 UCAIOEMBCA 3G POPMYAOIO
T A \VI
H o) (3)

Hacaigok 1. Muoxuna C, o3HadeHa piBHicTIO (2), € HYIb-MHOKHHOIO JleGera Toi i

TUIBKYU TOJI1, KOJU
Z [An \ Val _
2§9n

Hacainok 2. dxmo A, \'V, = {c,}, ro C[A, V] € muOo)uHOW0 nomarHoi Mipn JleGera.
Teopema 5. Mnoocura
Cr=CIN V) ={x:2=L0¢icyc,.. Cn €V ={0,29" —1}}.

€ dOCKOHAN0I0 AHOMAALHO PPaKmasvroto muoscunoto  [1], mobmo mae nyavosy ¢pa-
Kmaavny posmipricms Iaycdopga-Besurosuya.
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Teopema 6. Hexali gon > 0, gpen—1jn > 0, Gon + gpen—1jn = 1, Bon = 0, Bjn = gon npu
0 < j <29 dynkuia f, osnavena piericmio

00 k—1
f(.’L’ = Aalag...an...) = 60411 + Z ﬁakk Hgajj7
k=2 =1

€ CUHRYAAPHON PYHKUIEI DPO3N0JIAY Kanmopiecvkozo muny [1] 3 anomarvro dpaxmans-
HUM CNEKMPOM.

Teopema 7. Axwio gc,n = 0, gjn, = ﬁ npu j # Cn i Bjn = Gon+ ...+ Gj—1jn, MO Pynruis
f, o3nanena piericmio

f(.T - Aa1a2~..an‘--) = 6a11 + Zﬁakk Hgajj’
k=2 Jj=1

e dynryicro poanodiay keasikanmopiccvrozo muny [1/.

Jlitreparypa

[1] Hpayvosumut M.B. ®pakranbHuit 0iaxijy J0CiPKEHHIX CHHIYISPHUX PO3o/iiis. — Kuis:
Bun-so HILY imeni M. II. Iparomanosa, 1998. — 296 c.

[2] Bondapenxo O.1., Ilpayvosumud M.B. KanTopischbKa cucTeMa YUCICHHS, OB A3BaHa 3 IBiii-
KOBUM psigtoM 1 nocaigosuicrs @ibonauui // 36. upans In-ry maremaruku HAH Ykpainu. —
2017. — T.14, Ne 4. — Kuis: Incturyr maremarnkn HAH Ykpainn, 2017. C.178-187.

[3] Bondapenxo O.I., Bacusewxo H.M., Ilpayvosumut M.B. Kauropiscbka apiitkoBo-
dbiboraguieBacucTeMa YUCTEHHS y 3a7adax Teopil ¢yukmiit// 36ipruk npams IH-Ty Mare-
varukun HAH Vxpaiaun. — 2019. — T. 16, Ne 3. — C. 173 —185.

e-mail: o.i.bondarenko @Qudu.edu.ua, pratsfi4@gmail.com
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BAZLAIIA [LIPIX.HE B HIBITPOCTOPI OJIA PIBHAHHS Ko/aMoropoBa
Isan Bypraak, 'annma Manunbska
Ipukxapnamcorud nayionarvrut ynisepcumem imeni Bacuars Cmepanura, Yrpaina

Mu moctiazKyeMo iCHYBaHHS 1 €IMHICTD KJAACHIHOIO PO3B 3Ky MEPIINOol MilllaHol Kpa-
ifoBOI 3a1a41 B IIBIIPOCTOPI LI BAPOIZKEHOI'0 MapadoJJiYHOTO PIBHSIHHS APYTOro MOPSIKY,
K€ Ma€ BUPOJKEHHs TapabOIidHOCTI IO TPHhOX IPyHaxX 3MIHHUX, IPH IHOMY MU BHKOPH-
CTOBYEMO METO/I IOTEeHIIIa/1iB, PO3B’A3HICTH IIOCTAB/ICHOI 3a/1a4i eKBiBaJIEHTHA PO3B’ A3HOCTI
BIITIOBITHOTO CUHTYJ/ISPHOIO IHTErPAJTHLHOTO PIBHAHHS, IKE € CTHCKYIOYUM BiT00pazKeHHAM
Ipy MaJux ¢ B KJacaX eKCHOHEHIAJIbHUX CHATHUX (DYHKITIH.

Hexait nqy > ng > n3 > nyg, ng = Z?:l nj, nj € N, x = (21,22,23,24), x; € RY, j =
L4, x5 = (Tj1, . Tjny), ' = (2], 22,73, 24), 77 = (0,712, ..., Tjn;), Moy = {(t,2) : @ €
R 0<t<T < +4o0}.

Bayaua Ko mae Buris;

3 Mj+1
Ou(t, ) Z Z:pm ey WU T) — Z@iiu(x,t) = f(t,z),(t,x) € Hor; (1)
j=1 p=1 k=1
u(0,z) = up(x),x € R"™; (2)
u(t,0,2") = ¢(t,2), 2" € R™ 1t > 0; (3)
u(0,0,2") = (0,2'),2" € R, (4)

Axmo f(t, ), up(x), p(t,z") abcomOTHO IHTErPOBHI PA30M 13 TOXITHUMH TIO To1, T3], L41 JO
4eTBEPTO MOPSAAKY BKIIOYHO TO 3ama4a (1)-(4) Mae equnuii KIacuaunii po3s’sa30K Ta

1) f(t,z) 3anoBosnbHsie ymoBy [ebaepa mo x PIBHOMIDHO BiHOCHO f, 3 MOKA3HUKOM
a,0<a<l.

2) f(t,x),uo(x), ¢(t,2") € nenepepsui B 1.

JlitepaTypa

[1] Malytska A. P. Construction of the fundamental solutions of certain higher-order
ultraparabolic equations. Ukr. Mat. Zh.1985,37(6), 713-718.
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CUCTEMM YUCJIEHHS 3 OCHOBOIO s I (m + 1)-010 [IU®POIO
Harania Bacunenko, FOnia Bosk, MukoJsa ITpansoButuii
YOIIIIIO imeni K./I. Yuwurncorozo, Yepaincorut deporcasnuti ynisepcumem imeni
Muzatina Apazomarosa, Yrkpaina

Hexait 1 < s — dikcobane Harypasbhe ducio, A = {0,1,...,m} — andasir; L = A X

A X ... — IpoCTip MOCIiTOBHOCTEH eeMeHTiB andasiTy. Po3risnaeTbes YUCI0Ba MHOKHIHA,
o0
S U —k, . — Ams
E={rv:x=> s =AY, .. () €L}
k=1
Cumponiunumii 3amuc v = AjY,, ,  Ha3HBAECTLCA M;-300pajiCenHAM TACTA.

ITpuksax 1. Ilpu m = s — 1 MaeMO KJIACUYHY S-KOBY CHUCTEMY YHCJIEHHS, IPUA IIbOMY

o ... € S-KOBHM 300pazkeHHs umnces Bijpiska [0; 1], robro £ = [0;1].

Jlema 1. frxuo m < s—1, mo mmuootcuna E € nide ne wiavtoo, camonodibnor MHOHCU-
1ot 3 Ppaxmanvroro poamipricmio Laycdoppa-Besukosuua log, m. HAxuo m > s—1, mo
E =[0; =].

7 s—1

[Muninapom panry k 3 OCHOBOIO C1Cp...Cp, HA3UBAETHCH MHOKHUHA

m — . _ m
Aclzz...ck - {.flf T = Aclzz...ckalag...an..ﬁ Qp € A}

Y jonoBiji OyyTh BUCBIT/IEHI:

1) BracTHBOCTI MUIIHAPUIHAX MHOKIH (BiAPI3KiB, M0 MICTATH HIIHID), BPAXOBY IOUH
crerudiky X MepeKpuTTiB;

2) KUIBKICTh mg-306pazkeHb TOYOK MHOXKUHE F;

3) YMOBH, IO HAKJIAJAIOTHCS HA § 1 M, IPH IKUX MEPETHH JIBOX IUIIH/PIB € IUITIHIPOM
JIESIKOI'O PAHIY;

4) tonomnoro-merpudni i dbpakranbhi BractuBocti MuOXkuH Clmg, V,| = {z : = =
ms : < .
AT s € € Vi, C A} Ta IHITEX MHOKHH 3 OOMEYKEHHSIMI Ha, BKUBAHH IADD;

5) 38’30k MuOKUH C[myg, V;,] 3 MHOXKHHAMI HEMOBHUX CYM YHCJIOBUX DSJIIB TOIIO.

JlitepaTypa

[1] IIpayvosumut M.B. J1BoCMMBOJIBbHI CHCTEMY KOTYBAHHS JIACHUX YHCEJT Ta, 1X 3aCTOCYBAHHSI.
— Kwnis: Haykosa nymka, 2022. — 316 c.

[2] paywvosumuii M. B. @paxranbuuii mijgxis y JOCTIKEHHX CHHIYIAPHIX Po31oiiis. Kuis:
Bun-so HILY imeni M.II Iparomanosa, 1998. — 296 c.

e-mail: vasylenkonm@gmail.com, freeceidea@ukr.net, pratsf444@Qgmail.com
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OVHKIIA TUNTY CEPIIHCHKOTO, MOB’SA3AHA 3 PAJIAMU KAHTOPA
Harania Bacunenko, Hania Yepuyk
Inemumym mamemamuru HAH Vrpainu, Kuis, Yxpaina
YAY imeni Muzxatina /[paecomanosa, Kuis, Ykpaina

Binbmicts y Tonosorivnomy cenci dynkniit 3 merpuanoro npocropy Clo,q) € Hijge He
MOHOTOHHUMH Ta He nuepennifioBauMu. fckpaBumM npuk.aagaoM € ¢pyukiisg CepriHchKOTO
[1], anst 3amabHs sIKOT BUKOPHCTOBYEThCST TPIfiKOBE Ta I'sITipKOBe 300parkeHHs JiiiCHUX
qyuces1. Pi3Hi cuctemu 300pazkeHHs YUCes Ta IEPEeTBOPIOBAYl CUMBOJIIB OJTHOTO 300parkKeHH s
y inie [3| 103BOJIAIOTH PO3MIUPHTH KAcH TaKuX (DYHKIII Ta BUBYATH IX BJIaCTHBOCTI [2,4].

OcHoBHEM 00’€KTOM po3risiay € dyukiisg Tuiny CepHniHcbKOro aprymMeHT sKoi Ipei-
CTaBJEHNUH Y KAHTOPIBCHKIN CHCTeMI YUCJIeHHS 3 MOCIIOBHICTIO OCHOB (S), (s = 2k + 1,
k € N), a 3nauenns byHKII BUSHAYAETHCs 3aJeKHICTIO TUdD (Q3—300parkenHst ducjia,
Bij mudp 300parkeHHHS apryMeHTy.

Hexait A;, = {0,1, ..., sy — 1} — mocuinosuicts andasiris. Busnaunmo na A, muckpe-
THY (DYHKIIIIO

0, akmo o =0,
y(a) =<1, axkmo o € A\ {0, s, — 1},
2, gaKkmo o = S — 1.

st koxkuOT iocaigosroCTi () € L = A:: = A X...x Aj X ... BUBHQYUMO IOCJIJOBHICTH
(cx):
Sk—1 — 1
2 Y
Sk—1 — 1

2

Posrisiaerbest cim’st HenepepsHux Hijge He judepentiiioBnux Ha Biapisky [0; 1] dbys-
KIIiif, apIyMEHT SKOI IMOJA€ThCA KAHTOPIBCHKUM 300parKeHHs AIHCHUX YUCesT 3 MOCiI0B-
HICTIO OCHOB (Sg):

Cr—1, AKIIO Qg 1 7
cp=c=0,¢ =
I —cp1, aKIO Q1 =

(05] (6%) Q.
= — e —— = Al As, =40,1,..., s, — 1},
v 51 - 81 82 et 8182 ...t Sk - oz G =1 o J

a 3HaveHHs (PYHKINT Mae HACTYITHUN ()3-PO3KJIaI
_ (sk) _AQ _
9(@) = 9(AL () on(@)..) = Diisspy.r Pe € Az ={0,1,2},

v(ag), gakimo ¢, = 0,

= (8% s =
fr=nl), B 2 — y(ag), gkmmo cx # 0.
Teopema 1. Qynkuyia g € nenepepenoto wide ne monomornoto wa 6idpisky [0; 1] dynruiero,

npupicm Axoi 1a yuAiHodpi Aé‘i’fjl__dm PaH2Y M GUSHAMAEMBCA 30 HOPMYAOI0 /J’Q(Agisllji)g...dm) =

(—=1)™ ] ga;, ma nedugpeperyitiosnoro 6 koorcniti mouyi sidpisky [0;1].
=1

Teopema 2. 1) Hxwo yo = Ade’dedk‘_., de dy, € A3\{1},k € N, mo mmnoocuna g~ (yo) =

{z: g(x) = yo} pisna yo micmumv eduny moury x = A (sk) — yugdpu 306pa-

HCEHMA AKOT BUSHAMANOMDBCA 3G HOPMYA00:

0, axuwo dp =0,
my =
sp— 1, arxwo dy = s, — 1.

25



2) Sxuwo Qz—306pasicerna MoKy Yo MICMUMb CKinYenHy Kiavkicmo yudp 717, aKi

PO3MAWO0GaHT Ha MICUAT Ky knys - s Kn,, mo muosicuna g~ (yo) € ckinuennor i mi-
cmumov N = (2k,, —1)-...-(2k,,, — 1) mouok. Bokpema, axuo yo = A(i?s 1dm+1dmya -

m

de dpy; € As\{1},7 € N, mo mnoocuna g~ (yo) € cxinuennoro i micmumo N = (2m—1)!!
MOYUOK.
3) Hrwo yo = AdQISdQ._.dk“_, de

dj(yo) # 1, J & {kn},

mo muoscuna g (yo) € KOHMUHYAALHOW.

{dkn(yo) =1, neN

Jliteparypa
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KI1ii, moB’s13aHi 3 306pakeHusaMu dnces panamu Kanropa. 36ipHUK npalb [H-Ty MaTeMaTuku
HAH VYxkpaiau, 2019, Tom 16, Ne 3. — C. 232-243.

e-mail: vasylenkonnn@gmail. com, nadiacercuk@gmail.com

26



[TEPIOAN AJITEBPATYHUX MHOTOBU/IIB
Mapia Biaacenko
Kuiscvka wronra exonomivu, Kuis, Yrpaina

[Iepiogu e KOMILIEKCHI YuC/Ia, 9Ki BAHUKAIOTH IK 3HAaUYeHHsI iIHTerpaJiB aareopaiduux
nudeperiaIbHEX HOPM IO TOHOJOTTIHUM IHKIaM. Lle moHATTs, BBemeHe AeKcaHIpoM
I porenaikom y 1960x, cTajo ofHi€0 3 HeHTPAJILHAX TeM y apudMeTuuHii reomeTpii. MuoO-
JKMHA TePIoJIiB € 3J1iYeHHOI0 1 BKJIoYae B cebe asirebpaivni uncsia. Mu orjisineMo Teopito
nepiofiB 3 eJeMeHTapHOI TOYKH 30Dy, sKa Oyiaa chopMmyaboBaHa 3aripoMm ta KoHIiesigem
y 2000x. Takox 3rajaeMo y3arajpHeHHs TpYIH lagya Ha Taki ducaa i copMyIioemo
rimoresy I poreniika.

e-mail: masha.vlasenko@gmail.com
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ACHUMIITOTUYHA IMOBEAIHKA IMIBMAKO 3MIHHUX PIINIEHb AJMOEPEHUIAJBHOI'O
PIBHSHHSA 3 HEﬂIHIﬁHICTIO, 10 MIBUAKO 3MIHIOETBHCHA
Cepriii T'ony6er
Odecorutl naytonarvrutl ynisepcumem im. 1.1 Meunukosa, Odeca, Yrpaina

Posrignaerbest 1BodIeHHe HeaBTOHOMHE JudepeHIiaJbie PiBHIHHS YeTBEPTOro IO-

pAIKY BULY

y W = aop(t)p(y) (1)

ae o9 € {—1,1}, p : [a,w]—]0,4+00] -HemepepBHa byHKIA, —00 < a < w < 400,

¢ Ay, —]0,400] — apiui HemepepBHO AudepenmiiioBana byHKIsg Taka, mo @ (y) #
. _J axkmo 0,

0 nme y€ Ay, hmyyez?o p(y) = JKIO 400,

2
- eW)¢"(y
lim y—v, ( ,)2( g )
yEAYO <P y

JIO 1UX yMOB, (DyHKIIiS ¢ Ta il mepiia MmoxijgHa HepHioro HOPsJIKY € MIBUJIKO 3MIHHUMHU
dyuxmiamu npu y — Yy. g gudepentiaibHux piBHAHB JPYTOro i TPETHOTO MOPSIKY
3 IPABOK YACTHHOK TAKOK CaMolo, siK 1 B (1), acCHMOTOTHYHY MOBEIIHKY PO3B’SI3KiB J0-
crimkyBaan B poborax Esryxosa B.M., [llapait H.B., Yepnikosoi A.I'., Xappkosa B.M.
[1-5]. ¥V nanoMmy JOCTiJIZKEHHI BCTAHOBIIOIOTHCS ACHMITOTHYHI BJIACTHBOCTI PO3B’SI3KiB,

=1, Y, nopisnioe 0 abo £00, Ay, - 0THOCTOPOHHI#T oKia Y). BinmosinHo

KL JIOC/IJIZKYBAJIUCH PaHillle 1iJ| 9ac po3riisaiy JaudepeniiajibHuX piBHAHDb 3 HeJIHIITHO-
CTSIMH, IO TPABIJIbHO 3MIHIOIOThCsI, a came Tak 3BaHux P, (Y, Ag)-po3B’a3KiB.
Buznauennsd.

Posp’si30koM y nudepennianbuoro pipustibg (1) wasuBaetbest P, (Yy, A\g)-po3B’a30K, je
—00 < g < 400, AKINO BiH BU3HAYEHUI HA BIAPI3KY [to, w|[C [a,w] 1 3810BOIbHSIE HACTY-
gakmo 0,

. — . (k) —
nauM ymoBam y(t) € Ay, upu  t € [to,w], ltlTIOIJl y(t) = Yo ltlTrorle (t) kIO - 00,

(k=
1,2,3), hm% = Ag. B zaniit pobori M0CTIIKYEThCS BHIAI0K, KO A\g = 1

(ocobmBmit BI/IHa,ZLOK). JInst nporo yBeeMo HaCTYIHI JIOTOMIYKHI TO3HAYEHHST

t 1
I &1 (g J, ! &1 (g J, o Ji
— fpé (1), qlt) = ( a(0;3(fz)(t))) . H(t) = (0. (O(t)g(a(og]o(t()))o o(t)))7
pr Oé()J()( )) d’T JQ f Jl dT J3 f Jg

ae FpaHI/IL[H inTerpypanasg A; m0opiBHIOE a60 w abo craJiif i BHSHaqaeTbCH TAKUM YHHOM,
o6 iHTerpaJ npsaMysas abo 1o 0 abo mo +o0o. s piBHsiHHA (1) cipaBeInBOIO € HACTY-
IHa TeopeMma.

Teopema 3. Jlasa icnysannsa Pw(Yy, 1)-poss’askie dudepenyiarvnozo pienannus (1.1) ne-
0021010, U0 BUKOHYBANUCA HACTNYNHE HEPLBHOCTIV

Qoly > 07 aOMOJO(t) <0 npu t G]CL,M[, (2)
oo <0 arkwo Yo=0, aorg>0 akwo Yy= too, (3)

1 YMO8U
cwh(t) A0 O KO @ k@)

O Lagho(t))  Si(t)  Rt) " Ts(t) T @ L(an(t))

: _ - mu(t)(@ (0 ho(1) . _
WO =% T ane) T W ae
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Kpim mozo, das k00tcH020 makozo po3e’asky maomv micue npu t T W acumMnmomuumi
6idobpascenna
y(t) = @~ aoJo(t)) [L +o()H'(1)]

Y (t) = aoJs(®)[1 +o(1)],  ¥"(t) = ana()[1+0(1)],  y"(t) = aei(t)[1+o(1)]  (6)

Kpim Toro, 3a jgedgkux g01aTKOBUX 0O0MezKeHb, KpiM HEOOXiIHMX YMOB, 3’ SCOBAaHO ITH-
TaHHs 1IPO (paKTHYHE iCHYBaHHA PO3B’A3KiB i3 3a3HAYEHUMH ACUMITOTHIYHUME BigoOpa-
Kenugmu 3 Teopemu 1, mpu IIbOMY BHKOPHUCTOBYIOTHCS Pe3yJIbTaTH poOOTH €BTYXOBa,
Camoitenxo [6)].
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HEJTOKAJIBHA BATATOTOYKOBA 3A YACOM SAJAYA OJISA EBOHIOHIﬁHOFO
PIBHAHHS 3 OIIEPATOPOM JPOBOBOTO JUOGEPEHIIIIOBAHHSA
Bacuas T'opogenbkuii, Pycinana Kosicauk, Haramia I1leBuyk
Yepniseyvrutl nayionasvruli ynisepcumem, Yepwisui, Ywpaina

Pizni kiaacuani GyHKIIOHATIBHI TPOCTOPH (HAIPUKJIAT, COOOJEBCHKI, aHATITHIHUX (DY H-
KIiiii, Heckingenno audepennifiopanx ynkuiil i posnogiais IIBapra) MokHa po3ymiTn
K MO3UTHBHI #I HEraTUBHI IIPOCTOPH BiIHOCHO Lo, 0OYymOBaHi 3a (DYHKIIAME Bijl omepa-
Topa audepeHiiioBanasg abo MHOXKEHHSI Ha He3aJeKHy 3MiHHY, a00 SK HPOEKTHBHI Ta
IHJIYyKTUBHI rpaHulli Takux mpocropiB. ¥ poborax l'opbauyk B.I. Ta [opbauyka M.JI.
JIOCJIJIZKYETHCA HEJIOKAJIbHA 0araToTOYKOBa 3a 4acoM 3aj@ada y niBnpoctopi t > 0 jjis
nudepeHIiaTbHO-0mepaTopHoro piBHsHHSA Ou/0t+Au = 0, ne A = |D,|%, D, = d/dx, o €
(1,4+00) \ {2,3,4, ...} — npobosuii creninb Mouy/Is oneparopa audepeniioBants. lanuii
oIrepaTop MOZKHA PO3TJIAIATH K aHAJOT OollepaTopa ApobdOBOro audepeHIiioBanas Beits,
SIKU{i BUKOPUCTOBYEThCS y Teopil nepiognunnx dbyukiiii [1]. Jocaimpkysana 3amada € y3a-
rajabHeHHsIM 33/a4i Kol y Bumajky, Ko modarkoBa ymosa u(t, -)|—o = f 3aMiHIOTHCS

YMOBOIO
Z peult, =, = f,

ae tg = O, {tl,...,tm} C (0,+OO), 0 <t <ty < L <ty < H00, {/Lo,,ul,...,,um} C
R, m € N, — dikcoBani yncia (akmo po = 1, g = ... = fy, = 0, TO MaEMO, OYEBUHO,
sayjaay Kormi). Bkazama yMoBa TPaKTYeThCsl y KJIACHIHOMY PO3yMiHHI afo B caabKoMy
ceHci, skmo f — y3arajgbHeHa (pyHKIlisl, TOOTO K I'PAHUYHE CITIBBIIHOIICHHS

Zuk lim (u(t,-), 0) = (f, ¥),

t—)tk

Jist 10BLIBHOT YHKIIT ¢ 3 ocHOBHOTO mpoctopy (TyT (f, ) no3navae i GyHkiionasa
f na ocuoBHy dyHKi0). Taka HeJOKaJIbHA 3a YAaCOM 3ajada BiHOCHTHCS 0 H6AraToTo-
YKOBHUX 3a7a4 J/isT (DyHKIIOHAIBHO-OMEPATOPHAX DIBHSIHB (OIS Mpallb, MPHCBIYEHNX
HEOKAJIbHUM 3aJ1adaM st JudepeHIiaJ bHO-0IepaATOPHUX PIiBHAHD 1 PIBHAHb 3 YaCTHHHU-
MU TOXITHUMH, JIUB., HATPUKIAT, y [2]).

Y poboTi 10BeIeHO KOPEKTHY PO3B’I3HICTDh 3a3HaUYeHOl 3a/1a9i 3 MOYATKOBOIO (DYHKITI-
€10, K& € €JIeMEHTOM MPOCTOPY y3ara/ibHeHUX (PYHKIII{l TUIY PO3IOIIIIB, HABEJICHO aHa~
miTHgHe 300paKeHHsT PO3B’I3KY, JOCTIZKeHO MOBEIIHKY DPO3B’s3Ky u(t,z) npu t — +00
(cTabimizamig poss’sa3ky). Beranosneno (3|, mo koxkHuil nceBnogudepeHIiaibHuii ome-
parop (y BUIAJKY OfHIEl He3aMeKHOI 3MIHHOT), TTOOYI0BAHWH 33 OJHOPIIHOK QYHKIIEH
HOPSIKY v, He audepeHIiiioBHon y Toumni 0, 30ira€Thcs 31 3By:KeHHSIM olepaTopa A Ha
JIeSAKHIT JIOKAJIbHO-OIY KNI TOTOJIONYHUI HPOCTIp, KU € NPOEKTUBHOIO I'paHUIEio Ha-
HAXOBUX MPOCTOPIB, HEIIEPEPBHO BKAJIECHUX OJINH y OJUH.

1. Topogenpkuit B.B. MHOXWHI TOYaTKOBUX 3HAYEHD TIAJKAX PO3B I3KIB AnepeHIiaIbHo-
omepaTopHUX PiBHAHB mapabostianoro tumy. — Yepnismi: Pyra, 1998. — 219 c.

2. T'opomenpkuit B. B., Maptunrok O. B. 3agada Ko Ta HemokaibHi 3a1a4i i €BOJIIONIH-
HHUX PIBHAHB MEPIIOTO MOPAAKY 3a 9acoBOI0 3MinHO0: Monorpadia. — Yepnismi: Bumas-
muauit gim ,,Pomosin”, 2015. — 400c.

3. B.B. l'opogenskuii, P.C. Komicauk, H.M. Ilesuyk. Hesiokanbhaa 3a dacoM 3ajada s
eBOJIFOLIIITHOIO PIBHSIHHS 3 olleparopoM Apobosoro judepenniooBannst // Heniniiini kosu-

Bauusd. — 2021. — T.24, Ne 4.— C. 439-459

e-mail: v.grodetskiy@chnu.edu.ua, r.kolisnyk@chnu.edu.ua, n.shevchuk@chnu.edu.ua
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IIPO OBMEXKEHI PO3B’ 3K PISBHUIIEBOT'O PIBHAHHS{ 3 KYCKOBO-CTAJIMMU
OIIEPATOPHUMMU KOE®IIIEHTAMU
Muxaiisio T'oponmiii
Kuiscvrutl nauionasvruts ynisepcumem iment Tapaca llesvwenxa, Kuis, Yxpaina

Hexait X — kommrekcuuii 6anaxis mpocrip, L(X) — mpoctip giniifnux HemnepepBHUX
omepartopis, mo mioTh i3 X B X. Yepes o(T') moznagatuMeMo CeKTpaJbHUil paaiyc ome-
paropa T' € L(X).

Badikcyemo narypasbue qucio p ta oueparopu A, B, Ay, Ao, ..., A, 3 L(X) i po3ris-
HEMO Pi3HHUIIEBE PIBHSIHHS

Tpi1 = ATp +Yn, n>p+1,
Tp+1 = Anxn + Yn, 1 <n< b, (1)
Tpy1 = Bz, + Yn, M < 07

y askomy {yn,n € Z} —3anana, a {x,,n € Z} — nykaHa nocJai0BHICTH eJIeMeHTIB MPOCTODY
X.
Hokmagemo Ajp = ApAr_1...A;, 1 < j <k <p. CopaBiKyeTbcd Taka TeopeMa.

Teopema 4. [1] /lasa mozo wob pisnuuese pisnanua (1) mano dia 006iavHoi 0bmescenoi
nocaidosrocmi {y,,n € Z} edunui obmescenutds po3s’azok {T,,n € Z}, neobxiono i do-
CMammvLo, Wob BUKOHYGAAUCH MAKT YMOBU:

il)c(A)NS=a2,0(B)NS =;

i2) A1x(X4(B)) — nionpocmip ¢ X, a makxoorc onepamop Ay, 6ickmusno 6idobpasicac
X1 (B) na A1 (X1(B)) daa koocrnozo 1 < k < p;

i3) Ipocmip X poskaadacmuvea 6 npamy cymy X = X_(A)+A1, (X (B)) ceoir nidnpo-
cmopie X_(A) i A,(X4(B)).

Takok npu BUKOHAHHI yMOB TeopeMu | OTPUMAHO ABHUN BUIJISJ BiIIOBITHOTO J10
obMeKeHOT moC/inoBHOCTI {Y,, N € Z} €1uHoro o6MekeHoro pos3s’s3ky {z,,n € Z} pi-
3HUIEBOrO piBHsHHS (1).

Bizomo, 1o ajis JTHIKHOTO PI3HUIEBOrO PIiBHAHHS 31 3MIHHUM OIIePATOPHUM KO€MiIi-
€HTOM yMOBA ICHyBaHH$ €JIMHOI0 OOMEKEHOI'0 PO3B 43Ky BUKOHYETHCS TOJII 1 TIJIBKY TO/I,
KOJIA JIJI BiJIMOBITHOTO OJHOPIHOTO PI3HUTIEBOTO PIBHAHHSA BUKOHYETHCI yMOBA, €KCIO-
HEHIIATBHOI IUXOTOMIT (JUB., HAMPUKAAT, [2]). V 3araapbHOMY BHNAIKY MepeBipKa yMOBH
eKCIIOHEHIIaJIbHOT JuX0TOMil HeTpuBiaJibHa. TeopeMa 1 MiCTHTb HEOOXi/IHI 1 JOCTATHI YMO-
BH, dKi 3a0€31e4yI0Th BUKOHAHHSA YMOBH €KCIIOHEHIIAJILHOI JUXOTOMII JIJIsT PI3HHIIEBOTO
piBustnus (1).
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BITAPMOHIYHE MMPOJOBXKEHHA I'PAIICSHTIB
Cepriii I'pumyk
Inemumym mamemamuru HAH Vrpainu, Kuis, Ykpaina

Opni€ro 3 KIacHIHUX 3a/1a4 Teopil audepeHItialbHuX PIBHAHD 3 YACTUHHUME ITOX1THU-
MH € 3aJa4a PO IPOJOBXKEHHS PO3B’3KiB PIBHAHB 3a Me:Kl 00/1aCTl 1X BH3HAYECHHSI.

[Ipu posp’s3yBaHHI KpailoBUX 33734 M1 IJIOCKHX OirapMOHIYHUX (DYHKILH, 30Kpe-
Ma, [OB’SI3aHUX 3 TEOPI€I0 NMPYZKHOCTI, 9aCTO OIJIbII BayKJIUBUM € 3HAXO/KEHHS HE caMol
mrykaHol 6irapmoHiuHoT dyHKIIT, a i1 rpajienra (nuB., Hanpukaaz, |1, 2]).

Hexait R — muOokMHA jgificHux gmces, D — obMerkeHa 0HO3B sI3HA 001aCTh AeKapPTOBOL
maomubn mwiomuan Oy, 0D — Mmexa obnacti D, Touku Ai, Ay € D, Ay # A,; romaaki
»xopaanosi kpusi I', 'y, I'y Hasmexkatbs Mexi 0D 1 MaloTh y SIKOCTI KiHIIB A; Ta As, Kpim
TOro, JaHi TOYKM He HajexKarb xxkoiauii i3 kpusux I', I'y, I's. Toui 0D € o0’ enpannam 'y,
'y ta Ay, Ay, a kpusa [' po3busae muokuay D Ha 1Bi 00MezKeHI 0HO3B SI3HI MHOKUHI
Dy ta Dy, ne mexxa 0D, obnacti Dy, k = 1,2, € o0’ eqnanusam ', I'y,, A; ta Ay, npn mpomy
D e o6’ennannsam obuacreit Dy, Dy Ta kpusoi I

Hexait G — obmezkeHa 0qHO3B a3Ha 00.1aCTh JeKapToBol mwiomunn xOy; Gyukiig v: G —
R mae B G HenepepsHi 10xiani nepiioro nopsiaky ov/dz, dv/dy. Cumbosom gradv 6y-
JIeMO TIO3HAYaTH yrnopsiakoBany napy (0v/dxz, 0v/dy). dkmo dyHkiig v 6irapMoHidHA B
obracti G (Mae B G HemepepBHi TOXiHI 10 4€TBEPTOTO MOPSIIAKY BKIHOYHO 1 33[0BOJIBHSIE
piBugiaasg AAv = 0, e A — Jamnaciad AificHOl UIOMMHK), TO YaCTHHHI OXigHi Ov/0x,
Ov/0y € Takox Girapmoniunumu (yukiisymu B obmacti G, Tomy rpamient gradv Oymemo
Ha3uBaTH OGirapMoHivHuM y 1iit 00/1aCTi.

[Tpeamerom TaHOTO JOC/IIZKEHHS € 3HAXO/PKeHHS HEOOX1AHUX Ta JIOCTATHIX YMOB iCHY-
BaHHsd HENEPEPBHOrO IMPOJOBXKEHHs dYepe3 KpuBy [ OGirapMmoniunmx rpajienTiB grad ug
ta grad us Girapmoniunux ¢byukiii (B D ta Dy BimoigHo) Tak, mob TPOIOBKEHHS
B obstacth D rpajientiB grad u; Ta grad us BuU3HA4YaI0 OirapMOHIYHHE I'DAJI€HT IEBHOI
dirapmoniunoi ¢gpyukmii v B D. IHmumu cioBamMu, moTpibHO 3’ICyBaTH, KOJIH icHY€e OGirap-
MoHiuHa yukmig u: D — R, 3By)Kennd rpajienra gkoi na obaacri D ta Dy 36iraiorbes
BIINOBI/THO 3 T'paJli€HTaMu Halepe 3aanux oirapMoniunux ¢pyukiiiit gradu; Ta gradus.

[MlykaHi yMOBHU NPOJIOBXKEHHS 3HAXOAATHCS Y TepMiHaX I'PAHUYHOI MOBeTIHKH Ha [ 1iii-
CHUX KOMIIOHEHT JIJTsl TOXITHUX BiJAMOBITHUX MOPSAAKIB BiJ aHamiTHaHuX BDYHKIHH (a came:
IPAHUYHOI TOBEJIEHKHU JeAKHX JIHCHUX KOMIIOHEHT aHAJITUIHUX (PYHKINNH Ta IPpaHUIHUX
3HAYEHb MEBHUX KOMIIOHEHT BiJl IX MOXiTHUX APYTOro MOPSAJIKY ), siKi HaOyBalOTh 3HAYEHHST
y KOMyTaTuBHIi JBOBHMIpHIiil GirapmoniuHiii anreOpi (quB., Hanpukaam, |3, 4]), mpuaomy
MeBHi iX mapu [gificHnx KoMMoHeHT y obJiactax Dy, k = 1,2, 36iraoTbcs BiAMOBiIHO 3i
3HAYCHHAMU I'PAJI€HTIB DYHKIIN ug, k = 1, 2.

AHOHCOBaHI pe3yJIbTaTH JETAIbHO PO3IISTHYTO ¥ pobori [5].
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EBOHIOHIﬁHA BUAVMICTB ¥ MIHJINBUX MHOXKMWHAX
Apocaas I'pymka
Inemumym Mamemamurxu HAH Yrpainu, Kuis, Ykpaina

3 IHTYITUBHOI TOYKW 30pPy MIHJIUBI MHOKUHU — Ie CYKYIHOCTi 00’€KTiB, dKi, HA BiJ-
MiHY BiJ| eJleMeHTIB 3BHYANHUX (CTATHIHUX) MHOYKHH, MOXKYThb IepefyBaTH B MPOIEci
nocTiiinux TpancdopMariii (eBoJIIONIT), TOOTO — 3MIHIOBATH CBOI BIACTUBOCTI, 3’ SIBISITUCH
YU 3HUKATH, PO3IAJATUCh HA JIEKLIbKA YaCTUH YU, HABIAKH, JAEKIJIbKa 00’€KTIB MOXKYTh
3/IMBATUCH B OyiuH. KpiM TOro, xapakTep €BOJIIONIT MiHJINBOI MHOYKUHU Ta 11 KOMIIOHEHTIB
MOZKe 3MIHIOBATHUCDH 3aJI€2KHO BiJ| CIOCODY CIIOCTEepezKeHHs, TOOTO, 3a/1€:KHO BiJ CHCTEMHU
BLITiKY. OTKe, MOYKHA CKa3aTH, 10 MIHJIUBI MHOYKHHH OJIMKYL /10 THX “MHOXKHWH' 3 SKHU-
MU MH Ma€MO CIIPaBY B peajbHiil mificHocTi. MoTuBaiiieo A5 mo0yI0B1A Teopil MiHJIUBUX
MHOXKHMH TIOCJIyKuJia 1octa mnpodieva ['isibbepra, T06TO 1mpobsieMa MaTeMaTudHO CTPO-
roro (bOpMyJIIOBaHHS OCHOB TeopeTnu4Hoi (izuku. Kojan Mmu HamaraemMoch 3arjnOUTHCH B
CYTHICTH 00’€KTiB, fKi BUBUYa€ (pizuka Ta JiesdKi 1HIN TPUPOTHUYI HAYKU, MU ITPUPOIHUM
YHUHOM IIPUXOJIUMO JIO HOHATTS MiHJIUBOI MHOXKHMHH. [Ipobiaema MaTemarwdnol dgpopmalii-
3allil TOHSTTS MIHJIUBOI MHOXKUHHU, TOOTO IpobsaeMa HoOYI0BH MATEeMATUIHOI Teopil MiH-
JIUBUX MHOKWH, B pi3HuX popMax craBujach B poboTax He Jidille MaTeMaTukis, aje i
npeCTAaBHUKIB IHIUX NPUPOTHIINX HayK, 30kpema Ouekcanapa Jlesiua, Mixaens Bapa,
Konina Maksrapri, Yapanza Besca, /Ixona Bena. Ha maremarnuno crporomy piBHi Teo-
pist MiHITMBUX MHOXKHH Gys1a mobyaoBana B |1, 2] Ta iHmux poborax aBropa, IPUCBIYEHAX
miit Temarnii. Haiibineir noBHHUil 1 geTaabHUM BUKJIAI TeOpil MIHJIMBUX MHOXKHH MOYKHA
sHaiiTu B |3).

B nmonoBiji mianyeThbcs OOIOBOPHUTH JIyzKe BarK/JAUBE HMOHATTH BUJIAMMOCTI B MiHJIUBHX
MHOKHHAX (sIKe XapaKTeph3ye, HACKIIbKH aJeKBATHHUMHU OJHE JIO OJHOTO MOXKYTh OyTH
OIUCH TOJiH PI3HUMH CIIOCTepiradaMu) Ta pisHi rpajarnii BuaumMocti. 30KkpeMa, Oy/e po3-
[VISHYTO HAUOLIBII CHJIBHY (POPMY BHIUMOCTI — €BOJIONIMHY BUIMMICTH, KOJU JIOBLIb-
Hi 00’e¢aHaHI 0€I0 B OJHINA cucTeMi BIAIIKY eJ1eMeHTapHO-9aCOBI CTAHU IEPEeXOIdaTh B
00’etHaH] J10/1e0 a00 CMHXPOHHI B iHIIH cucremMi BiytikKy. Bakymsi jiuis crieriaabHol Teo-
pii BiTHOCHOCTI Ta 11 TaXIOHOBUX PO3MIUPEHb MIHINBI MHOKWHU € €BOJIONMIITHO BUIMMUAMU,
OCKIJIBKH BOHU OYAyIOThCs K My/bruobpas Zim [P, 5] meskoi 6a30B0i MiHIHBOI MHOXKH-
HH 3 1 MOXKHA JIOBECTH, 0 JOBUILHUI MyIbTHOODA3 € €BOTIONIHHO BUINMAM (IeTaIbHIlIe
quB. |3, subsection 27.3, Assertion 3.27.7|). B nonosizi 6yie po3ryistHyTo 06epHEHY 3819y

Yy KOKHY €BOJIOIIIHO BUIUMY MIHJIUBY MHOXKHHY MOXKHA IIOJaTH Y BUIJISLI MYJITH-
obpas3sa gesskoi 6a30BOI MIHIABOI MHOYKHHM !
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BALLAIIA Kor OJIg OJHOI'O KJIACY BUPOJKEHUX ITAPABOJITYHIX PIBHAHD
TUITY KOJIMOTOPOBA 3 BJIOYHOI CTPYKTYPOIO
Biramiit Ipous, Meauncskuii Irop
Inemumym npuksadnux npobiem mamemamury i Mexaniky, JIveis, Yrpaina
Yuieepcumem “Jlvsiscoka norimexnika”, JIveis, Yxpaina

JocmiazKeHHsT PUCBAYeHEe VIbTPANapabOoTiuHuM PIBHSIHHIM, SIKi 38 BUKOHAHHS TIeB-
HUX YMOB € y3araJibHeHHsIM J00pe BiJIOMOr0 BHUPOZKEHOI'0 MapabOitHOr0 PiBHSIHHSI M-
&dysii 3 inepniero A.M. Koamoroposa [1].

Poszraganatumemo 3agaay Kot ana piBHAHHS

(Sp — A(t,,0,,))u(t,z) =0, (t,x) € I, (1)

Je Ny, Ng, N3 — HATYPAJTBHI Ync/Ia Taki, o ng < Ny < ny, 1= ny+ne+ng; = 1= (1, T9, T3),
Ti = (Tit, oo Tiny )5 © € {1,2,3}; o,y := {(t,2)| t € (0,T], 2 € R"},

no ni 1 n3 n2 9
SB = at — z bijl'h' 812]. — Z bijl'gi 813].,
j=1 \i=1 j=1 \i=1

ni

Alt,2,0,,) = 32 agj(t,2)0s, 0, + 3 ailt, 2)0s, + ao(t, ).
=1

4,j=1

[Mepuuii qudepennianpuuii Bupas 3 (2) y marpuusniit dbopmi mae sursin S = 0 —
(x, BD,), me B — MaTpuIig po3Mipy n X n, gka Ma€ Taky CTPYKTYpY:

O B' 0O
B:=|0 o B?]|, (3)
0O 0 O

B', B? ~ marpuui, cKIaeH] BiAnosiano 3 aitcuux wncen b, i € {1,...,n1}, 7 € {1, ..., na},

b?j, i€ {l,...,n2}, j € {1,....,n3}, O — HynbOBI MaTpui BiANOBITHUX PO3MipiB, D, :=

col(Oryys vy Onyy s Orgys vy Ogyy s Ougy s vy Oy, ), (1) — Cxamsipuuit jiobyrox B R™,
HakJranatorbea ymMoBH:

1 2
A ;. Marpuug (3), B sxiii 60ku B'i B?, 3anucani BinnosinHo y BUrIAmi (gﬁ) i (ﬁ;),
2 2
e Bll, B%, Bf i B% — MaTpHIi BiAMOBIIHO PO3MIPIB Mg X ng, (ng — ng) X ng, N3 X ng i
(ny — n3) X n3 3a710B0IbHAIOTE yMOBY det BY # 0, i € {1,2};

A,. Ienye Taka crana § > 0, o 171 KOXKHOI TOUKH (¢, ) € o7 1 01 € R™ BEKOHYE-
n n
Thesl HepiBHICTD Re Zl a;j(t,x)oy;015 > 0 21 o?..
ij=1 i=1

Kunac piBusnb (1) npu BukonauHi ymoB A ta Ay gacto (Hanpukiaz, B [2]) mo3Hadae-
Thea depes EL,. Bin yszarajibHioe K/iac yabTpanapabo/lidnux pibHaHb Ty Kosmoroposa
Ey,, BBesiennii y monorpadii [3]. PiBusnug tuny (1) 3'aBasiiorbest B Momessax audysii 3
iHepIIi€lo, a TaKoXK IpH JOCHIIXKEeHHI MaTeMaTHIHUX Mojesneil a3ificbKUX OIIIOHIB, KOJHI
3MiHHI, 0 3aJeKaTh Biji TPAEKTODIl IiHK, BKJOYAIOTL 10 HpocTopy cranis. B [2] mia
piBasab (1) Gyno nobymoBano Tak 3BaHuil byHIAMEHTANbHU L-PO3B’SI30K, JOCTZKEHO
floTO BJIACTHBOCTI Ta KOPEKTHY PO3B’s3HIiCTH 3a/1a4i Kori.

Jnst orpuMantst pe3yabrartis Ha KoedinieHTr piBHsiHHS (1) cTaBIATHCS MIe Taki cie-
miaabHI yMOBH ['enbaepa BITHOCHO MPOCTOPOBUX 3MIHHUX:

A;. Koediunientu Bupasy A(t, x, 0y, ) (robro dyukuii a;j, a;, ag) € obmerkenumMu, Heme-
pepernMHE 3a t Ha Biapisky [0, 7] Ta repaepoBUME 3a IPOCTOPOBUME 3MIHHUMHE Y TAKOMY
CEeHCl:
3H; > 0, Jay € (0,1] VY(t,z) € Hpg, Va1 € R™ ¢ |AZa(t,z)| < Hilzg — 2]
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JH, >0, 3H3 > 0, 3o € (1/3,2/3] V(t,x) € o1, Vz € R™, i€ {1,2}, Vhel0,T]:
|AZa(t, x)| < Hy(h3/? + | Xy(h) — 22]2),
| Az AZa(t, x)| < Hylar — 2™ (B2 4 | Xy (h) — 2]2);
JH, >0, 3H5 > 0, Jas € (3/5,4/5] Y(t,x) € U, Vz € R™, i€ {1,3}, Yhel0,T]:
|Aza(t, )| < Ha(h%9? + | X3(h) — 2|*),
| Az ABa(t, x)| < Hsler — 21|* (P + | X3 (h) — 2]),
e Xl(h> = (Xz (h),,Xan(h)),Z - {1,2,3}, le(h) = ZL‘lj,j € {1,...,n1},X2j(h) =
$2j+

ni 2 Py ny n2
—|—h Zlbll]l'h,] € {1, ...,HQ}, ng(h) = X35 +h Zlszl'g@—i— % zl Zlbgjbzlsxlﬂ j S {1, ...,ng},

1= 1= 1=1 s=
h € R§ Aglla(v ZE) = a('v (Ila x27$3)) - a(-, (517 X2, fL‘3)>, A%ga(7$) = CL(-, (Ilvx?v ZL‘3>)—
_a('v (xla 62) xd))a Afcia’(v x) = &<'> (3:17 T2, 1’3)) - CL(-, (3317 T2, 55))7 {'I'a 6} C R™

Ay B Ijo gy icuyors obmexkeni moxifgui Oy 0y ai; 1 Opy,04, 9Ki 33]0BOILHAIOTH 32
HPOCTOPOBUMHU 3MIHHUMHE yMOBY lesibiiepa y cenci As.

B [4] 6y10 noBesieHo, 110 Ko 1715 KoedinieHTiB piBHsHH (1) BUKOHAHYIOTHCS YMOBI
A1—-Aj3, To nig Hboro icuye kiaacuunuit PP3K 7.

Y 1boMy JIOC/IIJIZKeHH] 38 BUKOHAHHS yMOB A1—A, OTpUMaHO KOPEKTHY PO3B SA3HICTD
3aja4i Kol y cnerniajbHIX BAaroBUX MPOCTOPAX, & TAKOXK 1HTErpasbHi 300pakeHHs Kjia-
CHYHUX PO3B A3KiB OJHOPIAHUX PIBHAHD y BUIJIAAl inTerpasiB [lyaccona Big dpyukIiit abo
y3araJbHEHHX Mip, SKHMH 33Ja€ThCs M0YaTKOBAa yMOBa. ONMHUCAHO KJIACH KOPEKTHOCT 3a-
na4gi Kormi.

Orpumani pesyapraru € peasizaniero Bigomoro migxony Einensmana-IBacuiena [3).
Boun MoxkyTh O6yTH BUKOPHUCTaHI JIIs TTOABINNX J0CTiIzKeHb 3a1a4i Korri Ta kpaiioBux
33124 I JIHIHHUX 1 KBa3UTHITHUX BUPOKEHUX MapabOIidHuX PIBHIHDb, a TAKOXK Y Te-
Opil BUIIAJIKOBUX ITPOIECIB TPH BUBYEHHI MapKOBCHKHUX IPOIECIB, TYCTHHOIO WMOBIPHOCTI
nepexony akux € ®P3K mia pipnanp i3 knacy ED.
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IIPO HABJIM>KEHE OIITMMAJIBHE KEPYBAHHSI AJ1gd JUOEPEHUIAJIBHOT O
BKJIIOYEHHS 31 3BYPEHHAMUM B KOE®IIIEHTAX TA HECIKCOBAHUM YACOM
Terana 2Kyk
Kuiscvrutl nauionasvruti ywisepcumem iment Tapaca llesvwenxa, Kuis, Yxpaina

B poborti posrisiaeThes 3a1a9a ONTHMAJILHOIO KePYBAHHS CHCTEMOIO JTudepeHIiaib-
HUX PiBHSHL 3 MHOIMO3HAYHOIO IPABOI0 YACTUHONI, KOSMIMIEHTH SIKOI MICTATH IIBUIKOKO-
JsiBHI 3MiHHI. MiHiMi3alliss KOPIUTHBHOTO IMLILOBOIO (DYHKINIOHAJIY Bi/I0yBa€ThCs Ha He-
¢ikcoBaHOMY YaCOBOMY MPOMIZKKY, Jie KiHIIEBUI MOMEHT 4Yacy BU3HAYAETHCS AK TMEPIIHit
MOMEHT HOTPAILIIHHS (a30BOI TOYKHU HA 33/JaHy 3aMKHEHY OOMEKeHY I IMHOXKHUHY (ha3o-
BOro npocTopy. oBe1eHo po3p’a3HiCTD 1i€l 3a1a4i Ta 06rpyHTOBaHA 3012KHICTH O THMAIb-
HUX pillleHb BUXITHOI 3371a9l 70 ONTUMAJBLHOTO MPOTECY 3a/1adl 3 yeepeTHEeHUMHU MTapaMe-
rpamu. Cutijg BizHaanTu, mo BigoMi 10CKOTO/IHI Pe3yJIBTATH MO0 OOTPYHTYBAHHS CXEMU
yCepeTHeHHs /IS 3a/1a4 ONTHMAIbHOrO KepyBaHHs [1-3] 3acrocoByBasnch Ha dhikcoBannx
JacoBuX iHTepBajax (abo ckiHdeHHMX, ab0 HecKiHYeHHMX). B mawiit poGorti merTon yce-
pe/IHEHHS 3aCTOCOBAHO 10 3aJa4l 3 MOMEHTOM T IEepIIOro JOCITHEHHS IpaHuIl obJacTi,
KU 3a71€KUTh Big kepyBanust (7 = 7(u)).

st dazosoi 3minunol x(t) € R™ i kepyBannst u(t) € R™ po3/isia€TbCsi HACTYIIHA
33/1a49a ONTHMAJJIBLHOTO KepyBaHHS:

@(t) € f (5 2(t) +g(=(t) - u(t), t>0,

z(0) =z
ueU={ueL*0,+o0)||ut)| <& mmamb. t>0} (2)
J(z,u) = /OT [6_6t ~(x(t)) + ||u(t)\|2] dt — inf, (3)

ge € > 0 - maaumii mapamerp, xro € intD, D C R" - 3amana obMerkeHa, 3aMKHeHa MHO-
KuHa, , 0 - 3amani gogarHi mopamerpu, 7 € (0, +00] BU3HAUAETHCSA TK MOMEHT TIEPIIOro
BUXOJY PO3B’s3KYy BKJIIOUeHHs x(t) HA rpanuio obaacti D.

[Ipu mocwTh 3araJbHUX YMOBAX HA MHOTO3HAUHY (DYHKINO f Ta HemiHiitH dyHKIIT g, ¢
B poboTi MOKa3aHo po3B’s3uicTh 3a1a4i (1) - (3).

Jauti, BBazkaro4u, 1Mo B MeTpuili Xaycaopda icuye piBuomipua 1o x € R" rpanurs

fole) = tim = [ ft, 2t (4)

§—00 S 0

PO3TVIATa€MO 3ada9y

y(t) € foly(t) + 9(y(1)) - u(t),

y(0) =
uelU (6)
mezﬂmk&wwm+M@Mw%mﬂ (7)

qe 19 € (0,400] - MoMmenT meprmoro Buxomy y(t) wa OD.

OCHOBHEM pe3yJIbTaTOM POOOTH € JIOBEjeHHSI TOro (hpakTy, IO ONTUMAJIBHHUI IIPOIec
{Ze,u.} 1 3navenns J(z.,u) 3amadi (1) - (3) 36irarorbes npu € — 0 10 ONTHMATBHOTO
nporecy {y, u}, i snavenns J(y, u) 3amaqi (5)-(7). Ile, 30kpema, o3Ha4YaE, MO OMTHMAILHE
KepYBaHHs yCepeJIHeHOI 3a/1a4l MOKe CIyryBaTH HaOJMKEeHHSM JJisl PO3B’sI3KY BUXiTHOI
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IZMOBIPHICHA TEOPIA HEFA—QS 30BPAYKEHHSA YNUCEJI
Bonoaumup €nariu, Mukosa IlpansoBuruii
Inemumym mamemamuru HAH Vipainu, Kuis, Yxpaina

Haramgaemo cyTb mostiocHOBHOTO (s-300pazkeHHs Ta Hera-(),-300parkeHHs JHCes Bil-
pizka [0, 1] . Hexaii Qs = (qo, ¢1, - - - , §s—1) — 3a7anuii iiMmoBipHicHU# (cTOXaCTUHUIH) BEKTOD
3 pogaTHuME KoopauHatamu ( 10610 ¢; > 0,90 + ...+ +qs-1 = 1 = Bs; 00 = 0,841 =
Bi+aq=q+...+q,i=0,1,...;s—1).

Teopema 1. /laa 6ydv-axozo x € [0;1] icnye nocaidosnicmo (a,) € Ly maxa, wo

e k—1

T = Bm(m) + Z Bak(m) H Qoj(z) = Agf,ag,...an... (1)
=2 j=1
00 k—1 0

r=1- N + Z<_1)k7k HqOéj = Aa:,ag,...an..ﬂ (2)
k=2 j=1

de Tn BUSHAYANWTOCA TAK.

1 — Ba,, AKWO N HENAPHE;

In =
Bt AKULO N NAPHE.
Bamue A, .. pagy (2) ioro cymu & HABMBAETBCH (s - 300pAZKEHHAM HHCIIA I,
. _Qs
IPU LIBOMY Ot = Ot () 1-010 uppoIo 1BOro 300pazkennsd. Aunajoriuno, 3auuc AL

psiny (4) i fioro cymu x HazuBaeThCs Hera—Q)s - 300parkKeHHAM YUCJAA T, IPU [BOMY O, =
oy, () n-or0 nudpoIo 1MHOTO 306parkKeHHs.

Posnopin ¢ = Ag%, . € mobpe BupuennM. Bin mae wmernit seGeribepkuii Twm,
TOOTO € YUCTO JMCKPETHHM, YHCTO abCOTIOTHO HEIePepBHHM a00 YUCTO CHUHIYJISPHHUM.
HeoOximHi Ta 10CTaTHI YMOBH HAJIEXKHOCTI 70 KOXKHOTO TUIY Bimomi. [2]

Y J1010BiJIi TPOMOHYIOTHCSI PE3YAbTATH JIOC/IIJPKEHHS PO3TO/ILTY BUIIAIKOBOT BEJINTH-
Hu © = Zgj@z_.@nm, OITC HOTO TOIOJIOrO-METPUYHUX Ta (PppaKTaIbHUX BJIACTHBOCTEI,
CTPYKTYPa TOYKOBOI'O Ta HEIIEPEPBHOTO CIEKTPIB.

Teopema 2. Poanodia sunadkosoi sesununu O € vyucmo duckpemuum GO0 “ucmo Hene-
PEPEHUM, NPUHOMY OUCKPEMHUM AUULE 3¢ YMOBU

M = H maz{pon, - - ., Ps—1.n} > 0.

n=1

Y sunadky duckpemmnocmi 020 MOYKOBUM CNEKMPOM € TEOCMOBH MHOHCUHG He2a-(),-

.. Qs
300pasicenn.a, nPedcmasHurom Axoi € wucro x = N7, . Doy = MAT{Pop, - - - s Ps—1,n}-
Y eunadxy nenepepenocmi 6.6. © mae wucmo abcorromuo HenepepeHuill abo YUCMO CUH-

2YAAPHUT PO3NOJIAN.

HeoOxisni Ta jocrarHi yMOBU CHUHTYJISIDHOCTI 3HafiieHo. Y J0n0BiIl Oy/AyTh HaBejeHi
MiKaBi 9aCTHHHI BUNAIKN abCOTIOTHOI HENIEPEePBHOCTI, KOJIM MIIJILHICTH Ma€ MEeBHY OJIHOPI-
JHICTH TudepeHIiaIbHOr0 XapakTrepy (Ha IMIOMY TPOMIZKKY ).
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ACUMIITOTUYHA ITOBEAIHKA PO3B’4I3KIB AVNOEPEHIIAJIBHIX PIBHAHB 31
MBUAKO SMIHHUMH HEJIHIMHOCTSIMU
B’auyeciaB €BTyX0B
Odecorutl nauionarvrut ynisepcumem wment 1.1 Meunurosa, Odeca, Yrpaina

Posriisnaersest audepeniianbie piBHIHHA

™) = agp(t)p(y), (1)

aen > 2 ag € {—1,1}, p: [a,w][—]0, +oo[- HenepepsHa dyHKIiA, —00 < a < w < 400,
¢ : Ay, —]0, 400]- aBiui HenepepBHO AudepentiiiiopHa dYyHKIIis TaKa, M0

Y

Vi
) #0 mn yeny, lm SWED )
o ey
Yy nopisuioe abo myJito, abo 00, Ay,- ogHobiuHEIT OKin Y.
3riano 3 ymos (2)
/ 1 /
() Nsol(y) o y Yy lim 22O
ely) ¢y =Y o(y)

yEAYO

i Tomy dyukuis ¢ € (qus. [1],|2]) mBunko 3minnoo npu y — Yj.
Posp’s30k y piBasnug (1) HasuBaerbes P, (Yo, Ag)- po3s’sazkom, ge —oo < g < +00,
AKINO BiH BH3HAYCHUI Ha TPOMIXKKY [to, w[C [a,w] 1 3a70BOJIbHsIE HACTYTIHI YMOBI

Y : [to, w|[— Ay, 1tiTISy(t) =Y.

abo 0, _ . [y™=1(t)]?
ltlrrgy (1) = { abo oo (k=1n=1), 1#3 Y™ (t)y=2)(t) = Ao

[Tpu n = 2 acumuroruuna noseginka P, (Yo, Ag)- po3s’s3kiB jaudepeniiaibHOro pis-
ugunst (1) gocaimkysanack B poborax [3-5], a npu n = 3 - B [6-7].

B namniit gomosiai (popMyI0I0THCS OTPUMaHI JIJIs1 3arajibHOTO BATIAQJIKY N > 2 PIBHSIHHS
(1) pesysnbratu HpO HeoOXiHi i gocrarhi ymosu icayBanus P, (Yp, Ag)- po3s’s3kiB, st
aKuX Ag € R\ {0, 5y Z—:f}, a TAKOXK ITPO aCUMIITOTUYHI 300pazKeHHd TaKUX PO3B’SI3KiB
Ta IX MOXIIUX JI0 MOPsaKy n— 1 BKI0YHO. BecTaHOBIEHO, IO /1 KOYKHOT'O TAKOTO PO3B’3KY
MaloTh Micre npu ¢t T w acCUMITOTHYHI 300parKeHHsI

ao [] ao;
0‘1;[2 ” 1+0(1)

e .

1+0(1)] (E=1,n—-1),

y®(t) Aok
y&0(8) — (o — Dmal?)
Ae L
ag; =n—7 ) —(n—7—-1) (j=1n),

t, AKIIO W = +00, )
To(t) = { F— w0, aKmo @ = 400 /7T p(r)dr, A€ {w;a}.
A

Kpim Toro, Bupintyerbest nuTaHHs PO KUIBKICTH PO3B’S3KIB 3 OTPUMAHUMU aCHMIITO-
TUYIHAMHI 300paZKeHHAMU.

Y BUNAJIKY NPaBHJIBLHO 3MIHHOT IPU § — Yy (DYHKILT 0 Pe3yabTaTH PO aCUMITOTHKY
Beix moxkimBux tunis P, (Y, Ag)— po3p’skiB piusuus (1) orpumani B [2].
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KPATIOBA SAJAYA JJId JNOEPEHIIAJIBHO-OIIEPATOPHOTI'O PIBHAHHS 3I
CJIABKOIO HEJIIHINHICTIO
Inskie B.C., Crpan H.I., Boagacska I.1.
Hauiornanrvrnut ynisepcumem “Jlvsiscoka norimexnira”, JIveis, Yxpaina

3adikcyeMo MHOKIHY

N ={vy, eR:keN},

Ky OyeMO Ha3UBaTH CIEKTPOM (DyHKIIIH, SKIIO BOHA Hi/ANOPIIKOBAHA TAKUM YMOBAM:

1) piBHICTB V) = v, CHPABIKYETHCS JHIIE TIPH k = r, TOOTO BimoOpaKeHHs k > vy €
OiexTusHuM BinobpazxkennsM N na muoxuny N

2) vi—o00 npu k—o0.

Beegemo mkany {XNg,(Q)}arer, e XN (), d,r € R, Q C (N x Z), — rinsbepris
npocTip PYHKITI

ae 7(m) = (Inp +i27m) /T, In g — rosoBHe 3HaveHHs Jorapudma, 3i CKagsipHIM 100y~

TKOM
2

(w2, 00, ), = > (T4 [l (1 +m®) wh O m,

(k,m)eq
o 1HAYKYE HOPMY

luC N5, = D @+ o)L+ m?) gl

(k,m)eQ

BBe/eHo IpUIyIeHHs Ipo PicT BeKTopa oy, a came ||ag|| > Clv|?, C >0, By € R.

PosriignyTo 3aja4y 3 HeJIOKAJIbHUMH YMOBAMHU JJId JIHpepeHniaabHO-0IepaTOPHOro
PIBHSIHHS 31 cTaJInMU KoedilieHTaMu Ta HeJTIHIHHOO (c1abK0 HeJTIHIHHOI) TPAaBOW IaCcTH-
HOTO

L(dy, Ayu = Z azAst Azpdfou(t) =ef(u), (1)
8]<n
udf°u|t:0—df°u{t:T:O, so=0,1,...,n—1, (2)

ae s = (s0,5), s =(s1,...,8) €ZY, |5| = so+s1+ ...+ Sy, d = d/dt, koedinienTn az Ta
napamMeTpH € i j € KoMmmuekcHumu yuciaamu (amey = 1L, p #0); A;: X = X i=1,...,p, —
A;: X — X — ninifini omepatopy, o MAIOTDH CIIJIbHE CHEKTPAIbHE 300pPaXKeHHsl, TOOTO
icHy€e ITOBHA OPTOHOPMOBaHA CHCTEMA €JIEMEHTIB Ty € X, a caMe BUKOHYIOTbCS PIBHOCTI

Az = oy, 1=1,....p, keEN,

T JeIKHX KOMILIEKCHUX YUHCeN (v, X — celapadebHuil riIb0epTiB IpoCcTip.
Beranossieno ymosu poss’szuocti 3agadi (1), (2) y mxami { XNy, (Q2)}arer. Po3s’s30k
3a/a4i 3HAiIEHO Y BUIVISII TPAHUIN MOCTIIOBHOCTI rajkux (aHamiTuanux) dbyHKIii 3i
CKiHYeHHO-BUMIpHUX nianpocropis npocropis XN ,.. Jloejenust po3s’sa3nocti 3a1a4i npo-
BeJIeHO 3a iTepaniitnoo cxemoio Herra-Mozepa. Haitboiabinn BazKJIMBUM MOMEHTOM Y CXeMi
Hemra-Mozepa € orpuMaHHS OIIHOK HOPM JIHIAHKX OlepaTopiB, 1[0 BUHUKAIOTH IIPHU 00ep-
TaHHI JiHEpU30BaHUX ONEPATOPIB Yy KOXKHIH iTeparlil aaropuTmy, a OCHOBHA TPY/AHICTh, IKa
3 UM MOB’d3aHa — Iie 1X JiaroHajIbHi eJIeMeHTH, IKi MOKYThb OyTH K 3aBI'OJIHO MAJIHMHU.
Taxum anHOM, HesloKaabHa 3a1a4a (1), (2) € HeKOpekTHOTO 33 A 1amMapoM, a i1 po3B’a3HiCTh
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3a/Ie2KUTh BiJ HpOoO/IeMU MaJuX 3HAMEHHUKIB, JIJId IOJOJIAHHSA KOl BUKOPUCTAHO MET-
puunnit miaxig. Came ToMy po3B’sg3KM 3a/1a4i 3HANIEHO HE HA MHOXKHWHI BCIX mapaMerpin
3a7ia49l, a Ha MHOXKWHI TUX TapaMeTpiB, 719 TKUX BAACHI 3HaUYEeHHS JIHEPU30BAHUX OTe-
paTopiB He € OU3bKUMU J10 HyJsd. [IpobiaeMmy 060poTHOCTI HECKIHYEHHO-BUMIPHOTO JIiHe-
PHU30BAHOrO OIepaTOpa BUPIIIEHO, 3aMIHHBIIN HOr'0O IOCJIIIOBHICTIO CKIHUeHHO-BHMIPHHUX,
HAaKJIaJaHHIM Ha KOKHOMY KPOIIl CXeMH CKIHYeHHOTO YUCIa YMOB Ha MapaMeTpH 3aadil.

e-mail: ilkivv@i.ua, n.strap@i.ua, 1.volyanska@i.ua

43



MY®AHT'OBI JIAMHEPU TA IX 3B’$sI30K 3 ®AJIECOBUMU
Ounexciit Iimbayk
JIvsiscvrull navionasvrut yrnieepcumem iment leana Ppanka, Jlveis, Yrpaina

OcHoBHOI0O MeTOMO Ti€l poboTn OyI0 y3araJpbHeHHS MyQaHTOBUAX ILIOIINH, TaK 100 Y
HUX JOIMYCKAJIHUCA Pi3HI aKCIOMU MapaselbHOCTL, a TAaKOXK BUIA 3a 2 BUMIpHICTh. Jnd mmiel
3a1a4i Oysra oOpaHa akcioMaTHKa JaliHepa, sTKa TPYHTYETbCS Ha IBOX HACTYIHUX aKCiOMaXx:

Jlaitrepom mazuBarumemo napy (X, L), ge — moBiabHa MHOXKHHA TOYOK Ta L — cim’st
NPSIMUX, JJISI STKOT:

e Jlnsg joBuibHUX JBOX TOYOK X,y 3 X icuye eamna npsma L 3 L, Taka mo x Tta y
HaJIe)KaTh L]

e /s moBinmbHOI npsiMoi L 3 L icHYIOTH JBi pi3Hi TOUKHU x,y 3 X, gKi HaJIeKaTh L.

Mydanrosi miomuHu 1e TaKi MPOEKTUBHI ILJIONUHH, JIJId AKUX CIPABIXKYETHCI MaJa
teopema /[lesapra, a came: s JOBLIBHEUX HepeTHHHuX B Toumi o upamux A, B, C Ta
TpuKyTHUKIB abc i a'b'd, e a ta a’ nanexarn A, b ra b nanexars B i ¢ ra ¢ nanexars C,
SKIIO MEePEeTUHU TPOJIOBXKEHD JIBOX Hap CTOPIH HAJIEXKATh MPAMIil, HA dKiil JIEXKUTH TOYKA
0, TO 1 TePeTHH TPETHOI MAPH CTOPIH HAIEKWTH IIifi TpaMiil. [X aKTHBHO TOC/TIIZKyBasa
HiMenbka MaTematukund Pyt Mydanr, Tomy BoHu Ha3BaHi B i1 4eCTh.

Mydanropum saliHepoM Ha3UBATUMEMO JIAHHED 3 aKCIOMOIO, sKa € y3arajJbHeHHSM
MaJiol Teopemn Jlezapra i cnupaeThbca Ha aKCIOMAaTHKY JaifiHepiB, a came: Jd JTOBLIHHAX
pi3HUX napajenbHux, ado mepeTuHHUX B OHil Touri nupsamux A, B, C, D ta pi3aux T090K
a,a’ 3 A, b0 3 Brac d 3 C, gkino nepeTunun npogoBxKenb cropin ab ta a'b’ i be ra b'd
HaJexKaTh [, TO 1 mepeTuH HpoJOBXKeHb CTOPiH ac Ta a'c HajxexuTh D.

TaxuMm 9MHOM, IPOEKTUBHI IJIOMMKUHE, JIJIA STKUX CHPABIZXKYETHCS 3aIIPOIIOHOBAHA aKCi-
oMa, OyIyThb 3BUIHUMU MY(MAHTOBUMHE ILJIOIMIHHAME, OJHAK 3aIIPOIOHOBAHA aKCIOMa MOYKe
CHPAB/IZKYBATUCS 1 /151 aDIHHUX reOMeTpiil.

QajiecoBuM JaifiHEPOM HA3UBATUMEMO JIAfTHED, /s 9KOro: /s JOBIIBHUX PI3HUX Ha-
panenbaux npavux A, B, C Tta tpukyTHukiB abc ta a'b’'cd, ne a ta o/ Hamexxarp A, b Ta
b’ manexarb B i ¢ Ta ¢ manexars C, gakmo croponu ab i a'b’ napasenshi Ta be i b'd —
napaJesbHi, TO CTOPOHH ac Ta a'c¢’ Texk mapaJsesbHi.

st Toro, mob nepeKoHaTUCd y TOMY, 110 akcioma J100pe BU3HaYeHA BUKOPHUCTOBYBa-
JINCS HACTYIHI YMOBH:

® IIpH MPOEKTUBHOMY MOMOBHEHHI MYy(aHTOBOTO JaiiHepa Mae€ YTBOPIOBATUCS MY dhaH-
ropuil jaiunep;

® SKINO MPOEKTUBHUI My(dAHTOBOTO JIafiHED € MPOEKTUBHUM MOTOBHEHHSM JesSKOTO
adinnoro Jiaitnepa, To neit adinnuii jiaftnep Texk € MyQaHrOBUM;

e MydaHrosuii Jaiinep € dajiecoBuM;

e Jie3aproBuii jaitHep, TOOTO JaiHep, /I sIKOTO CIPaBIKYEThcs Teopema /le3apra, €
MydaHTOBHM.

Y xoxi poborm Oy0 mMOKa3aHO, MIO /LIS 3AIPONOHOBAHOT aKCIOMU BHKOHYIOTHCS YCi
BHUCYHYTI BUMOI'H, & TAKOXK OYJI0 JOBEJIEHO JIOIMOMIKHI TBEP/I2KEHHS Ta JIEMHU.
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AKICHA IMOBEIIHKA EBOHIOHIﬁHHX BKJIFOUEHb 3 MHOT'O3HAYHOIO TTPABOIO
YACTHHOIO BLABII HIXK JIIHIHHOTO POCTY
Ouxnekciit Kanycrau, Onekcanap Cramxkunbkuii, FOmxig ®Penopenko
Kuiscvrutl nauionasvruti ywisepcumem iment Tapaca llesvwenra, Kuis, Yxpaina

Pobora npucssgyena BUBYEHHIO TUTAHD IV100aJ/IbHOT PO3B’A3HOCTL Ta HPUTATYIOUUX MHO-
JKUH JiTst TapaboivHuX BKIOYeHb. CTaH IaDTHIMHI YMOBAaMU HA MHOTO3HAYHY (DYHKITIO
B3a€EMO/IIT, dKi 3a0e3MevyI0Th IJI00aJIbHY PO3B d3HICTh, € abo He OLIbIN gK JHHIfTHUN picT
[1], abo HasiBHiCTH HemepepsBHOTO ceekTopy [2]. B naniii po6oti 3a yMOB 3HaKY i pocTy
TUIY peakiig-audy3isd M BCTAHOBIIOEMO II0OAIbHY PO3B’SI3HICTH B (pa30BOMY MPOCTOPI
L2, JTjist BLAIOBIIHOT MHOTO3HAYHOT PO3B 43YI040T HAIIBIPYH (M-HALIBIIOTOKY ) J0BEIEHO
icayBanusa B dpazoBoMy mpocTopi L? riiobaabHOTO aTpakTopy - KOMIAKTHOI iHBapiaHTHOI
MHOKUHH, 110 MPUTATYE BCi TPAEKTOPii piHOMIpHO 1O obMexkenum (B L2- HOpMi) mova-
TKOBUM JaHuM. llocTaHOBKA 3a/a4i 1 OCHOBHI Pe3y/bTaTH IMOJIATAIOTh B HACTYIHOMY: B
obmezkeniit ob1acti Q C RY, d > 1 ignocno Hepigomoi dyukmii u = u(t,z), (t,z) € Q =
(0, +00) x Q po3rILIAEMO HACTYIIHY HOYATKOBO-KPAOBY 3a1aTy

— Au € f(u) + h(x),
ulgo = 0, (1)
U|t:0 = Ug-

Tyt h € L*()), muorosuaune Bijo0pazkenHs [ 3aJ0BOIbHSE yMOBU:
f R+ C,(R) — naniBrenepepshe 3sepxy [3], 0 € f(0), (2)

icuytorb koucrantu C' >0, aj, a0 >0, p > 2 raki mo V s € R V¢ € f(s)

—C—aysfP <&-5 <C — aglsf’. (3)

Bynemo posrsaaru 3agaqy (1) B dhbazosomy npocropi X = L?(Q), nopmy i ckanapaumii
J100yTOK B sikoMmy Oyzemo nosnadaru || - ||, (+,-). Qust ug € X, T > 0 poss’szok (1) na [0, 7
Oy1eMO DO3YMITH B CEHCI HACTYIHOTO O3HATEHHSI.

Oznauenns 1. CDyHKLmo u = u(t,z),(t,z) € Qr = (0,7) x Q Gynemo Ha3uBaTH
(crabruMm) po3B 'ss3koM (1) (0,7), akmo icuye | € LY(Qr), % ]13 = 1, Taka mo u -
cnabKuit po3B’sI30K 3a1adi

—Au=1+h,
u|aQ =0, (4)
uli=o = uo,
[(t,z) € f(u(t,x) maitzke cKpi3b HA Q. (5)

Te, mo u - cirabkuit po3s’a30K 3amadi (4) osmauae, mo u € L*(0,T; H(Q)) i Vv €
Co7(€) Vn € C52(0,T)

T T

- / (u, v); + / (Vu, Vo) = /T / (I(t, 2) + h(z))v(2)n(t)dzdt. (6)
0 Q

0 0

3 (6) i Teopem Braagenns susonumo, mo u € C([0,T); H5(2)), s = maz{l,n(3 — é)},
30KpeMa yMOBa U|;—g = Uy Ma€ CeHc.

Teopema 1. 3a ymos (2),(3) daa eciz ug € X, T > 0 3adaua (1) mae poss’azor na
(0,T) 6 cenci Osnanernns 1, npuwomy ued poss’asok nasescumsv LP(Qr).
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B cuiy Teopemu 1 kopekTno oznadene sigobpazxkenns G : Ry x X — 2%

Gt us) = {u(t) () — poswssox (1), u € LL (Rys L(Q))}. (7)

Teopema 2. M - nanisnomik (7), nopodscenuti poss’askamu s3adaui (1), mae cmit-

kutll 2a0barvrul ampaxmop O. Kpim mozo, axuo h € L*(8), mo mmoorcuna © € obme-
orcenoro 6 L°(9Q).

Po6ora Bukonana 3a miarpumku HamioHagbHoro poHIY TOCITIIKEHL YKpaiHu, Mpo-
ekt No. 2023.03/0074 "HeckinueHHOBAMIPHI €BOJIOMIHI PIBHAHHS 13 6araTO3HATHOIO Ta
CTOXaCTHYHOIO JTUHAMIKOIO" .

[1] Denkowski Z., Mortola S. Asymptotic behavior of optimal solutions to control
problems for systems described by differential inclusions corresponding to partial di-
fferential equations // J. Optim. Theory Appl. 1993, vol. 78.

[2] Feketa P., Kapustyan O., Kapustian O., Korol I. Global attractors of mild solutions
semiflow for semilinear parabolic equation without uniqueness // Appl. Math. Lett. 2023,
vol. 135.

[3] Aubin J.-P.; Frankowska H. Set-Valued Analysis. Birkhauser, 1990.

e-mail: kapustyan@knu.ua, stanzhytskyi@knu.ua, iuliiafedorenko@knu.ua
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PO3B’ 130K SAJAYI CUHTE3Y OJIS 3BYPEHOI ZLBOBI/IMIPHOT KAHOHIYHOI CUCTEMU
Banepiii Kopo6os, Terana Pesina
Xapriscokutl HaytoHarorutl ynisepcumem iment B. H. Kapasina, Xapxis, Yxpaivua

Posrignemo kanoniuny cucremy (double inegrator)

{ x:l = T, (1)
To = U
npu oO6MeyKeHHsIX Ha KepyBaHHs |u| < 1.

3aaua CHHTE3Y TOISITae B 3HAXOKEHHI 0OMEKEHOrO KepyBaHHs U = u(x) TAKOro, 110
TPAEKTOPisA 3aMKHEHOT CHCTeMH, sKa MOYNHAETLCSA Y AOBLIBbHIH mouaTKoBiil Toumi 7y € R?,
3aKiHUYETHCS Y MOYATKY KOODAWHAT B JlesdKuil cKimuenHwuit moment dacy 1'(xg). s
po3B’a3ky i€l 3amaui Kopobosum B. 1. y 1979 poni 0yB 3ampononoBanuii meron (pyn-
KIil kepoBanocTi [1]. Mu cyTTeBo crimpaeMocst Ha BUIAI0K, KOJU (DYHKIisS KEPOBAHOCTI €
qacoM pyxy (settling-time function). 3aranbuuil mAIXig 10 PO3B’A3KY 3a/a4i CUHTE3Y st
JOBLIBHOT JIiHIHHOT cucTemMu OyB 3ampononoBanuii y [2].

Teopema 1. (Kopobos B. I, Ckasap I. M. [2]) Hexat v > 1. Ilpu x # 0 susnauumo
Pynruito keposanocmi © = O(x) ax edunull dodammit po3e’s30% PiGHANHA

2000* " = 23(2 4+ V)2 (3 4+ v) + 211252 + V) (3 + v)O + 223(2 + v)O? (2)

Busnauumo gynruyito xeposanocmi 6 mowui nyav pishicmio ©(0) = 0. Iosnauumo QQ =
{z: O(z) < c}. Todi npu docmamnvo marur suauennar xoediyienma ag = 0 < ag < ay

KepyeanHa
w(y, 1) = ni(2+v)B+v)  x2(2+4v) )
202 e
de © = O(x1,x2) - edunuti dodamniti poss‘asok pienanna (2), poss’asye daa cucmemu
(1) 3a0auy A0KaADHO20 NO3ULITHOZ0 cunmedy ma 3adososvhae obmencennio |u(x)| < 1.
Kpim mozo, euronyemuca pienicmo O(x) = —1, mobmo dynxuyis xeposanocmi O(z) e
Yacom pyry 3 006LALHOT NOYaAMK060i mouku r € () 8 nowaMoK KOOPIUHAM.

Y poboti 2] HaBoAUTHCS AOCUTH CKJIAAHUI CIOCIO 3HAIEHHS G I TOBLIBHOT JIiHIH-
HOI KePOBAaHOI CHCTEMHU.
3asdarna darnnozo docaidocerHs TOJATAE Y HACTYITHOMY

1
124 v)
2. Howectn, 1o Jiuil piBas ysKiil © npu © = 1 — esincu, ki BKI3JIeHI OJIUH B OJTHOTO
31 30L/IBIIEHHSIM HapaMeTpy V.

1. Buaiitu a¢. Bignosiab: ag =

Jami pocaiauMo 3ajady CHHTE3Y s 30yPeHol JIBOBHMIPHOI KAHOHIYHOI CHCTEMH 3
HerepepBHUM 00MeKeHuM HeBimomuM 30ypertsm. OTxKe, CUCTeMa Ma€ BULJISAL

{ i1 = (14 p(t, 21, 22)) 72, (4)

get >0, (x,23) € Q C R% Q - ue okin myns; u € R - kepyBaHHs, dKe 33/10Bijlb-
Hse oomexkennto |u| < 1. Mu BBazkaemo, 1mo yHkuisa p(t, 1, x2) Hegidoma Henepepera
Pynryia ta p; < p(t,x1, ) < po, mpuuomy p; < 0, ps > 0.

3asdarnsa darnro20 d0CAI0NHCEHHA TIOJISATAE Y HACTYITHOMY
1. Yu MOKHA 3aCTOCOBYBATH KepyBaHHS (3) jist PO3B’A3KY 3a/1a4i CHHTe3Y JJIsl CHCTeMH
31 36ypennsam (4)7

47



2. dkmo Tak, TO 3HaiiTu OoOMekeHHs Ha 30ypeHHs Py, Po. UM MOXKHA OJIHE 3 CTPOIMX
obMerkeHb Ha 30ypeHHs 3MIHUTH HAa HECTpore 0OMerKeHH !
3. 3uaiiTn 0O6MezKeHHsI HA Yac PYyXY 3 JOBLILHOI MOYATKOBOI TOUYKH Y TIOYATOK KOOD/INHAT.

Teopema 2. Hexati v > 1, 0 < v <1, v > 1, ¢ > 0 ma dynkuia xeposarnocmi
© = O(x1,x2) 6usnauena ax edunud dodammill kopinv pienanna (2). Heratd Q@ = {x :

O(z) < c},

v
24 v

(5)
Todi dan secixz py < p(t,x1,T2) < pa, maxuz, wo [p1;p2] C (P pY], mpaexmopin sa-
MEHEHOT cucmemu 3 Kepysanuam (3), akxa nowunaemvea 3 008iabHOT NOwaMKO60i Mo-

Pt = max{(1=y)p}; (1=2)fy},  ph = min{(1-y1)ph; (1-2)i}, 21 =-1 B =

wku ©(0) = xo € Q, 3akinuyemocsa y nouwamky koopdunam sa ckinuennul wac T =
T(xo, p1,p2), AKUGL 36§008IABHAE OOMENHCEHHIO
O(x0)/v2 < T(x0,p1,p2) < O(0) /71 (6)

3ayBaxkeuHs. 1. IIpu v =1 B 060x TeopemMax cCUHTE3 TJIOOAJTHLHMUIA.

2. CkinuennicTs gacy pyxy (settling-time function) BuminBae 3 HepiBHOCTI HA TIOXUTHY
byHKIIT KepoBaHOCTI B city 36yperoi cucremn [2] —y, < © < —v.

3. Moxkna 6patu p, = pJ. losegennsa mporo (pakTy iCTOTHO CIIUPAETLCSA HA MTPUH-
mun inBapianraocti Jla Cang [5]. B monepeanix po6orax |3, 4] obumasi HepiBrOCTI Oyim
CTPOTHMU.

4. Pizuung p)—p{ MOHOTOHHO CIia/la€ 3a 7y Ta MOHOTOHHO 3pPOCTAE 32 Y, Ta HalmmpIuii
inTepsast — e py— pY. Kpim nporo, npapa i Jiba 4acTuHa HepiBHOCTI Ha dac pyxy (settling-
time function) T'(xq, p1, p2) (6) TAKOXK MOHOTOHHO CIAIAE 3a Y1 TA MOHOTOHHO 3POCTAE 3
V2. SAxuio vy and 7y, "6Guusbki"no 1, To snavenns p? ra py zagaui (5) "6Giausbki"o 0. B
IIBOMY BHIAJKY OIiHKa Ha dac pyxy (6) "6amsbka" 0 ©(x). 3 inmoro 6oky, Haiimmpimii
intepsast (pY; p°) nocruraerbes axmo y; — 0, Yo — 00, ajle oliHKa Ha 4Yac pyxy (settling-
time function) Bupomxena: 0 < T'(xg) < oco.

5. /g 3HaXOMKEeHHS TPAEKTOPil, SKa MOUYNHAETHCA V 3aJaHiil TOYATKOBIN TOUIL T( =
(29, 29) € Q, obupaemo p; < p(t, z1,T2) < P, TOTIM 3HAXOAUMO €TUHMII TOJATHIN KOPIHD
piBagans (2) Oy = O(27,29). Hexait 6(t) = O(x(t)). [Ilykana TpaekTopis € PO3B A3KOM
sana4i Kormri

;

&1 = (14 p(t, 21, 22)) 22,
112+ v)3+v) x(2+v)
B 202(t) O
2(1 + p(t, v, 22)) 23602 — 2(1 + p(t, z1, 7)) (2 + V) T1220 + (1 + v)(2 + v)22
22202 — 22+ v) 11200 + (1 + ) (2 + v)x3
21(0) =29, 22(0) =29, 0(0) = O,.

Ty =

i—_

Y

* (7)

PobGora BukoHaHa 3a miaTpuMKu I'paHTy Bix ¢ormay imeni H. I. Axiezepa.

JlitepaTypa

[1] Kopo6or B. 1. O6mmuii mogxo/ K pelieHnio 3aa9i CHHTe3a OIPAHNYEHHBIX YIIPAB-
naennit B 3a1a4e ynpasiasemoctr //Maremarnaeckuit cbopuuk. — 1979. — 109. — e,
4 (8). — C. 582-606.
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|2] Kopobos B. ., Ckuasap I M. Metoupl mocrpoenust MO3UIMOHHBIX YIPABICHUI 1
JomyctumMblii npuanun Makcumyma // Jlnddepennuanbabe ypasaenns. — 1990. — T.
26, Ne 11. — C. 1914 — 1924.
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for a chain of integrators system// IMA J. Math. Control and Information. — 2021.
— 38, No. 1. — pp. 396-416, https://doi.org/10.1093 /imamci/dnaa035

[4] Korobov V. Revina T. On the feedback synthesis for an autonomous linear system
with perturbations. Journal of Dynamical and Control Systems, 2024 (To appear).
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[5] LaSalle J. P. The extent of asymptotic stability. Proceedings of the National Academy
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,ZLOCJ'[I,D;)KEHHH ,ZLI/ICDEPEHIHAJ'H:)HO—AJTFEBPAT‘IHI/IX CUCTEM 3 3 IMITYJIBCHOIO
JAI€IO TA IBOTOYKOBUMHU KPAMOBUMU YMOBAMU
Kopoas I.I., Yenkannua O.B., Cksopmos 1.B.
Yotceopodcorut nautonasvrul yrisepcumem, Yoiceopod, Yxpaina

Y poboTi po3TIAIAEThCA aarebpo-audepeniriajibia CUCTeMa PIBHIHD

e — Aty + f(t,oy), t#7m, z.fER" trelab]
1
0=g(t,z,y), vy,g€cR™ (1)

3 IMITYJIBCHOIO JTIETO

Ax|i—r, = z(1; + 0) — z(7;) = Biz(mi) + b;,  det(E, + B;) #0, b, € R", (2)

MiIIOPsA/IKOBaHA JIHIHHIM KpalOBUM yMOBaM
Bu(a) + Cu(b) =d, (3)
ne A(t) = (ai; (t))?j:1 — (n X n)-BUMipHA MATPHUIA 3 HEMEePePBHUMH KoedilieHTaMu,
ft,x,y), g(t,x,y) — BiamoBimHo n Ta m-suMmipHi BekTOp-dbyukmii, f(t,x,y),g(t,x,y) €
Cla,b); B, C' = (n x (n+ m))-Bumipni crani marpuni, u = col(xz,y) € R q < 7 <

... <71, < b, d— n-Bumipunit craanii BeKTOp.
Jng weninifinux anrebpo-nudepenmiagbaux cucreM (1) 3 IMIYIbCHOIO JI€H0 BUIJIs-
ay (2), miInopsIKoBaHAX KpaoBHM yMOBaM (3) 0OIPYHTOBAHO 3aCTOCYBAHHS YHCEHHO-
AHAJITHIHOTO METOIY JOCTIIKEeHHsI ICHYBaHHS Ta HAOTHKeHOT 00y 10BH po3B’sa3KiB. Bera-

HOBJIEHO HEOOXiJIHI Ta KOHCTPYKTHBHI JIOCTATHI YMOBHU iCHYBaHHS PO3B’43KiB, 3HANIEHO
OIIHKY TIOXUOKM 1TOOY/IOBAHUX MMOCJII0BHUX HAOJIUKEHb.

[1]. Camoiirenko A.M., Ilepectiok H.A. duddepennnanbubie ypaBHEeHHsT ¢ IMITYJIbCHBIM BO-
aaeticteuem. — K.: Burma mkosra, 1987. — 288 c.

[2]. Camoiinenko A. M., Hlkine M. L., fkosers B. 1. Jlini#ai cucremn audepeHniagbHuX piB-
HSTHB 3 BUpOKeHHsIMu. — Knis: Bumma mikosna, 2000, 294 c.

[3]. Koposs LI TIpo poss’si3nicrs KpaifoBux 3aja4 st BUPOJZKEHUX jndepeHIiaabHuX Ch-
crem 3 iMmyabcHoto g€t/ / Haykopuit Bicauk YepriBernpkoro yuisepcurery: 361pHUK HAYK. TIPALTb.
— 2009. — Bum. 454. Maremaruxa. — C. 46-49.

e-mail: korol.thor@gmail.com, oleksandr.chepkanych@uzhnu.edu.ua,
thor. skvortsov@uzhnu. edu.ua
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IIpO AEAKI KOHCTPyKLLIT YUCEJI, JJAHIOIOT'OBE 30BPAXKEHHA AKHNX
3A/TOBOJILHAE YMOBU XTHUYNHA-JIEBI
Poctucnas Kpupormmus
Kponusnuuvkuti 6ydisesvnutl arosutl xoredoc, Kponusnuyvkud, Yrpaina

Hexait [a1,aq,...,a,,...] — K1acauHe jgaHmorose 3o6pazxkents: yuciaa ¢ € (0;1). Ak
BiIOMO [2] g Maiizke BCIX wmcen T = [ag; as; ...; Ay ...] BUKOHYIOTHCSI YMOBH

ay +as + ... +ay,
n

— 400 (n — +00), (1)

+00 logs (k)
1 2
lim {Yaias...a, = H (1 + —) ~ 2,6854 — crana Xinumna (2)
k=1

n—+o00 k(k + 1)
+oo ] ( + 1) -1
. n 0gs(n
1 = — ~ 1,7154. 3
n—lglooa—ll—l-é—i-...—l—ai (; n(n+1) ) ’ (3)
Ak 6yno nokazano B |4, 3| asst Maiixke Beix qucen © = [ag; ag; ...; G; ...] BAKOHYETHCS YMOBaA
li 1#{1<'< I} =1 1+ ! Vie N (4)
m — n.a; = = 10 .

n—-too M =7 =14 52 I(1+1)

Teopema 1. Hezati a; = log, (1 + m) OAA KOIHCHO20 HAMYPaALHO20 |./[rs matioce

scix wucea t € (1;400) wucao, nocridosni yu@dpu AGHUI0206020 NPEICTNABAEHHA AKO20
Ma0Mob 8UAAD

11..1,11...1,22..2, ... 11..1, ....nn..m, ...
— ) T S~ —— ——

lait] [@1t?]  [a2t?] [a1t™] [ant™]

zadosoavrae ymosu (1), (2), (3), (4), de [x] — uina wacmuna wucra x.

JlitepaTypa
[1] Khintchine A. Metrische Kettenbruchprobleme, Compositio Math. France, 1, 361-382 (1935).

[2] Levy P. Sur les lois de probabilite dont dependent les quotients complets et incomplets dune
fraction continue, Bull. Soc. Math. France, 57, 178-194 (1929).

[3] Ryll-Nardzewski C. On the ergodic theorems 11 (Ergodic theory of continued fractions), Studia
Mathematica 12, 74-79 (1951).

e-mail: mostik19@gmail.com
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METO/I MOKJUBUX HATIPSIMKIB JIJ151 ABOKPUTEPIAJIbHOT MOAEII MAPKOBIIIA
Bacuns Kymnuipuyk, Boasogumup KymHipuyk
Yepniseyvkul Haytonasvhull yuisepcumem iment Opia Pedvrosuna, Uepnisug,
Yrpaina

bararokpurepiaabHi 3a/1a4i ONTUMI3AII IMHPOKO 3aCTOCOBYIOTHCS B €KOHOMIIT, 1HKe-
uepii, I'T, exosorii, (pinancax, JOTICTHIN Ta IHITUX TATy35X, OCKLIBKH OLIBIICTD peaJTbHIX
HPOIIECIB 1 pinenb TOTPedbYIOTh OHOYACHOTO BpaxXyBaHH KiJIbKOX B3AEMHO CYIE€PEUJIMBUX
KpHUTEPIIB.

Binpiricts BimoMux miXo/iB J10 po3B’d3yBaHHd 3a/a4i OararoKpuTepiaabHOI OINTHMI-
3aliil 6a3yerbed Ha 11 3BeJIeHH] 10 3a4a4i HeJliHiftHoro nporpaMyBants. OJIHUM 3 OCHOBHHUX
MEeTO/TIB TAKOTO THUITY € METOJ 3TOPTOK, B TKOMY BCl KPUTepil 3TOPTAIOTHCS B OJUH KPHUTe-
piii. BUKOPUCTOBYIOTHCS TaKOXK MYJIBTUILIIKATUBHI 3rOPTKU, METO/IM ITOCTYIIOK, I1JIHOBOTO
mporpaMyBaHHS Ta 1HTITI.

AJte 3 ycmixoM 3aCTOCOBYETBHCS i iHITHIT Mi/IXi/T, B STKOMY HE TTPOBOIUTHCS TOMEPETHIi
nepexiJ /10 3a/4a4l HeJTIHIRHOrO TporpaMyBaHHS B ABHOMY BUTJIAM1. PaKTUIHO TaKi METOIN
€ y3araJbHeHHAM BiIOMUX JIOKAJBHUX 1 IVI00AJIBHUX METO/IIB HeJiHIHHOrO MporpaMyBaHHd
Ha 33/1a4l 3 KIJIbKOMA KPUTEPISIMU.

OHuM 3 TAKUX METOJIIB € METOJI MOYKJINBUX HAMPAMKIB, 3aPONOHOBaHMIT 30iiTeH/1eii-
KOM JIJISI PO3B’I3yBaHHSA 3aja4 OMyKJI0ro nporpamyBanisd. [Togaabini momgudikariii m»oro
METOJIy CTOCYBAJIMCA HOr0 3aCTOCYBAHHIO JIjI PO3B’I3yBaHHSA 3a/a4 HEeJTIHIHOTO Iporpa-
MyBaHHd. Pi3ui Bepcil MeToy BLAPIZHAIOTHCS MiXK cODO0I0 K BHJIOM JIONOMiXKHOI 3aJ1a4i,
TUIIOM HOPMYIOUHX 00OMe:KeHb, BHOOPOM KPOKY CIIYCKY, TaK i pi3HUMH cIocobaMu 60POTh-
ou 3 "3ur3aronoaibHicTIO” PyXy.

Taxk, gaKIo MeTo TpaKTyBaTH K MeTO, MiHIMi3aIlil AesKoi JOMmoMixKHOT (DYHKIIIl, sSTKa
3a7eKUTh He TLIBKH BiJl BUXITHUX NMPIMUX 3MIHHUX, aJie i Bij ONMIHKA 3BEPXY ONTHMaJIb-
HOT'O 3HAYEHHS I1IbOBO1 (DYHKIIIT, TO MOXKHA, y3araJbHUTH HOI0 HA BUIIAIOK PO3B’3yBaHHS
3a/1a4 OaraTOKpUTEpiaIbHOI ONTHMI3AIlil. AHAJIOTITHO MOYKHA y3araJbHUTH i 1HIT MeTOo-
JIM HEJIHITHOrO nporpamyBanisd — mrpaduux YHKINN, JiHeapu3altii, eHTpiB, QyHKIIil
Jlarpam»xka ToIIIO.

B pobori BEKOpHCTAHO METO MOXK/JIHUBHUX HAIPIMKIB /s JIBOKpPUTEPiaabHOI MOIEJi
Mapkosina 1modya0BH ONTHMAJILHOTO IHBECTHIITHOTO nopTdess, mo HaaaHcye MixK IpH-
OYTKOBICTIO Ta puU3MKOM. BoHa 103B0oJIsI€ iHBECTOPY MaKCHMI3yBaTH OYIKyBaHHN TOXisT
noprdestst npu Minimizaril pusuky (aucnepcii).

. R &
Minimisysatn o, = w” Cov(o;)w

n
Maxkcumisysarn p, = E Wi b
i=1

1pu yMOBaXx:

=1

Tyr n — kijabKicTh aKTUBIB,

[ - OUIKYBaHUI TOXiT aKTUBY 2, Ae ¢ = 1,2,...,n,

w; - 9acTKa KOMITIB, BKAAJEHUX B akTHB i (Barn noprdesis),

Cov(o;;) - KoBapiamiiiHa MaTpPHUI MiXK J0XOJaMHU aKTUBIB (PU3UK aKTHBIB), 1€ 0;; - KO-
Bapiallis MixK JIOXOJaMU aKTHUBIB 7 Ta j.

52



B meTosii MOXKJIMBUX HAIPAMKIB BUKOPUCTOBYETHCS JIONOMIZKHA (DYHKIIIsS
n n n
T 2
maz{w” Cov(oij)w — o, py — E wipli, 1 — E wj, E w; — 1, —w;}
i=1 i=1 i=1

0COOJIMBI, y TIEBHOMY PO3YMiHHI, TOUKH sIKOI HaJeKaTh MHOKHHI ONTHMaJIbHUX 3a CIieii-
TEPOM PO3B’A3KiB JBOKPUTEPIATLHOT 3a1a4i.

MeTo 1 MOXKJIUBUX HAIIPSIMKIB JICIIO MOCTYIIAETHCA 38 TOYHICTIO PO3B A3KY IHITUM MeTO-
naM. AJle BiH He BUMAra€ JIOCHTb TOYHHX IMOYATKOBHUX HAOIMKEHB I PO3B’sI3yBAHHS 3a-
JIad 1 JO3BOJISIE JEI0 3MEHITUTH 00’eM obuncienb. Pe3yabraTh, ofep:KaHi Npu po3B’a3yBaHH1
3a/1a9 METOJ/IOM MOXKJIMBUX HAIPSIMKIB MOXKYTH OyTH JOOPUMH HOYATKOBUMU HADJIAKEH-
HSIMU JIJTS TOAAJBITIX PO3PAXYHKIB IHIITUMH METOIAMH.

JlitepaTypa
[1] Tpuropkis B. C., Kymmipuyx B. 1. Baratokpurepiaibma onTuMizaniiiaa Moielb 3 HemiHiii-

HUM €KOJIOTO—eKOHOMIUHUM MiXKrajy3esuM banamcom, Exornomiuna kibepreruka. 2003. — 3-4
(21-22). - C. 43-50.
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BUKOPUCTAHHS APOBOBOT'O BPOYHIBCBKOTI'O PYXY B PEAJIBHUX 3AJAYAX
Bosnoaumup Kymiaipuyk
Yepniseyvkuli Haytonasvhul yuisepcumem iment Opia Pedvrosuna, Uepnisug,
Yrpaina

®pakranbauil apobosuii nporec Binepa (PIIB) € y3arajibHeHHSIM CTAHIAPTHOTO
nporecy Binepa (BimoMoro Takox sik GPOYHIBCbKHH PYX) i BUKOPHCTOBYETHCS JJIsI MO-
JICJIIOBAHHS CKJIQJIHUX BHUIAJKOBUX IPOIECIB 13 (hpakTaJbHUMH BJACTUBOCTAMH. Bin €
BUIIAKOBUM IMPOIECOM, KUl 00’€/IHY€ BJAACTUBOCTI Ap0oOOBOr0 OPOYHIBCHKOTO PYXY Ta
dpakTaIbHOCTI i MOXKe OyTH OIUCAHHI HAK:

Wy(t) = / (t — s)T12qW (s)

— 00

ae W(s) — crapgapruuii nponec Binepa (6poyniseskuii pyx), a H — napamerp Xepera.

[leit mporec Mae Taki BAACTHBOCTI: caMONOMIOHICTE (3MiHa MacmiTady dacy He 3MiHIOE
CTATHCTUYIHUX BJIACTHBOCTE TPOIECY), aBTOKOPEsiiis (MPUCYTHSA JOBIOCTPOKOBA 3aJIe-
JKHICTD, 10 BU3HAYAETHCs Tapamerpom H ), He-MapKoBebKicTh (Ha BiAMIHY Bijg cTaHmap-
THOTO nponecy Binepa, meit nponec ne € MapkoBchbKuM, TOOTO floro MaiibyTHE He 3a1€KUThH
JIMIIE BiJl MOTOYHOTO CTAHy, a TAKOXK BiJl yciel icTopil mpomecy ).

@pakraabuuii apodoBuit nponec Binepa BUKOPUCTOBYETHCH B PI3HUX Taay3dX, BKJIIO-
yao4n (piHAHCOBY MaTeMaTHKY, (Di3UKy Ta iHIN HAYKOBI JAUCHMILIIHU, JIe TOTPIOHE MO/Ie-
JIIOBAHHS CKJIQIHUX CUCTEM i3 (PpaKTaJbHUMHU Ta JOBIOCTPOKOBHUMU 3aJI€2KHOCTAMH.

Hnga monentoanasg P/IIIB MoxkHa BUKOPHCTOBYBATH TaKi METOIW Ta MiJIXOAU: Me-
TOJ cyM (bpakIiHHUX TOXITHUX, METOJ CepiliHOro HiacyMoBYBanHsa, MeToa Monrte-KapJo,
Beitpyiernnii miaxia, meros mBuakoro nepersopers Pyp’e. OCHOBHOIO METOIO € OTpUMa-
HH$ TPAEKTOPIil BOTO MPOIECY /I MOJAAJBIIOT0 aHAII3Y UM 3aCTOCYBAHHS B MOJIE/ISX.

Metoy cym ¢dpakmiitnux moxianux 6a3yeThes Ha JUCKPETU3AI] MPOIECY Ta BUKOPH-
CTaHHI MijicymMoByBaHHs dpakiiiinux moxigaux. PopMmyaa AUCKpeTHOro (ppaKTaJbHOTO
JpoboBoro mnponecy Binepa:

k—1

Wi(te) =Y a, AW (ty — ;)

J=0

ne AW (t, —t;) — IpHpOCTH CTAHZAPTHOrO OPOYHIBCLKOTO PyXy, a KoedinienTn a; Bu3Ha-
4aroThes 4depes napamerp Xepcra H. KoedinienTu a; M0oxKyTh OyTH BU3HAUCH] fK:

. (] + 1)H—0.5 _]'H—O.5
! I'(H 4 0.5)

TyT I' — ramMmma-gyHKIIi.

B mpormeci mociimzkennst 0yso npoBejeno mpakTudny peadizamiio O/II1B. Bpaxosy-
BAJIMCh TaKi aclekTd Hpu peasizanil: Juckperusanis (0bepacTbest MEeBHHI KPOK dacy
JTsT TUCKPeTH3AIlil TIPOIecy ), reHepalrisi HOpMAJIbHUX BUIAJIKOBUX BEJUIHH (BUKODHCTO-
BYIOTHCsI T€HEPATOPH BHMAIKOBAX YHCEJ JJIsi CTBOPeHHsI OpoyHiBechKoro pyxy). Iapa-
MeTp XepcTa (3a1a€Thesl 3HAUYEHHIM napaMerpa H BiamoBigHO 10 mOTpe6 y Mome oBaHH]
- caMOIOMIOHICTD, JOBrOCTPOKOBA maM saTh Tomo. llapamerp Xepcra BuOpaHuii piBHUM
H=0,5.

@pakTrajabHuil 1podboBuii mporec Binepa i Moje/roBanHs ApoOOBOT0 OPOYHIBCHKOTO PY-
Xy MalOTh MIHPOKE 3aCTOCYBAHHS B PI3HUX TaJiy3sX HAyKH, TeXHIKH Ta (DiHAHCIB. 30Kpe-
Ma, JIpo0OBuUil OPOYHIBCHKHM PYX BUKOPUCTOBYETHCS JIJId MOJETIOBAHHA JUHAMIKH IIiH HA
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dinaHCOBI aKTUBH, 10 MOzKe OyTH KOPUCHUM JIJId ITPOTHO3YBaHHM IiH akIiiiii, obJiraliii,
BaJIIOTHUX KYPCIB Ta inmwux (pinancoBux incrpymentis. /Ipobosuii nponec Binepa Buko-
PUCTOBYETHCS JIJIT MOJICTIOBAHHS CKJIAIHUX TPUPOTHUX SBUII, TAKUX K KOJUBAHHS TEM-
nepaTypu, Mojesi TypOyJIeHTHOCTI, PO3IO/ILT 3eMIeTPYCIB Ta iHII KJAIMATHYHI HPOIECH.
A TakoxK 171 MOJETIOBAHHS MepezkKeBOro Tpadiky, o KOPUCHO /s aHaTIi3y Tpadiky B
[nTepHeTi, MOJETIOBAHHS 3aTPUMOK Y MeperkKaX 1 MPOTrHO3YBaHHs HABAHTAYKEHHS.

JIpoboBuii OpOyHIBCHKHiII PYyX BHKOPUCTOBYETHCH /I OIMUCY aHOMaJibHOI jqudy3il B
CKJIQJHUX CEPEeJIOBUINAX, TAKUX dK MOpUCTi marepiajau abo Oiosoriuni tTkanunu. /loBro-
CTPOKOBI 3aJI€?KHOCTI B €KOHOMIYHUX JIAHUX MOXKYTb OYTH 3MOJEIbOBAHI 3a JIOIOMOIOIO
dbpaKkTaIbHUX MPOIECIB, IO J03BOJSIE Kpalle PO3YMITH JUHAMIKY €KOHOMIYHUX MOKA3HU-
KiB, Takux gk BBII, indasaris, 6e3pobiTTsa Tormmo. PpakTaabHi MOge i MOXKYTh OyTH BU-
KOPHCTAHI JIjIs MOJICJIIOBAHHS TONUpenus indopmaiiii abo 1MoBe/IiIHKN KOPUCTYBAYiB Y CO-
MiaJbHAX Meperkax, Jie 9acTO CIIOCTepiraroThcs HesiHifiHI Ta camMono/iibHi aBua.

@paxkTaJabHi BJACTHBOCTI MOXKYTH OYTH BUKOPHCTAHL JI/Id aHai3y Oi0JIOMYHUX CUTHA-
JIIB, TAKUX {K CepleBhil puTM ab0 KOJIUBAHHS KOHIEHTPAIIIl IEBHUX PEYOBUH B OPraHi3Mi.
@pakTaJIbHL MOAETI MOXKYTh JIOMOMOTTH B PO3YMIHHI MPOIECIB POCTY MYyXJIMH, OCKLIBKHU
i IPOIECH YaCTO MAIOTh CKJIJIHY, (DPAKTAJILHY HPUPOJLY.

Orxke, MogeTIOBaHHS (PpAKTAJIBHOTO APOOOBOTO mporecy Binepa € moryKHUM iHCTDY-
MEHTOM y 6ararhox rajy3sx, Je HeoOXiHO BPaxXOBYBATH CKJAJHI, HEJIHIHI 3a/71eKHOCTI
Ta CaMOIOJIOH] CTPYKTYpHU. BUKOPHUCTOBYIOUH IIi MOJIeJ, MOXKHA OTPUMATH TJIHOIIE PO3Y-
MiHHSI IPOIECIiB, IKi BAXKKO OIKUCATH TPAIUIIHHIMH METOITAMH.

Jliteparypa

[1] A. B. Dieker, Simulation of fractional Brownian motion, Master’s thesis, Vrije Universiteit
Amsterdam (2002, updated in 2004).

[2] Yu. Mishura, Stochastic calculus for fractional Brownian motion and
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ICHYBAHHS PO3B’S3KY B SAJAYI OIITUMAJIBHOI'O KEPYBAHH?I EBOﬂIOHIﬂHHMH
OYHKIIOHAJIBHO- TM®EPEHIIAJIBHUIMY PIBHAHHAMI HA TIIBOCI
Anppiit JTatum, Oasra Kiumapenko,

Odecoruti naytonarvrutl ynisepcumem wment 1. 1. Meunukosa, Odeca, Yxpaina

IcryBanHsa po3B’d3Ky B 331a4i ONITUMAJIbHOTO KEPYBAHHS €BOJIIOLiTHUMU
dbyHKIioHATLHO- TN EPEHITIANPHUMI PiBHAHHAMY Ha HiBOCI
Awnppiit Jlarunr*, Oasra Kiumapenko™*

* andrii.latysh@gmail.com, ** olga.kichmarenko @gmail.com
Odecvruti nayitonarvrutl yrisepcumem iment 1. I. Meunukosa

Posrngnaerbes 3a7ava oNTUMAIBLHOTO KEPYBAHHS JIJI €BOTIOMIHHNX (DYHKITIOHAJTHHO-
nudpepentiaIbHIX PiBHSHDb B 0aHAXOBUX MPOCTOPAX HA MIBOCI. 3a/a4a PO3TJIsiIa€ThCs 10
MOMEHTY BUXOJLY PO3B’43KiB i3 JiedK0l 00/1acTi B DAaHAXOBOMY MPOCTOPI Ta Ma€ HACTYITHUH
BU/T:

du
dt

3 KpUTEPIEM IKOCTI

— Au+ filt,u) + folt,u) =(Dut) = golt), t € [<h,0) (1)

/ Gt ) + Bt 2(t))) dt — inf (2)

abo

T

J[z] = / (e7'G(t,ur) + ||2(t)||?) dt — inf (3)

Tyr t > 0, h > 0 — inTepBan 3amisHenus, A — Jiniitauil (HeoOMezKeHuii) omepaTop
B GanaxoBomy npocropi X (A : X — X) 3 nopmoio || - ||, uy = u(t + 0), © € [—h,0], u
nastexuth npocropy C' = C([—h,0], X) nenepepHux byHKIA i3 cTAaHIAPTHOI HOPMOKO

lelle = @n[lax ¢ (©) ], D - nesika obnacts B [—h, 00) x C, D — ii mexxa i D = DUAD,

T — MOMEHT IepIToro BUXOLY po3B’si3Ky (t,u;) va 0D. Bimobpaxkenus fi, fo BusHadenni
BDifi:D— X, fo: D — L(X,X), ne L(X,X) — npocrip JiHifiHEX 0OMeKeHUX
omeparopis, ski giors i3 X B X, 3 nopmoio || - ||L, 2(f) — mapamerp kepyBanusi.

Hnst zamaa (1),(2) 1 (1),(3) noBenene icHyBaHHST OUTHMAJIBHOI I1apH, JOCTATHI yMO-
BH HOCATDH KoedinienTHuit xapakrep. Beranosseni Bapialiiiii criiBBiIHOIIEHHS: JIOBE/ICHA
cjabka 301KHICTh ONTUMATLHUX KepyBaHb, CUJIbHA 3012KHICTH ONTUMAIbHIUX TPAEKTOPIH,
301:KHICTh KPUTEPIiB AKOCTI 3a/1a4 Ha CKIHUEeHHUX iHTepBaJiaX 10 BiAIOBIIHUX OITHMAJIb-
HUX KepyBaHb, ONTUMAJIbHUX TPAEKTOPiil i KpUTepisd SAKOCTI 3aJa4i Ha MBOCI IPHU 3011b-
IITeHH] 1HTepBaJIa, Ha TKOMY PO3TIAXKAETHCI 3a/7a4a.

JlitepaTypa

[1] Hale J. Theory of Functional Differential Equation. Springer-Verlag, New York-Heidelberg-
Berlin, 1977.

[2] Kichmarenko O., Stanzhytskyi O. Sufficient conditions for the existence of optimal controls
for some classes of functional-differentials equations, Nonlinear Dynamics and System
theory, 2018, 18(2), pp. 196-211.

e-mail: andrii.latysh@gmail.com, olga.kichmarenko@gmazil.com
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SACTOCYBAHHSI METOAY YCEPEAHEHH A 10 IHTEFPO—AH@EPEHHIAHbHOT SAJAYI
OIITUMAJIBHOTO KEPYBAHHA
Poxkconana Jlaxsa, BikTopia MorumboBa
Kuiscvrutl nauionasvruti ynisepcumem iment Tapaca llesvwenra, Kuis, Yxpaina
Hautonanvnuti mexnivnut ynisepcumem Yxpainu "Kuiscvkutl nosimexnivnuil
imemumym, iment 1. Cikopcorozo”

Posraanaersed HeMiHiHA 33/1a9a ONTHMAJIBHOTO KepYBaHHA 31 MIBUIKOOCIIUIIOIOUAMHA

3MIHHUMU:
t
£

T = X(ﬁ,x,Of@(ﬁ,s,x(s))ds,u(t)) (1)
x(0) = o,
3 KPUTEPIEM FKOCTI
/Lt% (£))dt + d(2.(T)) = inf . @)

Tyr € > 0 - mamuii napamerp, T > 0 - 3azana crana, = - das3osuii BekTop B RY,
u(t) - m - BUMIpHHI BEKTOD KepyBaHHs, KU HAJIEKUTH jJedkiii Muoxkuni B R™. Jlai
x(t, u) - po3p’s130k 3aga4i Ko (1)-(2), akuii Bianosinae kepysauuio u(t). B nogaabiuomy
3aJ1€2KHICTh PO3B’s3Ky Bij u Oyjemo onyckaru i nosuadaru x(t). Beegemo dbyHkuio

t

pi(t, ) = /go(t, s, )ds.

0
3a yMoBH icHyBanHA piBHOMipHEX 10 * € R% i v € R™ cepemix

Xo(z,u) = lim —/X (t,z,1(t,x),u)dt (3)

T—oo 1

3324l onTUMATbHOrO KepyBaHHs (1)-(2) 31 MBHAKOOCIHHIIOYIHM KOebIIIEHTOM CTaBU-
Thesl y BianoignicTs Ha Biapisky [0, 7] 6labin mpocta 3a1a49a ONTMAIBHOTO KepyBaHHS

£ = Xo(& u(t)) (4)
£(0) =z

3 KpUTEPiEM IKOCTI

/L w(t))dt + $(£(T)) — inf (5)

Host 3amaqi (1)-(2) Gymemo BBaXKaTH, 10 BUKOHYIOTHCSI HACTYIHI YMOBH:

VmoBa 1. Jlonyemumumu KepysaHHamu € m-eumiphi sexmop-dpynxuii u(-) maxi, wo
u(-) € U - womnaxmmit mroocuns ¢ L*((0,T)).

VmoBa 2. Oynxuyia X (L, T,y,u) 6usHaueHa Ma HENEPEPEHA 30 CYKYNHICTNIO GPLYMEHMIE
6 obracmi Qo = {t >0,r € D CRYy € Dy C R u €U CR™}, de D i Dy obracmi s
R i R™ sidnosiono
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1) X(t,z,y,u) 3adosoavuae no x, y 6 Qo ymosy AiHiino2o pocmy, mobmo icHye cmaira
M > 0, maxa wo
[ X (¢ 2y, u)| < M(L+ |z] +[y])

ona 0ydv-axuz (t,x,y,u) € Qq.

2) X(t,x,y,u) sadosorvnac 6 Qo ymosy Jinwuuya 3a v € D C R? 4 u € R™ 3i cmanoio
A, mobmo

‘X(t,!ﬂ,y,'LL) - X<75;1317y1,7~61)’ < A(‘x - I1| + |y - y1| + ’U - ul’)
ons dosiavruz (t,x,y,u) i (t,21,y1,u1) 6 Qo.

VmoBa 3. Qyukuyia p(t, s, x) eusnauena ma wenepepsna 8 obaacmi Q1 = {t > 0,s >
0,2 € D} i 3adosoavhae ymosy Jlinwuya no

|90(t7 S, :131) - Qp(tv S, xQ)’ < M(tv S)lxl - I2|7
BUKOHYEMBCA YMO6aA 0AA dearoi cmanroi

t s

1
Z/ds/u(sm)dr < A,

0 0
de A>0,t>0.
VwmoBa 4. Pisnomipro sionocno © € D,u € R™ icnye epanuuya (3).

<

VYmoBa 5. Qynkuyia L(t,x,u) sushavena G HENEPEPEHA 34 CYKYNHICMIO GP2YMEHMIE 6
obaacmi Qy = {t € [0,T],r € RY, u € R™}, npunomy

1) L(t,x,u) pienomipno eidrnocro t € [0,T] i u € R™ nenepepsna 3a v € R%;

2) L(t,x,u) 3adosoavnac 3a aminnoro u 6 obaacmi Qg ymosy Jlinwuysa 3 Konemanmoo
A>0;

3) dynwuia ¢ : R? — R nenepepena sa x.

B cuty ymoB 1)-2) 3 Teopemu 3.1 [1] Maemo, 1110 15T KOYKHOTO TOMYCTHMOTO KepyBaHHST
u(t) poss’sizok 3aga4i Korni na sigpisky [0,7]. Hexaii

JX= inf J.[u],
u(-)eU
J§ = inf Jy[ul.

Hacrynsa TeopeMa BCTAHOBJIIOE 3B’SI30K MiK ONTUMAJIbHUME KePYBAHHSIMH, TPAECKTOPIsI-
MU Ta KpuTepismu stkocti Tounoi (1)-(2) ta ycepennenoi (4)-(5) 3amad.

Teopema 1. Hexatll sukonyromovca ymosu 1 - 4. Todi zadawi (1)-(2) i (4)-(5) maromo
poss’asku (xX(t), ui(t)),(y*(t), u(t)) sidnosiono. Ilpu yvomy

1) J¥— J§ npue —0;

2) das dosiavrozo 1 > 0 ichye g make, wo npu € < &g

| J2 = ()] <, (6)

mobmo onMuUMaLLHE KEPYBaHHSA Yycepednenol 3a0aut € Matoce onMmuManbHE OAf
MoUHOL;
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3) icnye nocaidosnicms €, — 0,m — 00, maka w0

wZ, () =y (1) (7)

pisnomipno na [0,T], a
ug, (t) — u*(t) (8)
6 L*((0,T)).

STkuo npu yvomy ycepednena 3adava (4)-(5) mae edunui pose’azox, mo sb6iocrocmi (2)
i (3) maromv micue npu eciz € — 0.

JlitepaTypa

[1] V. Mogylova, R. Lakhva, V.I.LKravets’. "The problem of optimal control for systems of
integro-differential equations". Nonlinear oscillations, t. 26, N. 3, 2023, pp. 386-407. [Ukrai-
nian language].

e-mail: roksolanalakhva@knu.ua, mogylova.viktoria@gmasil.com
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PO3B’s1I3YBAHHSI SAJAY MATEMATHUYHOI ®I3ZUKU METOAOM T'BPUAHOI'O
IHTEI'PAJILHOT'O IEPETBOPEHHSI ENJIEPA-BECCEJ ST HA CETMEHTI
Ouner Jlenok, Oasra Hikitina, Mukosa ITTunkapuk
Yepriseyvrut nayionasvhut ynisepcumem iment FOpia Pedvkosuua
Yepniseuvrud syet N1 mamemamuunozo ma exoHOMI4H020 Npodiaie
Zaxionoykpaincorul HAUIoHaALYHUT YHIBEPCUMEM,

Ha cyuacnomy erari HAyKOBO-TEXHIYHOTO IIPOrPECy, OCOOJIUBO Y 3B’43KY 3 HMIUPOKUM
BUKOPUCTAHHAM KOMIIOBUTHUX MaTepiaJjiiB, iCHye€ HarajbHa morpeba y BUBUYEeHHI (Di3HUKO-
TeXHIYHUX XapaKTePUCTUK TaKUX MaTepiasiB, MO 3HAXOAATHCS B PI3HUX YMOBAX €KCILTY-
aTalii, 1Mo MaTeMaTHIHO TPU3BOAUTD 0 PO3B’sI3yBaHHs CHCTEMH JIHIHHUX PIBHIHDL 3 Ya-
CTUHHUMHU TOXITHUMH JIPYTOTO MOPSIKY Ha KyCKOBO-OTHOPITHOMY iHTEpPBAJl 3 BiJIMOBII-
HUMU MOYATKOBUMH Ta KPAHOBUMH YMOBaMH.

O 1iHuM i3 e(peKTUBHUX METO/IIB IIOOY/I0BU iHTErpaIbHIX 300paKeHb aHATITHIHUX PO3B’A3KiB
AJITOPUTMIYHOIO XapaKTepy 3aJa4d MaTeMaTuIHol (hbi3MKU HEOIHOPIIHUX CepeIOBHII € Me-
TO/I TIOPUIHUX IHTErPAJILHEX [IePETBOPEHD, IKUil po3BUBaBCSa IpodecopoM YepHiBebKO-
ro HarionaJibHOTO yHiBepcutery Jlentokom Muxaitiom llasioBudem, a Tenep mpoIoBAKYe
po3BuBaTHCa Horo yausamu |[1-4].

Posriisinemo 3aj1ady modya0Bu 0OMEKEHOTO B 00J1aCTi

D2 = {(t,’l") > O,’I" € IQ}, 12 = (O,Rl) U (Rl;RQ)
PO3B’SI3KY JIiHIWHOT CHCTEMU JIBOX PiBHSIHb 3 YaCTUHHUMMW TOXITHUMN
Lifur] + 73wy — aiBj [ur] = fi(t,r), r € (0; R1),

Lyus] + 3uz — a3Bya,us] = fo(t,7), 7 € (Ri; Ra), (1)

3 BIAMOBLAHUMHU MOYATKOBUME YMOBAMW, KPaflOBUMH yMOBaAMHU Ta YMOBAMU CHPSZKEHHS
[3-4].

Tyr Gepyrh yuacth audepenmiaibui omeparopu Jpyroro nopsaiaky Eitnepa By Ta
Beccens B, o, [3].

Ao L; = %, TO MM Ma€EMO 3a/la4y TelonpoBijinocti abo jaudysii, akio Ly = %,
TO MAEMO 33/a4y JUHAMIKU.

Vci napamerpn Ta onepaTopu, siki 0epyTh ydacTh y IMOCTAHOBII KpaWoBOl 3a1adi J1Jis
cucremu (1), onucani y npangx [1,2].

Y npenpunTi [2] noGynoBani nmpsime Ta oGepHeHe IOpUIHI IHTerpaibHi epeTBOpeHHsT
Eitnepa-Beccens, mopomkeni Ha MHOXKUHI [ TiOpuaauM gudepeHIiaJIbHEM OMepaTopoM
Moy = 0(r)0(Ry —r)ai Bl + 0(r — Ry)0(Ry — r)a3Byq,, & TAKOXK J0BE/EHA TEOPEMA IIPO
OCHOBHY TOTOYKHICTB IIOT'O OTIEPATOPA.

[Ipsame ribpujne iHTerpaibie neperpopentsa Eiliepa-Beccend Ha JIBOCKJIaI0BOMY Ce-
IMEHTI 3 TOYKOIO CIIPSAKEHHS 3alUCYEThCS Yy BATJIA OIepaTOPHOI MaTpPHUIli-psdaaKa. Buxi-
JIHA, CHCTEMa Ta MOYATKOBI YMOBH 3alUCYIOTHCSI B MaTpPUUHii (opMi, 1 MU 3aCTOCOBYEMO
OIIEPATOPHY MAaTPHUIIO-PI0K JI0 33/1aH0l 3a/1a4i 3a 1PaBUJIOM MHOXKEeHHHA MaTpuilb. [Ipu
IbOMY BHKOPHUCTOBYEMO KPalOBI YMOBH Ta YMOBHU CIIPAZKEHHSI.

B pesysbraTi orpuMmyemo 3aaady Korii g 3Budaiinoro qudepeHIiaj bHoro piBHAHHS
nepiioro (s 3aaa4i audpysii) abo apyroro (st 3aga4i AUHAMIKE) TOPSAIKY. Po3B’s130K
TaKol 33129l OyAYETHCS CTAHIAPTHUM YHHOM.

OGepuene ribpuae inTerpaibhe neperBopenns Fitnepa-bBeccess 3anucyernbes y Buriis-
JIi OTIEpPaTOPHOI MATPHIN-CTOBIIIA, 1 MU 3aCTOCOBYEMO HOTO 10 TIOOY/IOBAHOTO PO3B’ A3KY
zayadi Komri. TTicsa 3/1ificHeHHS TEBHUX €JIEMEHTAPHUX MEPETBOPEHb MU OTPUMYEMO €11~
HHI PO3B 30K BUXIIHOI 3a/1a4i.
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[ToOyioBani po3B’s3kM KpaitoBuX 33124 MalOTh aJIIOPUTMIdHKUI XapakTep, 10 J103BO-
JISIE BUKOPUCTOBYBATH iX SIK Y TEOPETUIHUX JIOC/I/?KEHHX, TaK 1 B YNCJIOBUX PO3PaxXyH-
Kax.

Y mpami [3] mobymoBano po3B’sA30K 3aladi IUHAMIKH HA JIBOCKJIAIOBOMY CEMEHTI
[0; R2] 3 OJHIEO TOYKOIO CHPSZKEHHsI METOAOM TiOPUIHOTO IHTErPAJbLHOTO MePeTBOPEHHST
Eitnepa-Beccens.

Y upari [4] nobymoBano po3B’sa30K 3agadi audysii Ha gBOCKIa0BOMY cermenTi [0; Ry
3 OJIHI€I0 TOYKOIO CIPSAZKEHHS METOJ/IOM MOPUIHOIO IHTErpaJbHOTO ITepeTBopenns Eitnepa-
beccemnd.

Jliteparypa

[1] Jlemrox ML.II., IMuukapuk M.I. Ti6punni inrerpanbui nepersopenns (®Pyp’e, Beccens, Jle-
xangapa). Yacruna 1. Tepromninan: Exonom. Tywmxa, 2004. 368 c.
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MI9HUX TTPOIECIB METOIOM TiOpHUIHOTO iHTerpaIbHOTO TepeTBOopeHHus Tuny Eirepa-Beccenrs
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XHTY, 2021. - C. 25-31.
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ITroO JAEAKI METPIYHI PE3VJIBTATH 3AOAHI B TEPMIHAX JIAHIIIOTOBOT'O
Ay-TIPEJICTABJIEHHSA 3 AJI®ABITOM {0, 5; 1}
Oner Makapuyk
Inemumym mamemamuru HAH Yrpainu, Kuis, Ykpaina

Bimowmo [1], mo mias koxkuaoro uncaa t € [0,5; 1] icaye mocaigoBHICTD (a,,) KOXKEH 4IeH
skol piBamit 0,5 a6o 1 i BigmoBigHo t = [ay;...; ax; ...] (KBaApaTHi AyKKE CUMBOJI3YIOThH
naniorosuii Api6). OcranHe 300pazkeHHs HA3UBAECTHCS JIAHIIOTOBUM Ao-300parkKeHHAM 3
andasirom {0,5;1}. /leaxa 3unciaenna MHOxKUHA (Ao-GiHapHux) uncen Biapisky [0, 5;1]
Ma€ BiANOBiIHO nBa Ag-300pazkeHHs] BHIY [a1;...;ap; %; (%, )] = [a1;..5a,; 15 (1, %)], e
KpYIJIi JIyKKH CHMBOJIZYIOTH Hepiog. 3 inmoro 6oky Bei inmmi (As-yHapHi) gucsia Bij-

pizky [0, 5; 1] matorh eaune As-300pazkentst. Hexaii (Z ”Ei;) — IOCJIIOBHICTD MIXITHAX

JpobiB, 1o BiAnoBigaoTh ncay x, A,(r) — MHOXKWHA BCIX duces, mepim n mudp sKux
CHIBIQJIAIOTH 3 BiANOBIAHUME N TiudpaMu qucsia z (MuaiHgp n-ro panry). HacrymnHa Teo-
pemMa € aHAJIOTOM Pe3yJIbTaTiB pobiT |2, 4| BIANOBIIHO 10 KIACHIHUX JAHIIOTOBAX TPODIB.

Teopema 1. Iloznavumo

1
Liy(—t) — Liy (=) + In(z) - In(z + 1) — In(z) - In (&2
G L)~ Lia (4) £ hnGe) e+ ) o) W (52) |
In () 05
too
de Liy(z) = ) %z — nosinozapugpm. s matioice eciz wucena x € [0,5; 1] suxonyromocs
YMOBU =0
lim /g — € ~ 1,3061, lim /ML) — lim ¢ |o— 228 _ =26 o 5134
n—o00 ’ ’ n—o00 n—o0 qn<1}) ’

Jliteparypa
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[2] Khintchine A. Metrische Kettenbruchprobleme, Compositio Math. France, 1, 361-382 (1935).
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fraction continue, Bull. Soc. Math. France, 57, 178-194 (1929).
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EProJn4HI BJACTUBOCTI OJHIET IUMHAMIYHOI CUCTEMU 3AJAHOT B TEPMIHAX
JIAHIIIOTOBOTO As-TIPEJICTABJIEHHSA YUCEJ BIJPI3KY [0, 5;1]
Oaer Makapuyk, Imutpo CkakyH, Bagum Xasenbkuii
Inemumym mamemamuru HAH Yrpainu, Kuis, Ykpaina
Yrpaincorud deporcasnut ynisepcumem iment Muzatina Apazomanosa, Kuis, Yxpaina
Henmpanrvroykpaincorut deporcasruts ynisepcumem imeni Borodumupa Burnnuuenka,
Kponustuuyvkut, Yxpaina

Bigomo [1], mo koxkue wmcsao ¢ Biapizky [0,5;1] 3a BUKIIOYEHHIM JesIKOT 39YHCIICH-

nol Muoxunu C' JOIMYyCKAEe €IuHe JIAHIIOTOBe 300parKeHus BUTIANY t = [ay;...; ax; ...], e

KOKEH “WIeH MOCaLToBHOCTL (ay,) piBuuit 0,5 abo 1. Yuncra muoxunu C' Ha3HBAIOTHCA Ag-
; : S ! e g e1-(1 L -

GiHApHEMHE 1 MAIOTh BULIAL [a1;...; Gy} 55 (5, 1)] = [a1;...;ian; 15 (1, 5)], Ae xpyroi pyzxxum

03HAYaI0Th EPIoj.
Ha muoxkuHi JaHmorosux As-300paKeHb PO3LJISTHEMO OIEPaTOpP

T([ay;ag; ..., an;...]) = [ag; as; ...; anyr; ..,

npudaomy Ajst Ao-GiHapHUX dnces1 Oy1eM0 BUKOPUCTOBYBATH 300 pakeHHsT 3 epPioIomM (%, 1).
Hexait n(-) — mipa JleGera-CriaTheca, 1o Bignosinae dyHKIi

(1) = In(z+1) —11;1((25_0; 2) +1In (%)

9

Teopema 1. Ilozna4umo

' Lis(—1) — Liz (—4) +In(2) - In(x + 1) ~ In(z) - In (22) |

in (D)

9

G:

~ 0, 3337,

0,5

T
de Liy(z) = Y iz — noainozapugdm.
k=0

Jlunamiuna cucmema W= ([0,5;1]; B([0,5;1]);n(-); T) epeoduuna [2], mobmo dan
woorcroi mnoscunu D € B([0,5;1]) euxonyemvesa piswicmo n(T1(D)) = n(D) 1 dax
Kootcroi ineapianmmoi muooicuny Q (T7HQ) = Q) suxonyemvea ymosa n(Q) € {0;1},
nPuUMoOMY ewmponis (mempuuna ewmponis [3]) eidnosionoi durnaminnoi cucmemu pisHa

h(W) = 2G ~ 0, 6674.

JlitepaTypa
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[2] Billigsley P. Ergodic theory and information, Wiley, 1965. — 207 p.

[3] Katok A., Hasselblatt B. Introduction to the Modern Theory of Dynamical Systems, Cambri-
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ACUMIITOTUYHA MNOBEAIHKA AEAKNX TUIIIB PO3B’SI3KIB OJHOI'O KJIACY CUCTEM
JAVNPEPEHIIAJIBHUX PIBHAHDB
Oaexkcanap Makcumon
Odecorutl nauiornarvrut ynisepcumem wment 1.1 Meunurosa, Odeca, Yrpaina

Posrasnaerses cucrema gudepeHniaJbHEX PiBHSIHD

fLJ = pl(t)l'al —|— q1 (t)ehy = O, (1)
y' = pa(t)2”? + ga(t)e* =0,

ae o, N, (1= 1,2) — gomarui cram, p;,¢q : |a, +00[—]0,4+00] (i = 1,2) - HenepepsHi
dyHKITIT.

Posp’a3kom cucremu (1) HasuBaeTbes napa yukiiii (z(t), y(t)), BU3SHAYEHAX HA TPO-
MIKKY [tg, +00[ (tg > @), MO TOTOXKHBO 33TOBOJBHIE CHCTEMY. 3ILIHO 3 BUIJISIOM CH-
cremu (1) KOKHA KOMIOHEHTH OyIb-stKOro po3s’s3ky (x(t), y(t)) cucremu (1) Taka, 1o
BUKOHYETHCA OJHa 3 ABOX YMOB

(I) lim z(t)=c¢>0, abo ([I) lim z(t)=0;

t—+oo t—+00
(1) tginooy(t) =d>0, abo ([I) tginooy(t) = 0.

B po6ori mocaizKyoThest nuranis 1po icHyBaHus y cucremi (1) i acumnrorndny 1mo-
BEJIIHKY MpPH t — 400 PO3B A3KIB HACTYIHUX THIIIB

(L,1); (I1,11); (I, 11); (I1,1),

Je nepiia nudpa y JIyzKKax BKa3ye MOBEJIHKY MepITol KOMIOHEHTH PO3B’A3KYy CHCTEMH
(1), a npyra - Apyroi KOMIOHEHTH DPO3B’SI3KY.
Y BUNQJIKY CUCTEMU 31 CTelleHeBUMU HeJIHIHHOCTIMH, & caMe CUCTeMH BUJLY

I/ = p1<t)$‘01 + a1 (t)y’\l = O,
y/ = pQ(t>ZE02 + QQ(t)yAQ = O,

ae o, N, (1= 1,2) — goparni cram, p;,q : [a,+00[—]0,400] (i = 1,2) - Henepepsui
dbyuKil, nani murTaHHs paminre BupinryBaauck B poborax [1],[2].

1. Jaros, J., Kusano, T., Existence and precise asymptotic behavior of strongly monotone
solutions of systems of nonlinear differential equations, Differ. Equ. Appl. 5 (2013), 185-204.
2. Evtukhov, V. M., Vladova, E. S., Asymptotic representations of solutions of essentially
nonlinear cyclic systems of ordinary differential equations, Differ. Equ. 48 (2012), 630-646.

e-mail: 2162237@Qgmal.com
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CTOXACTUYHI EBOJIIOLINHI PIBHAHHSA Y HECKIHYEHHOBUMIPHUX ITPOCTOPAX
Oabra Maptuniok, Osekcanap CraH>XUITBKUH
Yepriseyvrul nauionasvrut ynisepcumem imens FOpia @edvrkosuua, Yepnisui, Yxpaina
Kuiscorutl nayionasvruti ynieepcumem tment Tapace Illesuenxa, Kuis, Yrpaina

Pobora npucssuena po3rigay 3arajJbHUX IMATAHL CTOCOBHO CTOXACTHYIHUX PiBHAHDL V HECKIiH-
YEeHHOBUMIPHUX TTPOCTOPAX. Ix YacTHHHIM BHIAAKOM € CTOXACTHYH] mudpepeniaabHi PIBHAHHS ¥
JaCTUHHUX MOXITHHUX, IO BUCTYIAOTH MATEMATHIHIME MOIE/TAMHA 0araTb0oxX peaJbHUX IIPOIECiB.

Y camiii 3arajibHi#l TOCTAHOBIN TaKi PIBHAHHS MAIOTh HACTYITHUN BUTJISI.

Hexait H € cenapabesibHuM rijibbeproBuM abo HaHAXOBUM IIPOCTOPOM, 1 Hexail 3a/1aH0 abCTpaKTHE
Bigobpaxentns F' : [0, T|xHxU — H, ne T > 01 U pesxwuii npocrip I'nbbepra. Toui croxacruuane
€BOJTIOTIIITHE PIBHAHHS Ma€ BUIJIST

P _ b x(0), W (0), )

e W(t), t € [0,T] € U— 3naunum Giamm mymom, a W(t) € U— 3HaqsuM 1uiiHApUIHIM
IpoIIecoM GPOYHIBCHKOTO pyXy Ha jesKoMy iMosipricromy mpoctopi (Q, F, P). Ockinpru W (t)
€ TAyCIBCBKHUM IIPOIECOM 3 HE3AJEKHUMM 3HAUYEHHSIMM 13 HECKIHYEHHOIO JIMCIEPCICI0, TO IIpaBa
gactuHa (1) 3a3Hae BUIIAQIKOBUX 30ypEHBb yKe CKJIQJIHOI MPUPOAN 1 HE HiIAEThCd BHBUICHHIO
CYYACHUMU MATEMATHIHUMHU METOJaMU. fIK MpPaBUIO, pO3TIAIAEThCS JiHeapu30BaHa Bepcist (1)
orpumana po3kaanom F' B okomi 0 € U 3a dhopmysioio Teitmopas:

dX

E :F(t,X,O)—i‘aigF(t,X,O)W, (2)
03— dJacTHHHA HOXigHa Big F 1o Tperii 3MiHHIi.
[oxkmasmu Tenep A(t, x) := F(t,x,0), B(t,x) := 03F(t, X,0)
OTPUMYEMO 00’€KT HAIIOTO PO3LSIITY

dX () = A(t, X)dt + B(t, z)dW (). (3)

B po6GoTi po3raamaoThes pi3Hi migxoau 10 O3HAYEHHS DPO3B a3Ky (Msakwil, crabkmil, cuh-
HUIT), 0OTOBOPIOETHCS X B3aE€MO3B'sI30K, MMPUBE/IEH] BiIMOBIIHI T€OPEMH iCHYBAHHSI.

st KOHKpEeTHUX BUTJISIB TPOCTOPIB Ta, HesiHiHNX Bijobpaxenb A 1 B 06rOBOPIOIOTHCS
KOHKDETHI DIBHSIHHS, 10 € MATEMATHIHUME MOJIEJISIMU PI3HUX MPOIECIB TPUPOI03HABCTBA (DiB-
HaHHs peakiil qudysii, piBusuta Bioprepca, piBuanns Has’e-Crokca, piBHAHHS TOPUCTUX Cepe-
JOBHUII, PIBHSIHHST TOHKWX I[JTIBOK Ta iHI). 3aragbHa (opMa nepepaxoBaHuX PIBHAHB 13 (Hha30BUM
npocropom dyukii & — x(£), ne £ € D C R? nacrynma

dX (t)(€) = A(t)X (1)(€), DeX ()(), DE(X ()())dt+

+B(t, X (t)(€), DeX (t)(€), DE(X(t)(€))dW (2),

0 € YACTUHHUM BUTAJKOM DiBHsAHHS Ty (3).

Po6ora Bukonana 3a miarpumku Hamionaasaoro dhoumy gocaimkens YKpainu, mpoext Ne2023.03 /0074
"HeckiHueHHOBUMIPHI €BOJIIOIIIHI PIBHAHHS i3 6araTO3ZHAYHOIO T4, CTOXACTUIHOI JUHAMIKOK".

JlitepaTypa
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TTOBYIOBA MATPUII PE3YJILTATIB KOMAH/IM. ITPOBA JIISl ATAKYBAJIbHUI V/IAP
Cepriit Mapruniok, Bsaecsas Ilypkan
Yepriseyvrul wauionarvrut ynisepcumem imensi FOpia @edvrosuna, Yepnisui, Yrxpaina

[Tobymosa MaremMaTuvHo! MOmETI KOMAHIHWX il 38 CTATUCTUIHUMU JAHUMU, 3i0panumMu 3a
JOTIOMOTO10 TIporpaMuoro 3abesnedernsi DataVolley [1], macTs 3Mory cyTT€BO BIUIUHYTH Ha JI0-
CATHEHHST KOMAHJIHUX PE3YJIbTATIB y CydacHOMY BoJieiibomi. AHaaiTuaHa, TpeHepCchKa Tpyna, Ma-
IOYHM JOCTYT JI0 MAaTeMaTUIHOI MOJIE KOMAH HOI TPH, 3MOXK€e BUKOPHUCTOBYBATH i1 JJ1d aHaJi3y
iHAWBiMyaIbHUX A1l TPABINB, OMIHIOBATHU X CHIbHI Ta cjaabki cTOpOHU, e(DEKTUBHICTL BUKOHAH-
Hd IrpOBUX KOMIIOHEHT i B3aeMOiio 3 mapTHepamu. KpiM amasizy, e J03BOJIUTH MPOIYKTUBHO
OyjlyBaTi TpeHyBaJbHUI [IPOLEC JJisl HiABUIEHHs eDeKTUBHOCTI KOMaH/HOT rpu [2].

Y norepeHix J10CiRKEeHHIX 0y/10 po3K0g0BaHO (aiiim CTaTUCTUKU Ta CHOPMOBAHO CTPY-
KTypy 6a3u JaHux s 101a/1bI101 00pobku pedysibraris. st npoBegerHs JOC/HizKeHHs 310 paHo
datiym marnx mardis cezony 2023-2024 pokis maa komanyg Burmmoi jgirm Yemmionary ta Kybky
YKpainu cepe/l *KiHOUUX KOMaH. Byso BBEJEHO MOHSTTSI MATPUI PE3YJILTATIB irpoBux it [3].

Marputig pe3ybTaTiB — 1€ MATPUILA PO3MIPHICTIO 3 X 3, KOXKEH 3 eJIeMeHTIB AKO1 BiamoBigae
30HI irpoBOro 1oJist y Bojieiiboi, a 3HAUEHHS eJIEMEHTIB MaTPUIl — KiJTbKOCTI BUKOHAHHS irpOBOT
Jii B KOHKPETHI# 30Hi:

20

11 4 3 2
A= 3 0 Biamopimmi 3001 BoseHbOALHOrO OISt 7 8 9 .
0 0 5 6 1

0
0
Tobro rpasens Bukonas 20 aTtakyBajabHuX ymapis 3 4 30mu irpoBoro mojsi, 133, 132 1a 335
30HMU.

Orxe, mist KOXKHOTO TPaBIrig CHOPMOBAHI MATPHUIN PE3YABTATY ITPOBOI il “aTakyBabHU
yaap”. Bignosinuny marpuiro moznaunmo ANerpasig (Hanpuria, A9). Jana MaTpuiss cKiaae-
ThCA 3 CyMU MATPUIlh PE3YJIBTATY AKOCTI iITPOBOT Aiii: BUrpaHuX aTakywuanx yaapis A9, mommu-
KOBHX aTakyodnx yrnapis A9y, mosutuBHux ymapis A93 Ta HeraTwBHUX yaapis A94:

20 1 1 310 2 00 2 00 13 0 1
0 30}={00O0])]+(0O0O0]+1000 ]+ 0 3 0
0 0O 0 0O 0 00 0 00 0 0O

Kpim Toro, mra merasizaiii HampsaMKiB aTakyd 0 KOXKHOTO €JIEMEHTa MAaTPHIl Pe3yabTaTiB
NPUB’SI3YETHbCI MATPHIIS PE3YIbTATY HANPAMKY aTaKu:

1 0 2 010
A%qir=1 1 0 0 |, A9%g=1] 0 0 0 |,

3 76 0 00

0 00 0 00
A%qir =1 0 0 0 |, A9%uir=1] 0 0 0

0 01 1 11

BigrocHi MaTpuill pe3ysibrary MOKa3ylTh SKIiCTh aTaKyl0doro yiaapy:

15 100 0 10 0 0

A% =1 0 0 0|, 4% | 0o 0 0 |,
0 0 0 0 00

10 0 0 65 0 100
A%%s;=1 0 0 0|, A9%4=[ 0 100 O
0 00 0 0 0
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st moby10BU MATPUIl PE3y/bTaTiB KOMaHAM irpoBoi il “arakyBaJibHull yaap’ MU BHKO-
PUCTOBYEMO MATPHUIN PE3Y/IbTATIB KOXKHOTO T'PABIS Ta PO3TAITYBAHHS TPABINB HA MailJaHINKY.
[paserp MoKe 3aiiMaT MO3UINO ab0 MepeaHbol JiHil (30Hu 2, 3, 4), abo 3aaHBOI JiHIT (30HU 1,
6, 5). B 3amexkHOCTI Big PO3MIMEHHS 10 PE3YIbTYIOUO0I MATPUIN BKJIIOIAEMO CYMYy BiITOBITHUX
eJIEMEHTIB TEePITOTo PAIKA MATPUIThL PE3YILTATIB T'PABIIB epe HBOI JiHil Ta IPYroro Ta TPETHOTO
PAJKIB JIJis1 TPABINB 33 HBOT JIiHII.

CcopmoBani MaTpuIll pe3ybTaTiB aTaKyBaJbHUX il JIJId BCIX I'PaBIB 3a OcTaHHI 5 odiiii-
HUX MaTYiB:

0 0 6 9% 3 12 0 67 12
A= 0 2 3 |, A9= 0 14 0 ,Al=1 0 0 0 )
0 00 0 0 O 0 0 O
34 0 69 82 2 8 2 48 16
A8 = 0 3 32 |, A10= 0 16 0 |,A2=1|1 0 O
0 0 O 0 0 O 0 0 0

LJ1st TpUKITa Ty PO3TJISTHEMO PO3TAIYBAHHST KOMaHIH (110 HOMEpaX IPABIB 1 30HAX BiIMOBLI-
HO):

7918 10 2.
130 70 93
Pesy/bTyioua MaTpHIA I JAHOTO posramryBanHs: Al = 1 18 3 TOOTO TEPIInii psi-
0 0 O

0K (POPMYEThCS 3 BiANOBIHUX PsiakiB rpasuis 3 momepamu 9, 1, 8 (rpaBmi nepemnnbol Jimii),
JTBA HACTYITHI PSIIKU — 3 BIJIMOBLIHUX psIIKiB TpaBiiB 3 HoMepamu 7, 10 Ta 2 (rpasIfi 3aJHBOT Ji-
uiT). Tpu 3mini po3TantyBanHs MATPUIS PE3YJIBTATY KOMAH/IU 3MIHIOETLCS BIAMOBITHO 10 HOBOTO
posramrysansas (9 1 8 10 2 7):

116 69 89
A% = 1 16 3
0 0 0

B pesyabrari orpumaemo 6 MaTpuiib, i KO2KHOTO PO3TAlllyBaHHs. BimMmiTumo, mo TyT Bpaxo-
BaHO, IO I'PABIIAM 3a/IHBOI JIiHIT 3a00pOHEHO aTaKyBaJIbHUIT yiap 3 nepe/nboi Jinii. [lobymnosani
3a TAKUM CaMHUM IIPUHIMAIIOM MATPUIL SKOCTI aTaKyBaJIbHOI'O YAapy Ta BIJHOCHI MaTpHUIl AKO-
CTi JAI0Th 3MOTy mnepeadbadnTn HafiMOBIpHIITY 30HY aTaKyBaJbHOTO yiAapy kKomanuan. Marpwuii
HAIPAMKY JIJIsT KOMaHIH (DOPMYIOThCS aHAJOTIYHO Ta BiIoOPaKaOTh HAIPSIMOK ATAKH 3 MTEBHOI
BOHMU.

g mobymoBa MaTeMaTHIHOT MOJIE KOMaHau HeoOXiHO chopMyBaTh MaTPUI PE3YIBTATY
Ta, BIAMOBITHI MaTpUIll HAPIMKY Ta 9KOCTI Jjis BCixX irpoux fifi. OCHOBHUMHU irPOBUME JiAMEI
y BoJieiibouii €: momada (Serve, mosHadYATHMEMO MATPHIN pe3yabrary S), mpuitom (Reception —
R), araka (Attack — A), 6ok (Block — B), npuitom arakm (Dig — D), nac (sEt — E), siapanit
Mm’sa (Free ball — F). [lna o6’ekruBHocTi Mozesi moby/I0By JaHUX MATPHUIBb BapTO 3JIHCHIOBATH
3a (haiisamMu CTATUCTUKHU HE OJHOTO MATUy, & moHaliMmen e 3-4 Mardis.

3apigu 1mo0yI0BAHUM MATPUIIAM PE3Y/IbTATIB MOXKHA aHAJI3yBaTU irPOBY 0 “aTaKyBaJib-
Hu#l ygap”’ KOMaHAM Ta IPOrHO3YBATH 11 10 AKOCTI Ta HAUPAMKY. [l mokpalmenHs sSKiCHUX
TTOKa3HWKIB KOMaHIH B ILJIOMY MOYKHA, CKOPUCTATHUCS TIOTIEPETHIM JTOCTII?KEHHAM M0 BUKOPUCTAH-
uio T-xkpurepito BimkokcoHa s OMiHKY siKicHuit 3min [4]. 36ip JaHUX MO MPOBEIEHUX MaTIaxX
KOMAHJ JACTh 3MOTY MOCTITHO OHOBJIIOBATH JaHI IPABIB Ta POOUTH X aKTyaJIbHUMMA.

JlitepaTypa
[1] Data Volley. (f.a.). Data Volley. - URL: https://www.dataproject.com/Products/EN /en/Volleyball /Dat

[2] COACHING MANUAL. (2018). — URL: https://volleyball.org.au/get-involved/coaching-
refereeing/coaching /coach-resources/volleyball-australia-coaching-manual
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[3] Mapruntok Cepriit, Ilypkan Bsiuecias "Ilo6yioa Maremarndsoi Mojesii rpaBlis 3 BUKOPU-
crammasiv marpui pesynsraris”, 3BIPHUK CTATEN, "Maremarnka. Trdopmariiini Texmo-
gorii. Ocsita”, Nell (2024), m. JIynek, C. 86.

[4] Mapruntok Cepriii, llypkan Bsaecsias. Maremarndana Moge b OMIHKYA AKICHUX 3MiH BHKO-
HaHHY KOMaHIHWX it Ha ocHoBl T-kputepito Binkokcona. BykoBuHChKMiT MaTeM. XKypHAT,

2023, T.11, \e2, C. 1-7.
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.HIHLLII/IL[EBI (IDyHKL[IT HA CKIHYEHHOBUMIPHUX ITPOCTOPAX 13 CUMETPUYHNM BA3UCOM
Mapis Mapiiskis
Ipurapnamcoxud nayionarvnut yuisepcumem imens Bacuaa Cmepanuxa, learno- Ppankiscor,
Yrpaina

Hexaitt X — niticanit 6anaxis npocrip. [loznaunmo udepe3 S rpyny Beix mepecTaHOBOK Ha
MHOXKIHI HaTypasbaux ducen N. Exement o € S gaxio

®ynknig f: X — R nasusaersca cumempuwroro skmo f(o(zr)) = f(z) mmascixx € Xio0 € .

Posrnguemo Bimobpaxkenus F': X — Y, ne X, Y e merpuunumu npoctopaMu. BinobparkenHst
F: X =Y, e ainwuyesum wa X, axiro icaye crasa ¢ > 0 Taka, 1m0 [jId e1eMenTiB x1, o € X
BUKOHYETHCS HEPIBHICTH

p(F(z1), F(x2)) < ep(x1,22),

ne p(z1,r2) — MeTpuka Mixk emementamu npocropy X, p(F(x1), F(z2)) — Merpuka Mix eje-
MenTamu mpoctopy Y. Hafimenma icHyioua KOHCTAHTA ¢ HA3UBAETHCIT KOHCMAHMO0 JIinwuya.
Y nomnoBijii po3nJIsiIATUMYThCs TaKi 6a3ucHi cuMeTpUYHi (PyHKIN] Ha HECKIHYEHHOBUMIPHUX TIPO-
CTOpax Ta JOCJIJIZKEHA BJAACTUBICTD JINIIUIIEBOCTI JIJisi HUX:

Fo(z1,29,...) = > 70, " — cuMerpudHuil crereHeBuil MOIIHOM;

Gm(T1,%2,...) = Y5 ey Tiy *** Ty, — €IEMEHTAPHUIT CUMETPUYHEH TIOJIHOM;

B (x1,x9,...) = Zilg---gim Ziy -+ Tj,, — — MOBHUI CHMETPHUIHUH TTOJTIHOM.

Teopema. [oginomu F,,, m € N e npinmunesnvmu bysxiisvu Ha Do = {z € {1 |z;| <

1,i € N} 3 koucranroto Jlinmmna 1 < Ly, < m ra FTIfL He € JinmurnesnvMu GyHKIigavMn Ha Do
LIS KOKHOrO k > 1.

Hacainok. loginomu G, T1a B, #He ¢ ginmmnesumu QYyHKIAME Ha, Do.

e-mail: maria.martsinkiv@pnu.edu.ua
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MO,ZLE.H}OBAHHH [NPOLECIB 3BOPY BPOXAIO B JUCKPETHUX CUCTEMAX
Bacuas Marnenko
Yepriseyvrul nauionarvrut yuisepcumem imens FOpia @edvrosuna, Yepnisui, Yxpaina

Binbmricts Marematuarux Mogesiei ekoaorii hopMyYTIOITHCA § BULIAA] Hudepentia bHuX
Ta pisuuneBux piBHAHL. [liaxim, mo 6Gasyerbca Ha amapaTi ancepeHIaabHuX PiBHAHB, 3aCTO-
COBYETHCH /IO MOJIEIOBAHHSA JAWHAMIKM YMCETLHOCTI MOIMYJIAIi 13 MepeKPUBHUMY TTOKOJIHHIMUA.
OpHak, Jutd 6araTboX MOIMYJSIi TOC/TII0OBHI TOKOJIHHS HE TEPEKPUBAIOTHCS 1 PICT 9UCETbHOCTI
BigOyBaeThCca B mucKpeTHi MoMeHTH dacy. Jlo Takmx momysdaniit MoxkHA BigHecTw Hararo BuiB
xomax. Taki Mosesti OB g3y10Th duCesbHICTL Nit1 ¥ MOMEHT dacy t + 1 i3 YucesbHICTIO B TIOITe-
penui momentu. lle npu3BoAUTH 10 PO3IVIsALY PI3HUNEBUX PIBHSIHDL, IKi B IIPOCTIIIIOMY BUITAJIKY
MalOTh BUTJISA
Nyy1 = F(Ny), N, eRT, F:R" - R*, Rt =0,00). (1)

Ha npakruni poss’ssok (1) moxkHa 3HalTH MuIaxoMm itepyBanus (aHAMITHIHUN PO3B'A30K,
SK TPABUJIO, HE MOXKHA 3HafiTw). B anajiTuaHOMY BUI 3HAXOMASITH CTAIIOHAPHI Ta TEPIOINTHI
po3B’si3km piBHgHES (1) 1 10CHIKYIOTH X HA CTIHKICTS.

OCKiJIBKY B CBOTH isJIBHOCTI JIIOJIMHA BUKOPUCTOBYE PI3HI IPUPOJIHI PECYPCH, TO BaKJIUBUM
€ palioHa/JibHE BUKOPUCTAHHS BiJHOBJIIOBATLHOTO pecypcy. Ko 3 medxol mOmyssrti BimioB-
JIIOETHCS TIeBHA KITBKICTh 0COOWH, TO piBHsHHs (1), siKe OMUCye 3MiHY YHCETBHOCTI MOILYJISIIIL,
HabyBa€ BUIVISLY

Nt—‘,—l =F (Nt) -C (Nt, Oé) , (2)

ae C' (N, ) — IHTEeHCUBHICTB BiJIJIOBY, IIADAMETD (v XAPAKTEPU3YE IH0 IHTEHCUBHICTD.

Y nmaniit pobori 3i 360poM YPOXKA0 PO3IJISIAITHCA JUCKPETHA JIOTICTUYHA MOJIEJb, MO/JIETb
Pikepa [1] Ta mozmeni Ckemrrama.

st AMCKPeTHOTO JOTICTUIHOTO PIBHSIHHS

Nt+1 = TNt (1 - Nt) —C (3)

3 IOCTIMHOIO IHTEHCUBHICTIO BiADOPY 3HAlI€HO CTAIliOHADH] CTAHU, HEPIOANYHI PO3B’I3KH 3 Iepi-
omom 1T'= 2 ra T = 3 Ta HPOBEAEHO JOCHIIKEHHs TX crifikocri. 3pobieHo KoMI'ToTepHUil aHa1i3
PO3B’s13KiB piBHAHHS (3) IpW PI3HUX 3HAYCHHAX T, C.

st moseni Pikepa 3i 360pom ypoxkaro

= v [+ (1)) o o

qHCeNBHO 3HalIeH] cTann piBHOBarn anceabuocTi. [lokazano, mo icHye HUXKHS MeXKa, epeinioB-
M 9Ky, TPUPEIYEMO TIOTYJIATIII0 HA BUMUPAHHS.

Kowmr'torepuniit anais pisasauas (4) npu k = 10, r = 2.2, ¢ = 0.5 gae icHyBaHHs CTIHKOTO
nepioguuHoro po3e’ssky 3 nepiogom T' = 2 (N7 = 4.838, Nj = 14.561).

Hucnosuit anamis pisastaas (4) opu k = 10, r = 3.2, ¢ = 0.4 nokazas, 110 iICHYIOTE JBa HE-
cTifikux nepioguunux po3s’a3ku 3 nepiogom T = 3. Toxi 3a teopemoro [IlapkoBchKOTO piBHAHHS
(4) mae mepioguanHi po3B’a3ku OyIb-KOTO Tepiony, a 3a Teopemoio Li Yorke icayrors xaormusi
pose’sisku (npu k =10, r = 3, ¢ = 0.5).

Nitq

t
MOHOTOHHO CITaHol rinepboaiaaol dyHKIIT, TO onepKyeThea Moaens Ckesutama, dKa 3i 360pom

YPOXKAIO 3 TIOCTIMHOIO IHTEHCUBHICTIO ¢ Ma€ BUTJIS

Aximo koedimieHT PO3MHOKEHHI B MOMYJIli, TOOTO BiIHOIIEHHS BUOPATH y BULJIAI

(INt
Nypp=——1—
t+1 1 —{—bNt

¢,

abo
aN?

Niygt=——F—=—¢, a,b,c>0,t=0,1,2,...
t+1 N ¢, a,b,c
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st mx Mogzesneit mokas3aHo, o Ma€ Micrie MOHOTOHHA cTabiii3alisa YnceIbHOCTI, mepioguvHi
PO3B’A3KH BimCyTHI.

Y pesyabTari JOCHIIKeHb BAABUIOCH, 10 Moae b CKeaaaMa Ma€ y3arajibHeHHs, dKi JOILY-
CKAIOTh ICHYBAHHS MEePIOANIHIX PO3B’A3KIB Pi3HOTO Tepiomny.

Taka Mozesib 3 M’SIKOIO CTpATEriero 360py BPOKAK MAa€ BULJISI

aNt

Nep = -2 kN, o, 8>0, ke (0,1), t=0,1,2, ...
t+1 B—f—th t /8 ( )

Jlrs 1iel Mojesti 3HaiimeHi crarioHapHi Ta mepiogudni pos3s’a3ku. Ilpoeeneno mociimkenna ix
CTIMKOCTI Ta KOMIT'IOTEPHUI aHAI3 PO3B’ I3KiB.

Jliteparypa

[1] Manenko B.I. MogentoBanus mporiecie 360py BpoxKato Jiisi MOMYJIsIil 3 HENEPeKPUBHUMU
HOKOJIiHHSIMH. ByKoBUHCHKIiT MaTemaTwanuii Kypraa. 2022. 10(2). 165-175.

e-mail: v.matsenko@chnu.edu.ua
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TIPEACTABJIEHHS JINCHUX YUCEJ 3HAKO3MIHHUMU PSAJAMU IIEPPOHA TA MOr0o MICLE
CEPEJI BIJJOMUX TIPEJICTABJIEHB
Mukosa Mopo3s
Inemumym mamemamuru HAH Yipainu, Kuis, Yxpaina

Ozuavennst 1. 3uakxosminnum padom Ileppona 6ydemo nasusamu wucaosuli pad sudy

o0

3 (=D)"rori---mn 7 1)

— (g1 —Dar(g2 —1)az - (a0 — 1)an(gn+1 — 1)

de (rp)oy — dosinvra nocaidosricms wamypasvhus wuces, N 3 g > rp_1 + 1 das eciz n € N.
JIema 1. Pad (1) e abcomomuo 3Giscrum, a Gozo cyma € wuciom 3 inmepsany (0,1).

Hexait 3amano dynkuii @, (21,...,2,): N — N mgna xoxnoro n € N ta pg = const € N.
dixcopany nocaigosuicts dbyHKIiil (¢ )5, To3HaYaTEMEMO P.

Osnauenns 2. Hexal wucao x € (0,1) € cymorw pady (1), de ro = wo ma r = ©n(q1,---,n)
dan eciz n € N. Todi posxaad wucaa x 6 pad (1) 6ydemo nazusamu tiozo P~ -npedcmasaernnam.
Ckopoueno pad (1) ma tGiozo cymy = 6ydemo nosnavamu AL Yucao g, 6ydemo Ha3usamuU
n-ot0 yu@poro P~ -npedcmasienna wucia .

q1q92.-.

O3nauenns 3. HenopoocHio mrosicuny Agich = {:c €(0,1): z = AL } bydemo

~Ckqk+19k+2-
Has3usamu P_—uu./L’inpO.M paney k 3 ocnosorw Cl...Ck.

Muozxuny indiMyMmis Ta cynpemymis Beix P -mutinapis nosmaanmo IST . g muoxuHa €
3/1i9eHHOI0 Ta Beroau 1iinbaoto B [0, 1]. 2Koxxe uucso 3 1 SP™ we mae cBoro P~ -tipencraBienHs.

Teopema 1. /aa dosinvnoi nocaidosnocmi P xoocen x € (0,1) \ IST™ mae edune P~ -npeo-
cmasaerna, mobmo icHye eOURG NOCAIOOBHICTNG HAMYPAALHUT “uces (¢n)oe, MaKa, U0

o0
-3 S R = AP,
o 0 q1 — 1 ( - 1)Qﬂ(‘]n+1 - 1) iz
de ro =0, n = ©n(q1s -, qn) Ma qp > Tn_1 + 1 das xoowcnozo n € N.

Hacaimok 1. Iuaindp AL e mnoocunon sudy (a,b) \ 1ST~

q1---9n

Teopema 2. Hezali P~ -npedcmasaenns susnayere nocaidoswicmio P dynruit (on)02 . Todi
das xootcnozo x € (0,1) \ IST™ maromv micue pexypermi cnicsionowenma:

To
ro =o; q(x) = [;} +1;
k—1

_ Z 1)”"”0...7"/,2/
=0 QI - 1 (Qn - 1>Qn(Qn+1 - 1)
T = 9%(‘]17 cee 7(]k)7
7"'0 .. ./"’k
Qk+1{x) = + 1,
+1(@) [(% —Daqr - (qr — 1)Qkxk]
de [x] — yisa wacmuna wucia x.

P~ -mpencraBiieHHd € y3araJbHEHHSAM IPEICTABICHD MIICHAX YNCE] 3HAKO3MIHHAMIA PAIAMIE
Jlopora [2], pagamu Ocrporpajicskoro—Ceprinchroro—Ilipca [1, 7], Ocrporpajachkoro apyroro
Buy [8], srako3minaoro DKB-nipencrasiennst [3], a TaKOXK € 3HAKO3MIHHUM aHAJIOTOM MTPEICTAB-
JeHHst JificHnx gmcen jgoparauMu psagamu Ileppona [5] (yzaransuenns psais Jlropora, Exresns,
Cunbeectepa tomno). Ilpu nbomy Ha choromai P~ -TpeicTaBieHHS € HafOLIBIN 3araJbHAM dac-
TKOBUM BHIIAJIKOM 3HAKO3MiHHMX posk/iajais Oumnenreiiva [3, 4], i sikoro maiike Bl uncia 3
(0,1) MarTh CBOE BIANOBIIHE MPEICTABICHHS.
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alternating Oppenheim expansion ‘

!

P~ -representation

!}

restricted alternating Oppenheim expansion (RAOE)

|

}

}

|

alternating
Liiroth
expansion

alternating
Engel
expansion

Pierce
expansion

alternating
Sylvester
expansion

alternating
DKB-
expansion

Jlama AOTOBIAL MPUCBAYEHa OCHOBAM TOTIOJIOTO-METPUYHOI Teopii P~ -npeacTaBieHHd, a Ta-

KOXK 3B’a3kaM P~ -mpencraBjeHHs 3 100pe BiIOMUME MPEICTABACHHIMU MIHCHUX YUCEST 38 JTOTI0-
MOTOI0 3HAKO3MIHHUX PSIiB.

Jliteparypa
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TOIIOJIOI'YHA XAPAKTEPU3AIIA PISHMX TUIIIB KBABIMETPUYHUNX ITPOCTOPIB
Bomoanvmup Muxaiiaok
Yepriseyvrul nauionarvnut yuisepcumem imensi FOpia @edvrkosuna, Yepnisui, Yrxpaina

Hactynni moHATTST 7jisT 9aCTKOBO METPUYHHX MPOCTOPIB Oyniu yBeneni B [1], ane mu TyT
POBIIITHEMO TX Y 3araJibHIMIH cuTyarlii KBa3iMETPUIHNX TPOCTOPIB.

Osunauenns 1. Kesaszimempuunut npocmip (X, q) nasusaemoca

- cexsenyianvio pisnobedpenum, axwo lim q(y,x,) = q(y,x) daa dosinvnuz y € X i 36i-
n—oo

otchot do moury x € X nocaidosnocmi mouox Ty € X;

- CEKBEHUIANDHO DIGHOCTNODOHHIM, AKULO NOCAIIOBHICMYL MOY%OK Yy € X 30t2aemvcs do mo-
wku x € X, A% MiAdbKU icuye maka 36icna 00 T NOCAI008HICMY MOouoK Tn, € X, wo

n—oo

- CEKBEHUIANDHO CUMEMPUMHUM, AKULO NOCAIOOGHICTNG Mook T, € X s6izacmbea 0o mouku
z € X, ax misvku lim q(z,, ) =0;
n—o0

- mempuronodionum, axuo lim q(x,,x) = 0 daa dosiavnoi 36icHol do mouku x € X
n—oo

nocatdosHocmi mowox T, € X.

Sk saypaxkuau apropu B [1], mokmaBum x, = x s KoxuOro n € N B 03HAYEHHI CeKBEH-
1iaJbHO PIBHOCTOPOHHBOTO TIpocTopy (X, ¢), MU OeP:KUMO, IO MOCJAIZOBHICTE TOYOK Y € X
36iraeThest 10 TOUKkU © € X, K Tibku lim q(y,,x) = 0, To6TO Mae MicIie HACTYITHA IMILTIKAITiS.

n—0o0

Proposition 1. Koowcnutl cexgenuiasvho pieHocmoporHith K8a3iMempuvHul Npocmip € cexee-
YLAADHO CUMEMPUHLHUM.

Pazowm 3 Tum, asropu B [1, Question 8.5] copmysroBanmu Take nuTaHHS.

Hurannaa 1. dxumu € nodasvuri 36°a3KU MIJC TOHAMMAMY 3 03HAHEHHA 1 0Af MaCKOBO Me-
MPUYHUT NPOCMOPIe?

Y pobori [2] dakTnaHo omepKaHO HACTYIHUIT pe3ysbrar, xo4ya BiH 1 copmyasoBanuii Jst
YaCTKOBO METPUYHUX MPOCTOPIB, aje HoTo JOBeJeHHS 3aJUINAEThCSI BIpHUM 1 A KBa3iMeTpu-
IHUX TTPOCTOPIB.

Teopema 1. Hezati (X,q) — xeasimempuunuis npocmip. Todi
(1) axwo X mempuronodibnut, mo X cexsenyiasono pienobedperut;

(2) axwo X mempuronodibruti i cexeernyianvho cumempuurut, mo X Cex6eHuiabHo PIeHO-
CMOPOHHI.

Jang xBazimerpuanoro npocropy (X, q) gepes Tg MM IIO3HQYAEMO TOIOJOTIYHY CTPYKTYPY,
TOPO/IZKEHY Mielo KBa3iMeTPUKOIO, depe3 ¢ ' — CIpszKeHy KpasiMeTpuKy Ha X, To6T0 ¢~ (2,7y) =
q(y,z), i 1epes d, — merpuky q + ¢ ' na X.

HacTymHi TOmOMOTIYHI XapaKTepu3allil pisHUX TUINB KBa3iMETPUIHUX ITPOCTOPIB OJIEPKAHO B
[3]

Teopema 2. Hezat (X, q) — xeasimempuyunuts npocmip. Todi nacmynui ymo6u eKeicaieHmmi:
(1) npocmip (X, q) cexsenyiasvno pienobedperud;
(it) Keasimempura q € T4-HENEPEPEHON 6i0HOCHO OPY2oi 3MIHKOT;

(111) Oas dosinvhuz x € X i1 > 0 samwnena kyas Blx,r] = {y € X : q(z,y) < r} e samxnenorn
MHOICUHON.
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Skwo K6a3iMeMPUKaG q NOPOOAHCEHE DEAKOI0 YACTMKOBON MEMPUKO0 P Ha X , mo ymosu (i) — (iii)
PIBHOCUABHE MAKOHC MAKIT YMOST

(iv) wacmKoea mMempura P € HAPIZHO Ty-HENEPEPEHOIO.
Teopema 3. Hezati (X,q) — xeasimempuurutdi npocmip. Todi nacmynmi ymosu exeicaienmmi:
(1) npocmip (X, q) cexsenyiasvono pieHOCmoporHit;

(ii) q(A,B) > 0 0as 008iabHUT HENOPONCHIT HENEPEMUNHUL Y KEAZLMEMPUUHOMY NPOCTOPE
(X, q) samrnenol mmoowcunu A i 3ainenno Komnaxmmoi muoocunu B.

Teopema 4. Hezai (X,q) — xeasimempuunuti npocmip. Todi nacmynmi ymosu exeieaseHmmi:
(1) npocmip (X, q) mempuronodiGhui;
(i) monoaozia T, € CUAHIULONW, HINC MONOAORIA Ty—1;
(iii) mononozia T, 36i2aeMbCA 3 MONOAOZIEN Ty, ;
(tv) weaszimempura q € Henepepsroto 6I0HOCHO Mmonosozii dobymxy deox npocmopis (X, Tq);

(v) weazimempura q € Ty-HENEPEPEHOTIO GIOHOCHO NEPULOT SMINNHOT;

(Vi) K6a3IMEMPUKG § € Ty-HENEPEPEHOIO GIOHOCHO NEPWOT 3MINHOT Y 6CIT MOKAT 01a20HAAT
A={(z,z):x € X};

Teopema 5. Hexat (X, q) — xeasimempuunuti npocmip. Todi nacmynni ymo6u exeicaienmmi:
(1) npocmip (X,q) cexsenyiaavro cumempusnui;

(1) monoaozia T,

q—1 € CUABHIWOI0, HIXHC TONOAOZLA Ty;

(#3) mononozis T,

41 30120€MbCA 3 MONOAORICIO Ty, ;

(iv) Keasimempura q € nenepepenoro 8i0HOCHO Mmonoaozii dobymxy deoxr npocmopis (X, Tq_1);
(v) weaszimempura q € T4~ 1-HENEPEPEHOI0 GIOHOCHO OPY20i 3MINHOTL;

(vi) xeasimempura q € Tq—1-HENEPEPEHOI0 610HOCHO OpY2oi 3MINKOT Y 6CIT MOYKAT 01a20HAN1

A={(x,z):x € X};

Hacuinok 1. Ksaszimempuunud npocmip (X, q) mempukonodibnud i ceK6enyianbHo CuMempu-
wnuti modi i miavku modi, koau na X monoaoeii npocmopie (X,q), (X,q71) i (X, dq) 3bizaro-
MbCA.

Jliteparypa
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OJIHA CTAIIOHAPHA 3AJIAYA JIMOPAKIIT TTPY>KHOT XBUJII HA COEPUYHOMY JIEOEKTI
Ouer Hazapenko, Anxkesa CrexyH, AnaroJiii lposuii
Qdecvra depoicasra axademia 6ydishuymsa i aprimexmypu, Odeca, Yxpaina
Odecvruti nayionasvrul yrieepcumem iment 1. 1. Meuwnuxosa, Odeca, Yrpaina

Mertoro poborm € ampobdartig MeToay PO3PUBHUX PO3B’A3KIB HA IMHAMITHUX 3aaadax gudpa-
KIIiT IPYKHUX XBUJIb Ha cepuanux 06’ekTax. st 11poro ciiij nobyryBaTu poO3pUBHUN PO3B’A30K
XBUJIBOBOIO piBHsiHHS [1, 2|, @ morim i TpuBUMIPHUX PIBHSIHB PYXY IPY?KHOI'O CEpeJIOBHIIA st
Bkazanoro mgedekty [4]. IloTiM, BUKOPHCTOBYIOUM OTpUMaHe PO3PHUBHE DIIlI€HHS DIBHIHB DYXY
MPY2KHOTO CEPEIOBUINA, 3BECTU 33J1a4l IPYKHUX XBU/Ib HA chepudnomy gedeKTi 10 IHTerpaib-
HUX DPIBHsSHB, B TOMY 4mCJi i 3aja4i gudpakiii XxBuib CKpydyBaHHs. Po3poburu edbekTupHmit
MeTO/ HADIUKEHOTO PIllleHHsT 1HTerpajibHOTO PIiBHSHHS 3amadi nudpakiiii XBUIb CKPYIyBaH-
HA HA HEPYXOMOMY (PyXOMOMY) CHepUIHOMYy TOHKOMY BKJIIOYEHHI (CErMEHT TOHKOI abCOTI0THO
JKOPCTKOI chepunaHoi 060T0HKN).

Metroau gociinzkenns 6a3yrorbes Ha BijomMoMy dakTi [3] mpo 3BejieHHs 3a/1a9 KOJIMBAHb 1IPY-
JKHOT'O CEPEJIOBUINA 10 BU3HAUEHHS TPhoX (DYHKIIIH, siKi 3a/I0BOJIBHSIOTH XBUJIBOBUM DiBHSTHHAM
v cepuuniit cucremi xkoopamuar. I Tomy, maa OymayBaHHS PO3PUBHOTO PIIlIEHHS PIBHAHDL PyXY
MPY2KHOTO CEPEJIOBUINA, HEOOXITHO CIOYaTKy OOYAyBaTH DO3PUBHE PIIlIEHHS XBUJIBOBOI'O PiBHS-
HHs st cpepuanoro jgedekty [2]. Bono Gyyerbes 3a J0M0MOIOK0 y3araabHEHO! CXeMU MEeTOJLy
inTerpasbaux mepersopens [1]. Ilotivm, BukopucroByoUn Meron HeOOXiTHO BUpPINIyBaTH y Kjaci
dbyHkuiit 3 Heinrerpopanumu ocobsnusocramu [4]. 1106 nobypysaru rake pileHHsT METOIOM 1HTe-
rpajibHUX MHOTOYJIEHIB, OYJI0 /I0BEJIEHO 1 BUKOPUCTAHO HOBE CHEKTPAJIbHE CIIBBIIHOIIEHHS s
MHOTOUWIEHIB fIK00i 3 HeiHTerpoBanuMu Baroeumn ¢yukitisimu. [Ipu oMy inTerpamu Bin ¢yH-
KI[iil 3 HEIHTErpOBaHUMY OCOOTMBOCTAMH PO3YMIIOTHCH B y3araJbHEHOMY (Peryisipu3oBaHOMY )
3MiCTi.

HayxoBa HoBH3HA POOOTH TOJIATAE B HACTYITHOMY:

1. IlobynoBano po3puBHUiT PO3B’SI30K XBUJILOBOT'O DIBHSHHS Ta TPUBUMIDHUX DIBHSHB PYXY
Teopii npyxuOCTI s chepudnoro medexTy.

2. 3nificHeno 3BeJleHHs 33024 nudpakilii TPYKHUX XBUJIb JOBLIBHOI IPUPOIN HA cHEPUIHO-
My gedexTi 10 omHOBUMIDHEUX iHTErpo-mudepentiatbanx (IHTErpaTbHNX) PIBHAHD B TEPMIHAX
neperBopents Oyp’e mo KyTy @ :

RO, (r,0)| _, o+ Vn¥2, (R—0,0) = —Ru (R,0),
Vn {@n (R—0,0) — W%n(r,e)]’] } = RC°(R,0),

VWi, (R—0,0) = =(," (R, 0), 0< 0 <w,

r=R—0

ae @, (r,0)— dbyukiis, ska BusHavae XBUIo posumpents; Wy, (r,0) ;i = 1, 2-dyHukii, 1o onucy-
1oTh xBui 3cyBy; ub, (R, 0), ¢ (R,0),¢% (R, 0)-3cys i Hanpy»KeHns, BimoBiHO, K BUKIAKAE
CTAIlIOHapHA MPYXKHA, XBUIM, IO TMAJIA€ Ha, BKIIOYEHHS.

3. IlobynoBano edpexkTuBHE HAD/IMKEHE PIlIEHHS 33124l 1ndPaKIlil XBUIb CKPYYyBaHHS €
Y peo P (cos) (2k + 1) ek”/QJkH/Q (£), Ha abCOIOTHO KOPCTKOMY HEPYXOMOMY C(HEePUIHOMY
BKJIIOUYEHH] 3 BUKOPUCTAHHSIM HOBOI'O CIIEKTPAJIbHOIO CINBBIIHOIIEHH /I MHOTOU IeHIB K061 3

—i§cost _

HEIHTErPOBAHOIO BAroio:

Y; i Ydp B i
J - ) — Uy Ly ey
“ \/NjNiojo;  \/Njo;

Je:
Yj = /NjojX;+1; 200 =T+ 1/2)T(1+3/2)[1!(1 + 1)

NP =T+ 1+ DB +1+1)2(a+ B+ 20+ DI (a+ B+2+ 1)} N2 = N;

(_1)1'(_1' o r)nBQ(H_T)Cz’ '
i+ nP2+n+i+r+q)

dit = AR 00 B 000 (B); Thp(B) =
k=0

1=0
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N (CRn\ A2+ R4 p)
Z—Z(M T

/sm k+1/2 0 9

0

0
20 (2{ cos — ) do;

Yo(z) = Ju(2) — iHo(z); Ho(z)- nmepma dbynakuis Crpyse; cami xkoebimientn Ag(£) MoxHa 06-
YUCUTH, BAKOPUCTOBYIOUN BiIOMI cTemeHeBi po3k/aafanus ajia pyukiiit Beccess ta Ctpyee, a
TaKOK TabJIMIHUX 1HTErpaJIiB;

Ap(€)y7 & 41 (B) =201, (8) + 2181, ()]

N 1-Ak)
BF; = 93/2 [(2k + 1)eF™/2.0 1 2(€)] 71 , |

An(8) = =5 +1

Jliteparypa

[1] Popov G. Ya. Problems of stress concentration in the neighbourhood of a spherical defect,
Advances in Mechanics. — 1992. — 15, 1-2. — P. 71-110.

[2] Nazarenko O. A. Construction of a discontinuous solution of the wave equation for a spherical
defect, Norwegian Journal of development of the International Science, ISSN 3453-9875,
Oslo, Norway. — 2022. — No 87. — P. 3-5.

[3] Guz A. N., Kubenko A. V., Cherevko M. A. Diffraction of elastic waves, Kyiv: Naukova
Dumka, 1978. — 308 c.

[4] Nazarenko O.A., Stehun A.O., Yarovy A.T. Diffraction of elastic waves on spherical
defects,Scientific Bulletin of Uzhhorod University. Series of Mathematics and Informati-
cs, ISSN 2616-7700 (print), 2708-9568 (online), Uzhgorod «Hoverla» — 2023. — Vol.42, No 1.
- P. 64-T71.
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[IPO NCEBAOKBA3IHEIIEPEPBHICTH TA i AHAJIOI'U
Bacuar Hectepenko
Yepriseyvrul nauionarvrut yuisepcumem imensi FOpia @edvrosuna, Yepnisui, Yrxpaina

[MousitTst KBaszinenepepsHocTi, sike 6ys0 Beejgene C.Kemmnicrum B [1], orpumasio 6araro ana-
gorie. OIHUM 3 TAKWX aHAJONIB € TceBIOKBasinenepepsHicTh. Lle monsTTs 6y/10 BBENEHE B |2,
1110 IPABJIA, CIOYATKY BOHO (DIrypyBaIo B JeAKHUX MPAllsiX aBTopa (IuB., Hanpukiai, [3]) mig Ha-
3BOI0 ""Tomnosioriuna Kaikosicts". st noBinbHUX TonosorigHMX TpocTopiB X Ta Y BinobpaskeHHs
f: X — Y HazsuBaernbcd ncesdokeasinenepepsHum, SKIO Asl JOBLABHOI BIAKPUTOT HEIOPOKHBOT
vuoxkuan U B X i gopinbmol Muoxknnn E B X, Taknx, mo U C E, icHye BiKpHuTa HeIOpOKHA
muoxkuaa G B X, taka, mo G C U i f(G) C f(FE). IlceBgokBasinenepepsHicTh € Caa0II010
YMOBOIO HiK KBa3iHEIIEPEPBHICTH, TOOTO KOXKHE KBa3iHelepepBHe BifoOpaKeHHd € IICeBIOKBa31-
HEIEPEPBHUM.

B npani [4] fg.Bopcik Ta 1. JTo6otr BBEH TOHSITTS TPOCTOI HerepepBHOCTI. Binobparkerts
f X — Y wmix Tonogoriuaumu npocropamu X Ta Y HA3UBAECTHCS NPOCMO HENEPEPGHUM, SKITO
npoobpa3z Oyab-g9K0] BIAKPUTOI MHOXKHUHU € TTPOCTO BiIKPUTOIO MHOXKHUHOIO, TOOTO € 00’ € THAHHIM
BIIKpUTOI Ta Hijle HE NMIbHOI MHOXKWH. fK Oys0 3’scoBaHo B [2|, mceBnOKBa3iHENEPEPBHICTL Ta
TPOCTa KBAa3iHETEPEPBHICTH 03HAYAIOTEH OJHY 1 TY CaMy BJIACTHUBICTH BimoOpakeHb.

B sragani po6orti [4] 6y710 BCTAHOBIEHO PE3YJIBTATH PO JTEKOMIIO3UINIO HEMEPEPBHOCTI 32
YYaCTIO TICEBIOKBA3IHETIEPEPBHOCTI, TOYKOBOI PO3PUBHOCTI Ta IHITUX aHAJIOTIB TOYKOBOI PO3PUB-
nocti. Haragaemo, mo Bigobpaxkenns f : X — Y Ha3suBaeTbCA MOYK0G0 PO3PUSHUM, AKITO HOTO
MHOKMHA TO90K po3puBy C(f) € BCroau minpaow B X .

Cuain Bigznauntu pobory 5], B gKiit HABEIEHO P JEKOMIIO3UIIHHIX Pe3yIbTaTiB /I PI3HUX
0CJj1a0JIEHb HEIIEPEPBHOCTI 38 y4YaCTIO TOYKOBOI PO3PUBHOCTI.

Mu mocaimkyemMo 3B’SI30K MiXK TICEBIOKBA3IHEIEPEPBHICTIO Ta TOYKOBOIO PO3PUBHICTIO.

Teepaxkennas 1. Hexati X — 6episcoxuti npocmip, npocmip Y 3adosoavusae dpyey akcio-
my satvennocmi ¢ f + X — Y — ncesdokeasinenepepsne eidobpasicenna. Todi sidobpascenns f
MOUKOB0 PO3PUSHE.

3ayBaXkKuMoO, 10 YMOBa 0DepoBocTi TpocTopy X € iCTOTHOIO B TBep/KeHHi 1.

Teepaxkennas 2. Ichye moukxoso pospusha gynryia f : R — R, axa ne e ncesdoxsasinene-
PeEPEroto.

1. Kempisty S. Sur les fuctions quasicontinues // Fund. Math. — 1932. — 19. — P. 184 - 197.

2. Nesterenko V. Separate and joint properties of some analogues of pointwise discontinuity
// Tatra Mt. Math. Publ. — 2014. — 58. — P. 155 - 167.

3. Nesterenko V. On topological cliquishness // International Conference “Infinite Dimensional
Analysis and Topology, May 27 — June 1, 2009” — Ivano-Frankivsk, 2009. — P.107 - 108.

4. Borsik J., Dobos J. On certain decompositions of continuity // Rend. Ist. Math. Univ.
Trieste — 1988. — 20. — P. 275 — 282.

5. Cadponosa O. ITpo TOUKOBO PO3PUBHI BiJOOpAKEHHS 31 3HAYEHHIAME B PETYJISIPHIX TPOCOTAX
// Bykoeuncbkuii Maremarnannii xypuas. — 2018. — 6, 1-2. — C. 97 - 103.

e-mail: v.nesterenko@chnu.edu.ua
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IIPO CYKVIIHY KBABIHEIIEPEPBHICTH MHOI'O3HAYHUX BIJOBPA>KEHb
Bacuas Hecrepenko, Ojiena ®oriii
Yepriseyvrul nauionasvrut ynisepcumem imens FOpia @edvrkosuua, Yepnisui, Yxpaina

[MongarTst ropu3oHTANIBHOI KBA3IHENIEPEPBHOCTI, IKe € y3araJbHeHHIM Ha, TOTOJJIOTIUHI TPOCTO-
pu Baactusocti (A) 3 [1], 3acTocoByBasocst B 6ararbox pesyabTaTax Jijis OTPUMAHHS CYyKYITHHX
BjacTUBOCTEH Bimobpaxkennb. lle crocyBasiocs gk OMHO3HAYHUX BimoOparkeHb, TaK i MHOTO3HA-
YHUX.

B [2] 6ys10 BBesieno caabKy ropusoHTaNBHY KBa3iHENEPEPBHICTS, 110 € BiJIbIIT INPITUM TOHAT-
TsIM Hi2K TOPU30HTAJbHA KBa3iHenepepsHicTh. Binbpaxkenus f : X XY — Z mix TomnosoriaanMu
npocropamu X Ta Y HA3UBAETHCH CAGOKO 20PUSOHMAALHO KIGA3THENEPEPEHUM, SIKINO IS JO-
BiTBHUX BiIKpHTHX HemopoxKHiX MHOKHH U B X i V B'Y Ta muoxunu A B X, mo U C A, icaye
BijgkpuTa Henopoxus maOokuHa G B X, Taka, mo G CU i f(Gx V) C f(Ax V).

ITepernocsuan TOHATTS CAaOKOT TOPU30HTAIRLHOT KBa3iHETIEPEPBHOCTI Ha, MHOTO3HATHI Bigobpa-
JKEHHS MI OTPHUMYEMO IBa MOHSTTs. MHOrosuaune Bimobpazkenus F': X X Y — Z Ha3uBaeThCS:

o CAalKO 20PU3OHMAABHO KEAZIHENEPEPSHUM 3HU3Y 6 mouyi (To,yp) € X X Y, gxmo mist
JOBLTLHOT BifkpuTol muoxkuan W B Z, takoi, mo W N F(xg,yo) # 0, nosinbanx okomais U
Ta V TOYOK T Ta y BIAMOBiAHO B ITpocTopax X Ta Y icHye BIAKPUTA HETIOPOXKHA MHOKHUHA
G B X i Bigobpaxennst g : G — V, raki, mo G CU i WNF(x,g(x)) # 0 ana seix z € G,

e CAalKO 20PU3OHMAALHO K6a3inenepepsHum 36epxy 6 mowui (To,y0) € X X Y, garmo mist
JoBLIbHOT BigkpuToi muoxkuau W B Z, takol, mo F(xo,y0) C W, noeiabanx okoais U ra
V rouok x Ta y BiamosixHO B mpocTopax X Ta Y icHye BiIKpuTa HEMOPOXKHS MHOKUHA GG
B X i Bigobpaxkenns g : G — V, raki, mo G C U i F(z,g(x)) CW s Bcix z € G.

Tyr Mu y3arajbHIOEMO JiesiKi pesysbraru 3 [3].

Teopema 1. Hexati X — 6episcoruti npocmip, npocmip Y 3sadogosvHaec dpyey arxciomy 3A4i-
yeHHoCcmi, Z — mempudoshuti cenapabesvrut npocmip 1 F @ X XY — Z — muozosnaute 6io-
obpacenns. Bidobpaocenns F xeasinenepepere 3Hudy 3a CYKYNHICMIO SMIHHUL MOdi | MIAbKY
modi, kosu F caabro 20puszonmanvro Keasinenepepsne 3eepry i shudy ma FT xeasinenepepene
3HUBY OAA 6CIT T 3 deakol 3aAUUK080T MHOdHCUHY 6 X .

Teopema 2. Hexatli X — 6episcoruti npocmip, npocmip Y 3adososvnse dpyey axciomy 3.4i-
yenHocmt, 7 — mempusdosuull cenapabesvuud npocmip ¢+ F @ X XY — Z — xomnaxmruosnaune
MHo0203HnaHe eidobpasicernna. Bidobpascenna F xeasinenepepste 36epTy 3a CYKYNHICIIO 3MiH-
HUL Modi | misvku modi, xoau I caabko 20pus3onmansto kKeasinenepepste 36epxy 1 3HU3Y Ma
F?® xeasinenepepsne 36epry 0as 6CIT T 3 0eAK0l 3aAUWK060T MHoocuny 6 X .

1. Bogel K. Uber partiell differenzierbare Funktionen // Math. Z. — 1926. — 25. — S. 490-498.

2. Hecrepenko B. Cnabka ropusonTtaibHa KBasinenepepsaicts // Maremarnannit sicauk HTI.

—2008. -5, - C. 177 - 182.

3. Fotij O., Maslyuchenko O., Nesterenko V. Characterization of quasi-continuity of multi-
functions of two variables // Math. Slovaca. — 2016. — 66, 1. — P. 281 - 286.

e-mail: v.nesterenko@chnu.edu.ua, o.fotij@chnu.edu.ua
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3AJA4YA KoLl JJist OJHOIO BUPOIXKEHOI'O PIBHAHHMA, KOE®ILIEHTU AKOIO HE
BAJIEYKATB BIJI 3BMIHHUX BUPOJI>)KEHHSA 1 MOYKYTh 3POCTATU
l'ajmuna Ilaciyawnk, Irop Meaguncbkuii
Yepriseuvkul wauionasvhut ynisepcumem imens FOpia @edvrkosuna, Yepnisui, Yrpaina
Hautonanonuii ynisepcumem “/Ivsiscora nosimeznixa”, Jlveis, Yxpaina

Hexait n1, ne — 3azani mHarypaabui gucaa Taki, mo ne < ni; N = nj + ng; 3minaa ¢ € R”

CKJIQJIA€TBCS 3 JABOX TPYI 3MIiHHUX X = (21,...,%,,) € R™, [ € {1,2}, tax mo x := (x1, z2).
Posriamaerses B mapi g == (0,7] x R" cximgennol Topmumu T > 0 sagasa Komi aia
PIBHSIHHSA

ni

n9 ni
(at = w130y — Y st 21)0r,; 0y, — > a;(t,21)0r,; — ao(t, xl)) u(t,z) =0. (1)
j=1 j=1

Jrs=1

Piguannst (1) € BupomkenuM pisHaHHAM KoaMOropoBa Jpyroro mopsiiky, #ioro koedirieHnTn
ajs, {j,s} € {1,...n}, aj, 7 € {1,...,n}, i ap He 3amekarh BiJ 3MIHHUX BHPOIKEHHS T2j,
je {1, ...,TLQ}.

B [1| Busueno kmacuunuii dyHmamenTanbHui po3s’s30k 3ajadi Ko s pisasimas (1) 3
obMexkenuMu KoedirmieaTaMu. ¥y IOIOBIII pO3rIsamaoThesd 3aaada Kol m1as piBHAHHS, B KO-
My koedimierTn npu |r1| — 00 MOKyTh 3pocTaru. Pict koedinienTiB piBHsHHS Ta X MOXiTHUX
MIOPSTKOBYEThCsT POCTY Jestikoi dbyHkiil D @ R™ — [1,00), a xoedimientn i ix moxigai 3a-
JIOBOJIbHSIIOTE JIOKaJIbHY yMoBYy [esbiepa pisHomipuo mogo t € [0,7]. deranbua indopmariis
Ipo yHIaMeHTAJbHAN po3B’sa30K 3amadi Ko, a came mpo OMHKHK IMOXiTHHX 33 3MIHHOIO X7,
JIO3BOJISIE OJIEPXKYBATH JIOCUTH TOUYHI PE3YJILTATH PO PO3B’a3ku 3agaqi Kormri.

Orpumani pe3yabTaTH MOXKYThH OyTH BUKOPUCTAHI A JOCJIiIxKeHHs 3agadi Korm mis Bu-
pomxenoro piBuanasa Koamoroposa 3i 3pocTaruuMn KOedillieHTaMHU Ta BaJeKHUMU Bifl yCix
MTPOCTOPOBUX 3MIHHUX.

1. Isacuwen C./[., Meduncorud I.11. Knacuuuunii GpyHIaMeHTaIbHI PO3B’I30K BUPOJIZKEHOTO
piBusiaag Kosmvoroposa, koedinieHTr siKOro He 3as1eKarh Bij 3MiHHUX BupopKenHs// BykoBun-
cbkuii MaT. KypH. — 2014, — 2, Ne 2-3. — C. 94-106.

2. Haciwnux I C. Tlpo dysaMerTa bHEN PO3B I30K YabTPAIapabo/ida-HOrO PiBHIAHHS, KOedi-
IIEHTH STKOrO He 3aJieXKaTh Bijl 3MIHHUX BUPOIKEHHs 1 MOXKyTh 3pocrarn// Marepianan mixHap.
Hayk. koud. “Ilpukragaa maremar. Ta iHd. TexHosoril”, mpucssuenoi 60-piudo Kadeapu npu-
KJIQIHOT MareMmar. Ta iHd. Texuojoriit, 22—-24 Bepecua 2022 p. — Yepwnismi: YepuiBenpkuit nair.

yi-T, 2022. — C. 140-141.

e-mail: pasichnyk.gs@gmail.com, ihor.p.medynskyi@lpnu.ua
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AHAJII3 TA AIIPOKCUMALIS CTOXACTUYHUX JUPEPEHIIAJIBHUX PIBHAHb 3
BATIIBHEHHAM
I'puropiii Ilerpuna, Bacuanr Kpaserib
Kuiscorutl nayionasvruti ynieepcumem tment Tapace Illesuenxa, Kuis, Yrkpaina
Taepiticvruti depacasrutl aepomernosoziunut ynisepcumem imeni Jmumpa Momopnozo,
Yrpaina

s pobora npucesyera po3pobili HOBUX METO/iB HADJIMKEHHS JIJIsi CTOXACTUIHUX CUCTEM 3
BaMi3HEHHAM, 10 J03BOJIAE 3a0€3MEUNTH BUIILY TOYHICTH T4 KPAIILy 3 alTUBHICTH OIHOK MTOPiB-
HSAHO 3 icHyounMu Metomamu. [loaibui pesyabratu 6y orpuMani B pobori [1], me obrosopioro-
ThCS TMAX0AU [0 anpokcuMariii pyHKnionaabHo-1udepeniaibanx piBagab. Ha Bigminy Bix mux
JIOCJTII2KEeHDb, Hallla PoboTa POOUTH BHECOK y PO3YMiHHA crienndidHuX BUKJIUKIB, 0B S3aHUX 3i
CTOXACTUYHUMU ACHEKTaMU CUCTEM 13 3alli3HEHHAM.

Posrnsimaernhes cucTeMa cToxacTHIHNX AudepPeHIlia bHIX PIBHIHD 3 TTOCTIHHUM 3aITi3HeHHAM:

dz = f(t,2(t), z(t — h))dt + o(t, z(t), x(t — h))AW(t), t€ [~h,T), (1)

e z € R" h > 0 — 3amane quciio, Mo Xapakrepusye 3amisnents, W (t) — crangaprauii Binepis-
chKUTit mporiec, f i 0 — QYHKIII, M0 33, I0BOJBHSIOTH YMOBY JIHITHOTO pOCTy Ta yMOBY JTmmris.
Tyr z(t) = ¢(t), t € [—h,0] —mogarkoBa dhyHKILis.

ITopsia 3 i€ crCTEMOIO POSTIIAMACTHCA HaDIMKeHa cucTeMa 3 m € N eeMeHTaMu:

;

dzo = f(t, 20, 2m)dt + o (t, 20, 2m)dW (t),
dz1 = %(20 — Zl)dt,

dzm = B (2m—1 — 2m)dt,
20(0) = ¢(0),
21(0) = ¢ (—%) )

Osuauenns 1. Bydemo 2060pumu, wo cucmema CimoLacmustul Ou@epenyiasvhul pishans (6es
3aniznenna)(2) anpoxcumye cmoracmudny cucmemy pinans i3 sanisnennam (1), axwo euxo-

HYEMBCA CNIBGIOHOWEHHA
J
z|t— —zi(t
(t=2) =50

Teopema 1. Hexati cucmema (1) 3adosoavnae ymosy Jlinwuya. Todi pose’asox sadawi Kowi dan
CUCMEMU 36UNATHUT QUPEPEHUIANLHUT PisHaNb (2) anpokcumye po3e’s30k NOwaAMEK0OG0I 3a0a4i
das cucmemu dugepenyianvro-pisnunesur pieHans (1) npu m — oo it € [0,T].

2

—0, g

Il
o
3

Esupiefo,r)

npu m — 0.

JlitepaTypa

[1] Cxemu anporcumartii gudepenniaabHO-GYHKIIOHAJIBHIX PIBHAHB Ta iX 3acrocysanus / C.A
Lnika Ta in. BykoBunchkuit maremaruunnii xkypuas, 2014, T. 2, Ne2-3. ¢. 107-111.

e-mail: grpetryna@gmail.com, vasyl.kavets@tsatu.edu.ua
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[IPO OJIHE Y3AIAJIbHEHHS JABOCHMMBOJIbHUX CUCTEM KOJAYBAHHS YMCEJI 3 JIBOMA
OCHOBAMMU
Bikrop Ilnakuga, Onekcanap IlpanboBuruii
Vrpaincvrutl deporcasnut ynisepcumem imeni Muzatiaa pazomarnosa, Kuie, Yxpaina

Hexait % <go<1l,go+l|on| =1,00=0, = go, A= {0,1} — nBocumBosBHHIT aydasir,

AF = A x A x ... x A — MHOXKIHA BIOPSKOBAHNX k-uaeHHnX HAOOPiB, L = A® = AX A X ... —
—_—

k
mpocTip (MHOXKHUHA) TTOCTIIOBHOCTEH 3 HYMB Ta onuuuiik; f1 = 1, fri1(z1, T2, ..., T)) — dyHKIIIs

k-aminmmx, gKi HaOyBaroTh 3HadeHsb 3 andasity A, k € N.
st noBinbrOT mocaimoBHOCTI ((v,) € L pO3IIsiIaeThCsa BUpAs3

60(1 + 5a2f2(a1)ga1 + 5a3f3(a17 a2)galga2 +
+ 5akfk(051a a9, °"7ak—1)ga1ga2"‘gak,1 + .= (]-)

00 k—1
= 6041 + Zéakfk(ala g, --->ak—1) H Go; = Aogoag...an...-
k=2 =1

CumBostiaauit 3ami¢ Ay, ... HA3UBAETBCA A-306pasicennam cymu pamy (1).
MHoknHy 3Ha4YeHb TAKUX BHPA3iB 1TO3HAYMMO 4epe3 F.
MHoXKXWHa, 0O3HaYEHa PIBHICTIO

Acl..‘cm = {l' X = Ac1...cma1a2...’ a; € Az}a

HA3HUBAECTHCSA YUAIHOPOM PAH2Y T 3 0CHOBON C1Co...Cry ¥ MHOXKUHI F.

Hac nikasaars ymosn (meobxigni Ta mocrarhi), 3a sknx MHOkUHA F € mpomizKkoM (Biapisz-
KOM) 1 TIpH TIbOMY CHCTEMa, 300pasKeHHsT Iuce,] MHOKUHU F 3aco6aMu TIBOCUMBOJIBHOTO ajibaBiTy
Ma€ HYJIbOBY HAJJIAIIKOBICTE, TOOTO KOXKHE YUCI0 3 MHOKUHN F Mae He 6iabime 1BOX 300pakeHb.

3ayBaxKuMo, 110 OKpeMi JOCTaTHI yMOBHU IbOTO j10bpe Bijomi, a came:

a) upu g1 > 01 fr, = 1 maemo @QQ2-306paxkenns uncen Muoxuun E = [0;1];

b) mpu g1 < 01 frr1 = (—=1)*1Fe2TFT% yaenmo ABOCHMBOJIBHY CHCTEMY KOJLyBAHHS YHCEJ
Biapizka [%7 1], mpo 3azae Bigome Go-306pazkeHHsl.

BugBasgerses, Mo He iCHye IHIMX YMOB 3a 9KHX cucTeMa 306paxkenus uucesa F = [a;b] ma-
TUME HYJIbOBY Ha uiKoBicTh. [le ocHoBHUiT pe3y/ibrat, sikuit Oyjie 06roBOPIOBATUCH Y JIONOBiI.

Jlitreparypa

[1] TIpanposuruit M.B. JIsocuMBO/IbHI cHCTEMU KOAYBaHHSI JAIICHUX 9HCes Ta X 3aCTOCYBAHHSL.
— Kuis: Haykosa aymia, 2022. — 316 c.
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CJIABKI PO3B 3K CTOXACTUYHUX OYHKIIOHAJIbHO-/JIUDEPEHIIIAJIbHUX PIBHAHb
HEUTPAJILHOT'O TUITY Y HECKIHYEHHOBUMIPHUX MTPOCTOPAX
Ounekcanap llpaBausnii, Auapiit CtaHkKubKUH
Kuiscoruti Hauronarvnut Yuisepcumem imeni Tapaca Illesuenka
Inemumym mamemamuru HAH Yrpainu, Kuie, Yrkpaina

Po6ota npucestuena icCHyBaHHIO 1 € IMHOCTI CIaOKKUX PO3B’sI3KiB CTOXACTUYHUX (DYHKITIOHATBHO-
mudpepeHiaIbHuX PIBHAHD HERTPAJBHOTO THUITY V HECKIHUYEHHOBUMIPHAX MPOCTOPAX.

Hexait H, K,V e cenapabenpruMu rim6epropumu npocropamu 1a V. C H C V' ckiaanaors
Tpitixy lenbdanna. Po3rignemo piBHsSHHS BUTIATY

d(u(t) — g(u)) = (Au+ f(ue))dt + o (u)dW (¢),t € 0, T, (1)

u(t) = ().t € [~h,0]. (2)

e A - miniitauit HeoOMexkeHuit omeparop B mpocropi H, mym W (t) e Q-BiHepiBchbKUM TIpPO-
necom Ha npocropi K. Jdus 6yap-sikoro h > 0 nosnaunmo C := C([—h,0], H), Toxi f,g Bii-

obpaenns 3 C B H, a o sinobpaxenns 3 C B LY ne LY = ( ( ) H
piB 'ins6epra-llvigra. Tyt ui(0) = u(t + 0) naa 6yap-axoro 0 € [—h,0
¢:[—h,0 xQ— H.

B nonmansimomy 6ymemo nosuadaru sHopmy B H sx ||-||, Hopmy B V sk ||+ ||y, cynpemuy HOpMY
B C s ||9llc = supge(_p,g ||9(0)|] aist Gyap-sikoro ¢ € C, wopmy B LY sk || - || g 1 inrerpanbmy

0
) - mpocTip omeparo-
]

s 1 IOYATKOBA YMOBa

nopmy B LY sk HwHQLV = ffh 1%(0)|3d0 nns 6ymp-sxoro ¢ € LY. Takox nozmadumo ()
2
ckangpuuit 106yToK B H, (-, -) - nyasbHuit ckaagapauit 106yToK B V.
Ha Bimobpazkenns f, g, o Ta Ha oneparop A HAK/IAJEMO HACTYITHI yMOBU

1. A - mimidinuii, obMmexenuii omepatop V. — V’, CaMOCIIPSAXKeHWH, TBIpHUI aHATITHIHOT
nanisrpymu S(t) s Beix ¢ > 0, g xgie 3 CﬁL¥ BV, f mie s CﬁL¥ B H, o nie 3 CﬂL;/
B LY.

2. A 3a10BOJILHSIE YMOBY HEMEPEPBHOCTI 1 KOEPIUTUBHOCTI, 0 33/ I0BOJIBHSIE YMOBY JIHITHOTO
pocty, f 33/10BOJIBHIE YMOBY CTENEHEBOI'O POCTY, ¢ 33J0BOJIbHSIE YMOBY JIHIITHOTO POCTY B
mopmax || - | 1 ]| |lv

3. 0, g jinmmunesi, f - JOKaJIbHO JINIIAIIEBA.
4. f 3a70BOTbHSE TIEBHI YMOBH MOHOTOHHOCTI.

3a yMOB, BKa3aHWX BUIIE, OTPUMAHO TEOPEMY
Teopema (IcuyBanns, eauHiCTh)
Jlaa 6yov-axoi 6unadkosoi dynxuii ¢ € C' N LY wo sadosoavnae ymosy

B + ([ 1o)ao) <o
sadana (1)-(2) mae edunuti caabrut pose’szor na [0,T] marud, wo
ue C(Qx[0,T); H)NL*(Q x [0,T); V).
Cnabkum po3s’szkom 3ajadi (1)-(2) BBakaemo rakuil Bumnajakosuii nporec u(t) € V, o
1. u(t) = ¢(t),t € [—h,0];
2. u € L2(Qx[0,T],V);

3. 41 KOXKHOI'O U € V BUKOHYETHCS

(ult) — glu), v) = (6(0) — g(6),v) + /0 (Au, v)ds + /0 (f(us), v)ds + /0 (0 (us)dW (s), ),

muist Beix ¢ € [0, T maiizke HAIIEBHO.
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Pobora Bukonana 3a uactkoBoi mimrpumku HanionanbHoro oy mociizkenb YKpainu,
npoekt Ne2023.03/0074 "HeckinuennoBnMipHi eBostioniitai piBHSHHS 13 6araTo3HAYHOIO 1 CTOXa-
CTUYHOIO JUHAMIKOIO".
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Po3noanin TMOBIPHOCTEN HA ®@PAKTAJIBHIN CAMOIIOAIBHIN KPUBIN TABYTUHHOI'O
TUTTY, TIOB’A3AHIN 31 CHIZKUHKOIO KOXA
Mukoga IlpansoBuruii, Ipuna Jlucenko, Codis Parymiasak
Yrpaincoruti depocasnuti ynisepcumem imeni Muzataa Jpazomarnosa, Incmumym
mamemamuru HAH Vrpainu, Kuis, Yrkpaina

Hexait Ay = {0,1,...,6} — andasir, Ly = A7 X A7 X ... — npocrip nocifloBHOCTe(l esieMeHTiB
(o.0]

andapiry; ALI(I)_”%(I)M =3 O";—Sf”) — cimkoBe 306pazkenns anciaa x € [0;1]; €o, €1, €2,€3,€4, €5
n=1

— KopeHi 6-ro crerens 3 1, To6T0 £ = cos %’“+i sin %k, g¢ = 0, (7,) — MOCJITOBHICTD HE3ATEKHUX

BUMAIKOBUX BEINYNH, siKi HaOyBatoTh 3uaqens 0, 1,2, 3,4, 5, 6 3 IMOBIPHOCTSAMY Doy, Pin, P2n, P3n,
P4n;s D5, Pén BIAIOBLIHO (prn > 0, pon + Pin + ... + pon = 1).

oo
2
PO3I/IsIHEMO KOMILIEKCHO3HAUHY BUIAJKOBY Belmuuny (B.B.) 7 = ., =i, Muoxunowo E.

n=1
3HAYEHb B.B. T € MHOXKMHA KOMILJIEKCHUX YUCEN, 110 € obpaszamu BijgobpaxkeHHs npocropy Ly y

o0
. 3
MHOKHHY KOMILIEKCHUX 9HCeJI, gKe aHaJiTH4Ho BupazxKaerhcd ¢((an)) =2 ) .
n=1

Posrstremo dyuKIio g(t), o3HatueHy piBHICTIO

> Ean(t
g(t = AZIQQ--.OML...) =2 Z 371( ) = Ag1a2~--an~~~' (1)
n=1

Jlerko Gauwntu, 10 o3HaYeHHA (QYHKIN] ¢ ¥ CIMKOBO-PAIiOHAILHIA TOUI HE € KOPEKTHUM,

: 7 7 . . ,
OCKITBKHT Q(Aalag...am,l(o)) =+ Q(Aala}..[am,l—l](ﬁ))' Ieit HemoMiK JETKO YCYHYTH JTOMOBJIEHICTIO
BUKODPHCTOBYBATH JIUIIE OJHE 3 300parkeHb apryMmenTa (Hexail e, mo Micruth nepion (0)).

Teopema 1. Qyukuyia g, Kopexkmuo oz3nasvena pisnicmio (5), HeNEPePEHA NO MHONCUNE CIMKOBO-
IPPAULOHAAOHUL MONOK 1 PO3PUBHA Y KONUCHIT CILMKOB0-PAUIOHGALHIG movyl. B nitd eona mae

o AT : 2
HEYCYBHULL POZPUB, BEAUNUNG AKO20 8 MOYYL Aclcz...cm(O) JdopieHI0E 55 .

Teopema 2. Mnoowcunoro Er 3nauens sunadxosoi seauduny T € camonodibnow dparmansroro

kpusoto G npocmopy R? (komnaercroi naowsunu) 3i cmpyxmypoto camonodionocmi G = |J G,

k=0
1
R Gr, Gr = ¢r(Q), de p(z) = 2‘% + %z, WO € MHONCUNHOI 3HONEHD Pynkyli g diticnozo
apeymenma t =AY, . €[0;1]*, axa anasimuuno supaoicacmuca dopmyaoo (5).

Teopema 3. Mnoocuna muny Besurosuua-FEeeacmona M C G, de
M = M{Q%Z?Ovpla "'7p6] - {.%' L= qua2ma"m7yj($) = p]7j = 076}

1) € mHoorcunoto noenoi Mipu m, AKWO pj = %, 7 =0,6,
o . . 1
2) € MHOIICUHOI0 NYALOGOT MIPU M, AKUWO ICHYE Dj F 7.
I ppaxmanvra posmipuicmsv 1aycdopda-Bianinecai 610H0CHO UMOBIPHICHOT MIDU T 1 NOKPUMMIG
In pgop]fl ...pg6

g-uuntndpamy obuucaroemoca oo M) ——

oo
Teopema 4. B.s. T mace wucmo duckpemnut po3anodia modi i suwe modi, koau M = [] mkax{pkn} >
n=1

0. ¥ sunadky duckpemrnocmsi moukoeum CREKMpPom Po3nodiay T € TEOCMOE0H MHONCUHONW, Npeo-
CAGHUKOM AKOT € amom 2o = A ay. an..., 0 Da,n = MAX Py 3 MAKCUMAADHONW Macoto M.
k

Hacaimok 1. Poznogin BunaakoBol BeIMYWHN T € HEMEPEPBHUM TOAI I TABKH TO/, KOJU
M =0.

Hacaimok 2. Posmomisi mermepepBHOT BUIAIKOBOI BEJIHYHHU T, OYAyYH 30CEPEIKEHUM HA
Hy/b-MHOKHHI Jlebera, € cuaryasgpauM (OPTOrOHAJBLHUM JTBOBHMIDHIi Mipi Jlebera).

Hacninok 3. fxmo M > 0 i cepej enementis Marpuii ||pgy,|| Hemae Hynis, 10 TOUKOBUIL
CIIEKTP PO3IOALIY T € BCIOAU MIIBHAM YV MHOXKHWHI 3HAUYEHb PO3MIOALTY BUITAIKOBOI BEIUIAHA T.
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Teopema 5. Cnexmpom S; po3nodiay eunadko6oi GEAUMUHY T € MHONCUHG
Q= {Z c b, ‘Do (2)n >0Vne N}

Hacainok 4. fkuio cepen enementis Marpuill ||pg,|| Hemae HyziB, To ciekTpom posnomisy
BHIAIKOBOI BeJINIUHN T € (pakTaabHa KpuBa G 3 po3MipHicTIO a9 = logs 7.

3ayBaxkeuns 1. OCKiIBKY PO3MOJINI B.B. T eKBIBAJEHTHUI PO3IOILIY BUIAIKOBOT BEJTMIHHY
& = A;gg...gn‘.. 3 HE3AJIEXKHUMU OJTHAKOBO PO3IOJIJIEHUMH TTU(PAMU CIMKOBOI'O 300parKeHHS:
P{&, = j} = pj, 7 = 0,6, To mociem posmoniny T € muoxuaa M|g;po,p1, ..., ps) = {1 vi(x) =
bi, L= 07 6}

Hexai#t m — reomerpuuna iiMosipricua Mmipa #a (. o 1hoTo KIacy BiTHOCUTHBCS Mipa, 10
BiJIIIOBi/Tae PO3N0JILIY BUIAJIKOBOT BEJIMUYUHN T 3 MMOBIPDHOCTAMU Pgpy = %

Teopema 6. Posnodiau 6unadko6ux 6eAunun T i 7', AKE GUSHAMENT CTNOTACTNUNHUMY 6EKTOPAMU
D = (po,p1s-p6) t D = (P, D), - D) 6i0N06IOHO, 63a€MHO OpMOZOHAALHI, AKWO D F# P, i
EKGIBANECHMNI, AKUL D =P .

e-mail: pratsifd4@gmail.com, i.m.lysenkoQudu.edu.ua, ratushd04@gmail.com
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OJIMH KOHTUHYAJIbHUN KJIAC ®PAKTAJIbHUX OYHKIIA, O3BHAYEHUX B TEPMIHAX
Q:-30BPAYKEHHST YUCEJ
Mukoga IlpansoBuruii, Ceitstana BacskeBuu, Banentuna Hazapuyk
Inemumym mamemamuru HAH Yrpainu, Yrpaincorxutd depocashuti yrisepcumem imens
Muzatina pazomanosa, Kuis, Yrpaina

Hexait A; = {0,1,...,s — 1} — s-xkopuit andasit, L = A X A X ... — npocrip nocuigosaocreii

esemeHTiB asndairy A; ||¢in|| — croxactmana marpuig taka, mo 0 < gin < 1, qon + qin + ... +
gs—1n=1,n€ N i

[ [ max{gn} =0. (1)
n=1

Toai Bigtomo [2], mio jis gosinbuoro x € [0; 1] icuye nocaigosuicts (o) € L Taka, 1110

00 n—1
— N = AQS 2
T = Ball + (Bann qOéj]) = Laias...an...’ ( )
n=2 7j=1
ap—1
1e Boyn = D, qin. Poskian uncaa x B psij (2) HasuBaerbesd Q% -npedcmasaennam 100 IUCIA,
i=0
.
a CKOPOYEHM 3aIuc Agfo@_anm — ftoro QQ%-300pasicenmam.

IcayroTs uncia, 1o MarmTh aBa 306pakenusi. lle gucia BuIy

Q3 _ AQ: (3)
A102...0m—100m (0) a109...0m—1[am—1](s—1)"
Bounu nazupatorbes @ -6inaprumu. MHOXKUHA TaKUX 4YUCeN € 3/ideHHo0. Pemmra gncesn oaunu-
YHOI'O BIJIPI3Ka MalOTh €1uHe 300paKenHs. Bonu HazuBaroTscs Q) -yHAPHUMU.
Hexait a — dikcopane uncio 3 Bigpiska [0; 1], mo mae s-kose 306paxents a = AS =

aias...an...
D4+ B+ .+ %+, ae(ay) € L.
OcuoBum 06’ekToM posrusy € dyHKiis f,, o3Hadena Ha [0; 1] piHicTIO:
_ AQ: _ AQE
Ja(z = Aalag...an...) = A|a1—a1||a2—a2|...\an—a"\...' (4)

OcKiTHbKY Ma€ Miclle HepiBHICTD fa(Agf...an(o)) # fa(Agfm[%_l](S_l)), TO mi1s GlabImocTi dpyH-

K].[lﬁ JAaHOT'O KJIaCy KOpeKTHiCTb O3HAYE€HHYI BUMarae ﬂOMOBJ‘[eHOCTi BUKOPHUCTOBYBATH JIUITIE OJHE
3 IBOX 300pakeHb Q-6iHapHuX dnces, a came Te, mo MictuTh (0).

s
aiaz...an.

Q3 Q
f‘l(Aaf-‘rbl ag+by  an+tbn ) = fb(A“ls+b1 ag+by  an+tbn )
= =2, fnlon = =2, fnlon

JIema 1. /[lna 6ydv-akozo a = A . €105 1] dcnye wucao b= Aj , € [0;1] maxe, wo

*

Teopema 7. Qyuxyisn f, € HEnepepenoo Ha MHONCUNT (s -YHAPHUT “UCEA, G HG MHOACUNE (-
bimaprur wucea — avwe 3a ymosu a = 0 abo a = 1. Mnootcunoro snavensv Ey, dynryii fq,

X
noPodHCEHOT HUCAOM a = AanaQ..‘an... € MHOHCUHG BUDY

Qe Vo] ={x = A% yap €V, =40,1,...,max{s — 1 — an,a,}}}.

Qpy...

*

Teopema 8. Munosicuna f; ! piena yo = ACQlSCQ.,,an Pyuryii’ f,, nopodocenoi wuciom a =
S
Aa1a2...an...ﬂ €

1) nopootcHbo10 MHOAHCUHONW, AKWO Cp = S — 1, ap € {1,2,...,5 — 2};

2) CKINYEHHOI0 MHONCUHON, AKULO AUULE OAA CKINYEHHOT KIABKOCTE T MAE MICUE

an + ¢, € Ag,

an — ¢y € Ag;
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3) KOHWMUNYAALHON MHONCUHOI0, HAKULO O HECKIHYEHHOT KIALKOCTE T MAE MICUE

an + ¢, € Ag,
an — ¢y, € As.

Y [momoBizmi TPOMOHYIOTHCA PE3yIbTATH HOCAINXKEHHT CTPYKTYPHUX, AudepeHIiaIbHux Ta
dpakTasbHUX BIACTUBOCTENR QYHKINT fj.

Jliteparypa
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Bun-so HILY imeni M.IL Iparomanosa, 1998. — 296 c.
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KPAMOBA 3AJIAYA 3 IMIIYJIbCHUM BIJIMBOM JIJIsd [TAPABOJIIYHOTI'O PIBHSIHHSA 3
BUPO/I>)KEHHAM
Ipan Ilykaancekuii, Borgan Adman
Yepniseuvruti Haytonaavhul yrisepcumem iment FOpia Dedvrosuna

Hexaii n,tg,t1,...,tN+1 — dikcoani yncna, 0 < tg <t; < ... <tny1,7 € (t(),tN+1), n # ty,
A€ {l,..,N}, Q- nesxa obmexena 061acThb
dim§) < n—1, D — obmexena obnacts B R" 3 Mexero D, dimD =n, Q2 C D, Q = [to,tn+1) X D,

Qo = {(t,x)|t € [to,tn41),x € QU {(t,2)[t =,z € Q}.
Posragnemo B obsacri Q = [to, tn+1) X D 3amaay suaxomxents dbyHkiil u(t, z), gka 3aj10-
BosTbHAE TIPH (1, 7) € Q \ Q(0),t # t) piBHAHHEA

[8t - Z ak(tvx)ai‘g - Z ap(t,x)ag]u(t,x) = fO(ta I’), (1)

|| =2b |p|<2b—1
YMOBH 33 3MIHHOIO t: -
u(to +0,2) = po(z), =€ R"\Q, (2)
u(ta+0,2) —u(ty — 0,2) = bru(tx — 0,2) + pa(z),z € (II\ D) N (t =tA)), (3)
a Ha mexi obnacri I' = [tg, tn4+1) X D kpaiiosi ymosu
lim (BWu—f)(t,z)= lm_ [ > b(t,)okut

r—2€0D r—>2z€0D
|k|=ry

+ > bt )0k — fu(t,7)] =0 (4)

Ip|<rp—1
Crenenesi ocobmpocti Koedinientis pisnsmma (1) y Touni P(t, z) € Q\ Qo) XapakTepu3ypa-
. (1)
myTe dymi s1(80, 1) i s2(8),2): s1(B,8) = |t —n|" mpu [t—y| <1, 51(8",t) = 1 npm
)
t=nl 2 1 s2(8%2) = p(@)® mpu plx) < 1, 2(8;7 @) = L mpu p(a) = 1, plx) = inf |z — 2],

2€Q
i€ {Ln}, B € (—o0.00). v € {1,2), B = (5").. ..,B£”>>,5={ﬁ<l>,ﬂ<2>}.
Hosuagnmo gepes Q) = [t t,41) x D, 7 € {0,1,...,N}, ¢, 4(), ul(ﬁ), u(()y), (5,%))1., 5,SV),
i € {1,...,n} — niiicui HeBim'eMHI UmHCIA, [l] — mima wactmua uncaa [, [ > 0, {{} =1 — [I],

Pyt 2y Py(#@) M) H(tW, 23 — nopinesi Toukn i3 Q, 21 = (mgl), - ,3:7(11)), pac))

1 1 1 1
@, albh 0 o )

Osnatumo npocropw, B akux susuaeTsest sagada (1) — (4). CH(v; B; ¢; Q) — Muoxkuna bynkuiit
u : (t,x) € @, 9Kl MATL HEIEepepBHI YacTWHHI mOXinHI B obmacti @ T)\Q(O) purtany 07 0ku,
2bj + |k| < [l], auis sikux ckiHdeHHA HOpMa

lu;vi Big; Tl =sup > [ sup S(q; s1552;2bj + |kl;t, 2)]0] Oku(P)[|+
" opjlkl<[l) PeQ"

n

tsupq S0 DT sup (S(asrsas 10, s ({0 = BY), 1)

" evjrlkl=0 | i=1 (P, H)EQ™

xss ({1 = 82), )2l - 2l |70} 0bu(Py) — S Oku(H)|) +

+ s (Slasisa ™) ({1 D)sa({17,20) x
(P1,P2)eQ"”

[tV — ¢~ eH 8] 9w (Pr) — D)k (P ))}}

Tyt nozmaueno: s1(a,t) = min{s;(a,tM), s;(a, t )} so(a, J:) = mm{SQ(a (M), 32(a @)},
S(gs 1,03 [ t,0) = s1(gV + (7D, 8)52(4@ + [y, 2) x [Ty s1 (ki D)o (kB2 ).
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[MTomo 3ama4i (1)-(4), BBaXKAEMO BUKOHAHUMHU YMOBHU:

a) koedinientn pisasguua (1) ag(t, ) HSl(k’iﬁi(l),t)SQ(k}iBi(2),.’I}) €
i=1
€ C; 8;0;Q), ap(t,z) [ [ s1(pinsll), t)sa(pinsl?), ) € C*(v: 8:0; Q),
i=1
1< |p| < 20— 1, ao(t,@)s (g ) sa(py”2) € C2(7: B: 05Q),
ap(t,z) < K < oo i 3agada

n

0= 3 arlt o) [[ sk 0)sabiB™, w)0iult, ) = f(t,).

|k|=2b i=1

u(to +0) = (),

. (1) - 31 3(2):2y gk —f =
x—lgrelaD[|k|z: bk (ta :E) Hsl(kzﬁi at)SQ(kzﬁi )axu(t’x) f/l«(tvx)] 07
77”# 1=

3aJIOBOJTBHSIE B 00s1acTi () piBHOMIpHY yMOBY mapabomianocti Ta ymoBy fA.B. Jlomaturcsroro;

6) dyuxuii fo(t,z) € C%(v; 8;2b%;Q), o € C?*(3;5;0; D), 7 = (0,4?), B = (0,?),
P € CF(F7:8;0;Q0{t = a}), fu(t, x) € C*7 0 (y; 851, 73Q), 0D € C*+e, i (B#pp—

r—>2€0D
£)0.0) =0, Tim ([BWpr + (14 by)fl(0r ~0,2) — fulta +0,2)} =0,
(v) v) (v) @)y @) v)
W) — ) pilpp, —Bi) pi(Sup — B; ") Ko 5L
v max{mzaxﬁz ,n;gx 2%~ ’i,ué};j ol 2 ,m/?x " v ed{l,2}.

[IpaBunbHA TaKa TeOpeMa.

Teopema 1. Hezat daa sadawi (1)—(4) eukonani ymosu a), 6). Todi icnye edunut pozs’asox
3adavi (1)—~(4) i3 npocmopy C?+(v; 8;0; Q) i cnpasdocyemocs nepiericmo

N N b
s 7; 85 0; Qllapra < e > [ T+ 1BAIND D fui 75 877 QU Vllp—rysat
r=1 | A=r p=1
01 F37: B: 267 Q" Ml + |lor—137; 5:0; QN {t = tr71}||2b+o<)] + (5)

115793 B3 2b7; QN o + [lons 73 B; 0, Q N {t = tn}Hlaprat
b
3wz By QM 2p—pta
pn=1

151 10B€e/IeHHS TEOPEeMU BCTAHOBJIIOETHCS PO3B’A3HICTD JIOIIOMIZKHUX KPAWOBUX 33/1a4 3 1UIa/l-
KuMu KoedimienTaMu. 3 MHOXKWHA OJ€PKAHUX PO3B’SI3KIB BUILIAETHCS 361yKHA TOC/IITIOBHICTD,
IPaHUYHE 3HAYEHHST SKOI € po3B’st3koM 3azadi (1)—(4).

e-mail: b.yashan@chnu.edu.ua
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DOPAKTAJIBHUN AHAJII3 OYHKIIN, O3HAYEHNX B TEPMIHAX JIAHI[FOI'OBOI'O
A -30BPAYKEHHSHA
Codia Parymiagak
Inemumym mamemamuru HAH Yrpainu, Yrpaincorxud depocashuti yrisepcumem imens
Muzatina pazomanosa, Kuis, Yxpaina

Hexait A5 = {eg, e1,...,e5—1} — andasir (Habip esementis e;, Takux mo 0 < eg < €1 < ... <
es—1), Ls = Ag X Ag X ... — TIPOCTIp TOCIIOBHOCTE! eJIeMEHTIB aadaBiTy.
Januyrozosum Ag-0dpobom HA3UBACTHCA HECKIHUEHHUH JIAHITIOTOBUH 1pi0
/a1 +1/ag+1/ag + ...+ 1/an + ... = [0; a1, a2, a3, ..., an, ...}, (an) € Ls.
OueBuaHO, 1O JJisd MHOXKUHK F 3Ha4YeHb JlaHuoropux Ag-apobiB Mae micie
arsleigs{E} = [0; (es—1,€0)] = do, aI}ngXS{E} = [0; (eo, e5—1)] = ds.

Theorem 1. SJxwo e; =e;_1+d, i =1,s—1, de d = di — dy, mo dan dosinvrozo x € [dy; d;]
icnye nocaidosnicmo (ay) € Lg, maxa wo

— 10 = AA
T = [07 a1,0a2, ..., Gp, ] = Aafag...an.‘.'
Bammc ALs, . HA3HBAETLCA AGHU10206UM Ag-306pasicennam Tuca .
Lunindpom panzy m 3 0CHOGOM C1...Cp, HASHBAETBCS MHOKHHA AA* . wncesn Binpiska [do;di]

TaKa, 10
As _ . — AAs
Acl“..cm - {33 = Acl..‘cmalag...’ (an) € LS}

ITnmisap A?ﬁ..c € BIZIPI3KOM 3 KiHIAMHI Afl s As (ne niBwit, a me

i
..cm(eoes—1) cic2...cm(es—1€0)
npaBwii KiHelb, 3a/1€3KUTh BiJl MAPHOCTI 1 HEMAPHOCTI M).

m

3ayBaxKuMo, 1110 IPU BUKOHAHHI yMOB TeopeMu 1 MaloThb Miclle PiBHOCTI

A _ A :
Sup AclsCQ...CQm_l(:‘j - lnf ACl‘SCQ...CQm_lej+17 ] 6 {0? ey S — 2}7 m e N
As _ As .
Sup ACléCQ...C2m6j+1 - lnf AclsCQ...CgmeJW j E {07 AR s — 2}7 m e N
Tomy icHye 3/i9eHHa MHOXKUHA UUCEN, TII0 MAKOTH Ba Ag-300paskeHHs
Al =A% .
ai...am—1eo(epes—1) ai...am—1es—1(es—1€0)
Ix mazupatorh A,-6imapui. Permra uncen sinpiska [do;di] marorb ennne Ag-306paments (As-

yHAapHi).
3a3zHayuMo, 10 49K § = 2, a d = %,
300paxKeHHSIM, JIJIs SKOTO €g- €] = % Ocramne 300pazkeHHs PO3TJIAIAIOC B baraTbox poboTax |1,

10 Ag-300pazKeHHd CILIBLAJAE 3 JIAHLIIOIOBUM Ao-

1,2,4,5, 6], a orpumani pe3yJibraru TOI0JI0I0-METPUIHOI0 aHAJI3Y BHANIILIM CBOT 3aCTOCY BAHHSI
B PI3HUX Taay3dX MAaTEMATUKN, 30KPEMa Yy T€OPil CHHTY/ISIPHO HETIEPEPBHUX BUMIAIKOBAX BEJIMINH
tuny JIxeccena-BinTHepa.

Hexait 3amano aei maoxkunan As = {ep,e1,...,es_1} 1 AL = {e}, €}, ...,e_,}, enemenrn sxux
3aJ0BOJIBHSIOTE YMOBH TeopeMu 1. Posmisgnaersea yHKINS, 0O3HAYEHA PIBHICTIO

_ AAs _ AAl
f(IE - Aafag...an...) - Aafag...an.n (1)
e Ads i AA,S — namorosi Ag-300pakeHns, MOPOIKEH] BiAIIOBIAHO €IeMeHTaMU
alag...0m... a1o...0n... 10 s p ) poL it A

muoxkua Ag 1 AL OueBunno, mo yHkuig f € KOpeKTHO 03HAUeHO0 piBHicTIO (1) Ha MHOXKUHI
Ag-6iHapHUX Yucesr, OCKIIbKI

Ag . As
f(AO‘1~~a"—1€0(60€s—1)) B f(Aal--‘Oén—1es—1(es—1eo)) vn € N.

Theorem 2. Qynxuia f, osnauena pisnicmio (1), € nenepepsnoro cmpozo 3pocmarowoto GymKyi-
€10, NPUYOMY CUHRYAAPHONW PYnKUIEI0, ANWO Toua 6 das odnozo esemenma aspasimy e; # e;.

V J0TI0BiIi TIPOTIOHYIOTHCST PE3YABTATH TOCHIIKEHH (PPaKTAJIBHIX, CTPYKTYPHUX, TOMOJIOTO-
METPUYHUX BJiacTUBOCTElN (hyHKINT f.
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3]

4]

[5]

[6]

Dmytrenko S.0., Kyurchev D.V., Prats’ovytyi M.V. As-continued fraction representation
of real numbers and its geometry // Ukrainian Mathematical Journal. — 2009. — Ned. —
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Pratsiovytyi M., Kyurchev D. Properties of the distribution of the random variable defined
by Ag-continued fraction with independent elements // Random Oper. Stochastic Equations,
2009, Vol. 17., no. 1.— P.91-101.

Pratsiovytyi M., Chuikov A. Continuous distributions whose functions preserve tails of
an Ag-continued fraction representation of numbers // Random Operators and Stochastic
Equations, 2019. Vol. 27(3), pp. 199-206.

Pratsiovytyi M.V., Makarchuk O.P., Chuikov A.S. Approximation and estimates in the
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Ipaywvosumud M.B. JIBocuMBOIBbHI CHCTEME KOIYBAHHS MIMCHUX YHUCEJT T4 1X 3aCTOCYBAHHA.
— Kuwuis: Haykosa aymka, 2022. — 316 c.
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ta maremarnydna craructuka. 2009. Bum. 81. C. 139 — 154.
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CHLIBHI KPATHI MATPULb TPETHOI'O MHOPSAJKY HAJ KOMYTATHBHUMU OBJIACTSIMU
BE3Y CTABIJILHOI'O PAHTY 1,5
Annapiii Pomanis
HIITMM im. A.C. IHlidempuzawa HAH Yepainu, Jveie, Yrpaina

Hexait R — komyTaTupHa obiacth Besy crabinproro panry 1,5 [3]. M,(R) — xiabne n X n
marpunpb Ha R. 3rigHo 3 Teopemoro 1 i3 mpari [2] R — obsacth eneMeHTapHUX ALIBHUKIB [4],
T0OTO KOXKHa Marpuiist D Han R Mae BIacTHBICTD KaHOHIYHOI AiaroHAJILHOI PemayKIiii, To6To

D ~ \II = dlag(d:h e ,dn)a

ne di|ldit1, 1 = 1,...,n — 1. BayBaxkumo, 1mo cuMBos "~'"mo3Hauae eKBIBAJEHTHICTh MATPHUIIh,

a mo3HadeHHs a|b o3Havae, MO eneMeHT a aiuTh eaement b. Marpuio U = diag(dy,...,dy)
Ha3WBAIOTh KAHOHIYHOI JIIarOHAJbHOW (DOPMOIO, a eaeMeHTH di, ..., d, — IHBapiaHTHUMU MHO-
KHUKaMu MaTpuri D.

Y pobori [5] BkasaHi [esKi BAACTHBOCTI HANMEHINX CILTBHUX KPATHAX MATPUIH HAJT KOMY-
TATUBHOK 00JIACTIO TOJOBHUX ijieaiB. 30KpeMa, BKa3aHi YMOBHU TOMIILHOCTI IHBAPIAHTHUX MHO-
KHUKIB JBOX MAaTPHIIb Ta iHBapiaHTHHX MHOXKHUKIB 1X HalIMEHIIOrO CILIBHOTO KpaTHOro. Taki
Joc/izKer s Oy 1po/joBKeHi B pobori [1], B gKilt BUBYAIOTHCS BJIACTUBOCTI CHIJIbHUX KPATHUX
MaTpulb. A came, JIsi MATPHIL JPYTOTO TOPSAKY TOKA3AHO B3a€MO3B’SI30K MIiXK X CILIbHHU-
MM OPaBUMM KPATHUMHU HAJ[ KOMYTATUBHOIO 00/1aCTIO rojioBHuX igeasin. [Ipuponuso BuHUKaE
norpeba TOCTIIKeHHsT TAKUX BJIACTUBOCTE JI/Id MINPIINX KJIACIB MATPHUIL. ¥ il mpart, J/st He-
0CODJIUBUX MATPUIhL TPETHOTO MOPSIKY, 338 MEBHUX 0OMEXKeHb Ha KAHOHIUHI AlaroHa bHI (hopMHu,
BKA3aHO B3a€MO3B’sI30K MiK 1X CIIIbHUMU TPABAME KPATHUMH HAJ KOMYTATUBHUMHU O0JIACTAMU
Besy crabinproro panry 1,5.

Hexait A, B € M3(R) — neocobaui marpuii Ha| R, siki MatTh KaHOHI4YHI fjaroHaabHi hopmu

A ~ E = diag(1,¢,¢), B~ A = diag(1,4,0),

BIJIIOBLIHO.

CumBosiom [a, b] nozHauaTumMemo HaliMeHIIe CHiJIbHE KPATHE €JIeMEHTIB a Ta b.

Teopema. Hexait R — komyratusHa obsacth Besy crabinbroro panry 1,5. Marpumi A, B,
M,T € M3(R) Ta MaioTh KaHOHIUHI miaronanbhi dopmum A ~ E = diag(l,e,e), B ~ A =
diag(1,6,6), M ~ Q = diag(wi,wa,ws), wi | wit1, i = 1,2, T ~ T = diag(y1,72,73), Vi | Vit1,
i = 1,2, Bignosigno. I wexait M = AA; = BBy ta T = AAy, = BBsy. Toni, skmo wy | 71,
[€,0] =wa | 72 Ta [g,0] = w3 | 73, To T = MN.

JlitepaTypa

[1] Pomanie A., IIledpux B. Haiibinbiiumii cuiibHuil jiiBuii Ai1bHUK Ta HARMEHIIE CIILIbHE IPaBe KPATHEe
marpuilb apyroro nopsaaky // Mar. sica. HTIII. — 2012. — 9. — C. 269-284.

[2] Lledpux B. II. Kinbus Besy crabisbhoro panry 1,5 Ta po3KJIaAHICTH MOBHOI JiHIHHOI rpynu y
106yToK 1i uiarpyn // Ykp. mar. xkypu. — 2017. — 69, Ne 1. — C. 113-120.

[3] Lledpux B. II. Kinbus crabinbaoro paunry 1,5 // Ykp. mar. xypH. — 2015. — 67, Ne 6. — C. 849-860.

[4] Kaplansky I. Elementary divisor and modules // Trans. Amer. Math. Soc. — 1949. — 66. —
P. 464-491.

[5] Thompson R. C. Left multiples and right divisor of integral matrices // Linear and Multilinear
Algebra — 1986. — 19. — P. 287-295.
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KBA3I-MOHOMU BIJTHOCHO I'PYIIU ITAPAJIEJIbHUX [IEPEHECEHBb [TPOCTOPY TA I'PYIU
[MTOBOPOTIB ITPOCTOPY SO(3)
Haranis Camapyk
Hpuxapnamcoxut wayionasvhut yrisepcumem imens Bacuas Cmedanuxa, learo- Ppankiscor,
Yxpaina
XMeavHuybkut Hoylonasvrul ynigepcumem, Xmesvrhuybkuli, YKpaine

Hexait H — niarpyna mpocroposol adinnoi rpymu Aff(3), mo posrisigaeTbes pa3oM 3 CBOEKO
ITPUPOTHOIO JII€T0 HA MIHCHOMY BEKTOPHOMY MPOCTOPI MHOTOWIEHIB BiJl TPHOX 3MIHHUX.

Osnauenns. Cim’s mrozousenie By, » 1(x,y, 2) Hasusaembea K6a3i-monomom sionocro H,
axwo onepamopu 2pynu 6 deox pishuz basucar {x™y" 2%} i {Bunk(r,y,2)} marome odnakosi
MATPUYT.

VY crarri [1] orpuMano 1oBHMI olMC yeix ciMel MHOIOYJIeHIB, siKi € KBa3iMOHOMAaMU BiJIHOCHO
rpynu nopoporis miaonman SO(2), B TepMinax nopopKyoounx yHKIGH nux civeit. Y crarri [2]
HaMU OTPUMAHO OTHC KBA3IMOHOMIB JIJId BUTIAAKY, KOJiu rpyna H mopo/rkerHa MaciTabyBaHHIMH,
TTOBOPOTAMU Ta MAPAJIETHLHUMHI TEPEHECEeHHIMU TLIONTUHN.

Mu npornonyeMo BUYEpIIHUIL ofmrc, moaibauit 1o 2D Bunajky, ciMeii MHOTOU/IEHIB, 9Ki € KBa-
3IMOHOMAaMHM BiHOCHO TPYIIH MapaJIeIbHUX ITePEHECeHb MPOCTOPY Ta IPYIH MOBOPOTIB MPOCTOPY
SO(3).

Oznauenns. Cim’a mnozounenis {Bp, n(x,y)} nasusaemvca K6a31t-MOHOMIAABHOIO 610-
HOCHO 2PYNU NAPAAEALHUL NEPEeHeceHDd NPOCMOPY, AKUL0 BUKOHYEMBLCA HACMYNHE MOMOo-
IHCHICTMD

Bpnk(r+a,y+bz+c)=

S5 (1)) e e

m
1=0 j=0 [=0 J

ons ecix m,n,k € N i das ecix a,b,c € R.
Hacrymnna Teopema jlae mpocTuit KpuTepiit KBazi-MOHOMIaJIbHOCT] CiM'T MHOIOYIEHIB y
TepMminax 11 eKCIOHEHITIAIBHOI TOPOZKYI0U0l (PyHKITI.
Teopema. Cim’a mrozourenie By, , (2,1, 2) € K6a3i-MOHOMIGADHONW Cim €10 6i0HOCHO 2py-
nU 2PYNU NAPAAEALHUT NEPERECEHb NPOCMOPY MOdi t MiAbKY Modi, Koau i eKCnoHeHUIasbHG
nOPOOHCY0Wa GYHKULA MAE ULAAD

G = C(u,v, w)ex“er”“w,

de C(u,v,w) — doginvrutll cmenenesuts pad 3a SMIHHUMY U, U, W.
OznauenHs. Cim’a mnozouaenis {Bp, n(x,y)} nasusaemvca K6a31t-MOHOMIGALHOIO 610-
HOCHO 2pynu nosopomie npocmopy SO (3), AKw0 6UKOHYEMBCA HACTYNHE MOMOACHICTND

Ta,,@,'y(Bmm,k’(xayaz)) = Z C(a7ﬁ>77m17"- 7k3)><

mi+mg +m3 =m
ni+ng +n3 =n
k1+ko+k3=k

X Bm1 +n1+k1,ma+na+ka,ms+ns+ks (x7 Y, Z)’

ons eciz m,n, k € N i eciz T, g, € SO(3).

Hacrynua Teopema € KpuTepieM KBa3i-MOHOMIaJbHOCTI ciM’i MHOTOY/IEHIB BiJHOCHO T'pyIn
nosoporis npocropy SO(3) y Tepminax i excnonenyiaabHol opozKy 040l GyHKIT

Teopema. Cim’a mruozouaenie {Bp pni(T,Yy,2)}, 6usnauena excnonenyiaabro0 nopooxrcy-
0010 PYHKYIEN

u™ " wk

G =G(z,y,z,u,v,w) = Z B k(r,y, 2)

m! n! kl’
m,n,k=0

94



€ K8a31-MOHOMIGALHOM MOodi 1 Misvku mModi, koau G € PYHKUIEI MPLOT 3MIMHUT U + VY +
wz, 2% +y? + 22 i u? +0? +w?

BracTuBicTb KBa3i-MOHOMIATBEHOCTI MOYKE 3HUKHYTH, KO MHOTOWJIEHN TOMHOXKUTH Ha KOH-
CTAHTY, IO € 3BUYANHOI0 MPAKTHUKOIO B 3aCTOCYBAHHAX A4 MATPUMKHU TaTa30HY 3HAYEHDB Y
posymHEX Mexkax. HacTymHa TeopeMa BKa3ye Ha sKi KOHCTAHTH MOYKHA MHOYKUTH MHOTOWICHN
JLIsT 30eperkeHHsa BIACTHBOCTI KBa3i-MOHOMIAIBHOCTI.

Teopema. Hpunyemumo, wo { By, i(2,Y, 2)} € cim’ero keasi-monomis. Cim’a mroeo-
wneni6 { By nk(2,y,2)}, de

Bm,n,k(xa Y, Z) = O‘mm,szm,n,n (l’, Y, 2)7

6yde K6031-MONOMIANGHOI0 MO & MIALKU MODE, KOAU KOEPIUIEHM Oty | € 0061ADHO0 PYHKUIEI
odniet aminnoi m +n + k.

JlocmiizkeHHsT MICTUTh BUYEPIIHAN OMUC CiM’{ MHOTOY/IEHIB, dKi € KBa3i-MOHOMAMU Bijl-
HOCHO TPYTIH apase bHIX [TePEeHeCeHb MPOCTOPY Ta IPYynu moBopoTiB mpoctopy SO(3), nommpro-
09M pe3ysbraTy nonepeaaix podit wa 2D-sunagku. IlpogemoncTpoBano, mo ciM’t0 MHOTOY/IEHIB
MOYKHA BBaXKaTW KBa3i-MOHOMaMW TOJi 1 TIIBKHW TOJI, KOJHW 11 eKCITOHEHIiaJbHa TTOPOIKYI0da
QyHKIIIST 3a7€KUTh BiJl TEBHUX TPHOX 3MiHHUX. KpiM TOTO, BCTAHOBIEHO YMOBU, 38 AKUX PO3TST
(macmrabyBanns) KBa3i-MOHOMIB 36epirae TXHIO BJIACTUBICTL OyTH KBA3i-MOHOMOM.

JlitepaTypa

[1] Bedratyuk L., Flusser J., Suk T., Kostkova J., Kautsky J. Non-separable rotation moment
wmwvariants. Pattern Recognition 2022, 127, 108607.

[2] Samaruk N. Quasi-monomials with respect to subgroups of the plane affine group.
Matematychni studii. 2023. Vol. 59, 1. P. 3-11.

e-mail: samaruk.nat@khmnu.edu.va
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CHHFMHHPHI@VHKHH,TKHfHBAHIS MAPKOBCBHKHUM 30BPA>KEHHSAM YUCEJI
Hap’s Cepriiiko
Yrpaincorut deporcasnuti ynisepcumem imeni Muzxatina pazomanosa, Kuis, Yxpaina

Hexait A = {0, 1,2} — andasir, L = AX AX... — npocrip noc/igoBHocreii exemenTis andasiry,

2
90, q1,q2 — dbikcoBanuit Habip pomaTHUX AICHUX drces Takuif, o Y ¢; = 1, ||| - croxacruana
=0
2
marpuis 3-ro nopsanxy (> ¢i; = 1,Vi € A,q;; > 0). Toni dasn dosiavrozo = € [0;1] icnye
=0
(o) € L maxa, wo

00 k—1
Tr = Bal + E Bakak+1 H QQjaj+1 = Aa1a2...an.~.7
k=1 j=1

ar1—1 ap—1

1€ Bar = D @i Bagarss = Goai D Qayi- PO3KIa umucia x B psj HABMBAETHCH MAPKOGCHRUM
i=0 i=0

npedcmasaernam, CKOpoIernii 3amnc Ay, oy, ap... — MEPKOBCHKUM 300PANCEHHAM TTHOTO TUCIIA.

fAxmo ¢; = qi; = 1/3 Vi,j € A, To MapKoBCbKe 300pazKeHHsI CIIBIIaIae 3 KIACHIHUM TPiAKOBUM
300PAXKEHHSIM.
Posrmsmaerbes dbyukiis I, sika o3Hadyerbes Ha BiApisky [0; 1] piBHicTIO

I(J: = Aalag...an...) = A[2—a1}[2—&2]...[2—an]...'

Ozuauentst GyHKINT | € KOPDEKTHUM HAa MHOXKUHI YUCEJI, 10 MATh JBa (POPMAIBHO PIZHUX

306pa)KeHH${: Aalag...an(O) = Aalaz..‘[an—l](Z)'

Teopema 1. Qynxuyia I e nenepepsnoro na eidpisxy [0;1] cmpozo cnaduorw dynruiero, npuyo-
my I(0) = 1, I(1) = 0. Qynxuia I yuaindp m-20 paney Aojas..an,... 6i006pasicac y yuaindp
A[Q_al][2_0[2}“_[2_0(7”]_“ m-20 paney © 3bepizae yudpy 1 y MopKOSCHEOMY 300DAAHCEHHT YUCAE.

Teopema 2. fxwo mae micue oua 6 odna 3 Hepisnocmel qoo # ¢22, Go1 # 421, Go2 # G20 660
q10 # q12, mo meepcop I € cuneyaapnoro dynxuyico.

Y JIOTOBi/Il IPOIIOHYIOTH PE3YJILTATH JOC/I/KEHHS CTPYKTYPHUX, (DpakTaabHUX Ta Judepen-
njasbHux Biaacrusocreil dyuknii 1.

Jliteparypa

[1] Mapximan B.II. ®pakranbhi BAACTMBOCTI MHOXKUH Ta (DYHKIH, [MOB’A3aHAX 3 MapKOB-
CHKUM 300paKeHHAM JIHiCHUX THCEN, BU3HAYCHUM JIBIUl CTOXaCTHIHOW MaTpuret // 36ip-
HUK Tpank lacturyTy Maremarnku HAH Ykpaian, ©. 14, Ned, — 2017. — ¢.34-48.

[2] Hpayvosumuii O.M. Tlpo oauu cuenudivnuii cnoci6 KojyBaHHs JIHCHUX 4duces Ta HOro
sacrocyBanng // Crygentcoki disuko-maremarnyani erogu. — Ne3(2008). — ¢.57-67.
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HABHHXGHHHICVMAMM(PyP%ZKﬂACHSBEﬁﬂH{HAﬂH'ﬂCQIB]ﬂBHOMHﬂHﬁ METPUILII
Amnarouaiii Cepaioxk, Irop CokoJjieHKO
Inemumym mamemamuru HAH Yrpainu, Kuie, Ykpaina

JocmimkyeThea 3a7a4da Ipo BCTAHOBIEHHA aCUMIITOTHYHOI MOBEIIHKN TOYHWX BEPXHIX MEXK
Bigxunens cym Oyp’e S, 1 (f) Ha KIACAX Wi | 2m-nepioqmannx nudepeHniitoBEUX B ceHci Beits-
Hana dyrmiit f v piBHOMIpHIT MeTpHrii.

Hexait L — mpoctip 27-mepiofudHuX CyMOBHHUX Ha [—7, ) dyHKIil ¢ 3 HOpMOWO |@|L =

T
[ le(t)|dt i C — mpoctip 27-nepioguanux HenepepBHUX QyHKIH ¢ 3 HOpMOO [|@| ¢ = max lo(t)].
—T

Hexait, maui, Wg 1,7 >1,8€R, — xnacu 2r-nepiognanux Gynkniil f, mo 300pazKyoThes y
BUTIJISITl 3TOPTKA

T
ao

f@) =R+ @xBrg) @) = 3+ [ oo = 0Bt ek (

-7

—_
~—

o
3 anpamu Beitna-Hana B, g(t) = Y k7" cos (k:t — 6{) , >0, 8 €R, dyukuiit ¢, 1mo 3a10-
k=1

BOJTLHAIOTH YMOBY 0 € BY = {go eL:|ollr <1, [ p(t)dt= O} .

—T
Knacm Wg | HasuBawoTh Kiaacamu Beitna-Hang, a dynknito ¢ B 306paxkenni (2) Ha3suBaoTh
(r, B)-noxignoro B cenci Beitns—Hanst byskiii f i nosnauawTs yepes f5-
Teopema 1. Hezatir > 2, f € R i n € N. Todi mae micue dopmyaa

, 1 1
EnWga)e = sup |If = Su1(flle = = <_Thl+-CK1)5nn> ; (2)
ews, n" \r(l—e )
de n
14—, 2<r<n+l,
. r(r—2)
Orn = —26_r/”, n+1<r<n?

n
e r/mn n? <r.

a O(1) — seaununa, pi6HOMIPHO 0OMEINCENA BIOHOCHO BCIT PO32AAOYEAHUT NAPAMEMPIS.

Omiuky (2) mpu r > \/n + 1 omy6aikosano B [1, 2].

Pobora wactkoBo migrpumana rpanTom H2020-MSCA-RISE-2019, project number 873071
(SOMPATY: Spectral Optimization: From Mathematics to Physics and Advanced Technology),
VolkswagenStiftung project "From Modeling and Analysis to Approximation” i rpaatom @omy
Caiimonca (Simons Foundation (1290607, AS) and (1290607, IS)).
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PAHO TA BYJIEBI JIANHEPKU
Oxkcana Ckurap
Jveiscorul naytonarvrul ynisepcumem iment Ieana Ppanxa, JIveis, Yipaina

Meroro poboru 6yno mocaianTu CTpykTypy Ta aaredbpwuni BracruBocti Pamno ta Bymesmx
JiafiHepin, 30KkpeMa My(daHIOBICTh; TAKOXK IXHI KOOPAUHATHI TJIOIUHU Ta 0CODJUBOCTI TEPHAPHUX
KiJietb.

[lix norsTTsiM JMaitHepy 6ymemo posymiT Taky crpykrypy (X, L), me X — noBlabHa MHOXKIHA
TOUOK, £ — MHOXKWHA TPAMUX, JJIsT AKUX CIPABIKYIOThCS TaKi aKCIOMH:

e Jlyist MOBIIBHUX ABOX TOYOK 3 X iCHYye equHa mpsaMa 3 L, gKa MPOXOIUThH 9epes3 HuX
e Jliga moBinbHOT nipsiMol 3 L icHYROTB JBi pizHi Touku 3 X sKiit T HajexaTh.

Jlaitnep X nasuBaerbca Pano, gKINO Jid OYIb-IKOI IJIOMMHE 3 X Ta YOTUPUKYTHUKA 3 HEl
JTiaroHAM Ta CTOPOHW TOMAPHO MapajenbHi (adinHuii BUMAIOK), b0 TEPETUHAITHCS Y TOYII,
K3 KOJIIHEAPHA TOYKAM TEePeTuHy CTopin (mpoektusnuii). Jlaiinep nazusaerhca Bymesum, skimo
y KOXKHOTO TTapaJiesiorpaMa JiaroHaji mapaJjeibHi. 3B’s30K MiXK HUMH Takuit: KoxeH PaHo €
Bynesnwm.

Bararo Bnactupocreit ®ano 6yiu chopMoBaHi came [jisi PETYJASPHUX BUITAJIKIB. 30KpeMa 3
peryasprocti @aHo ciifye HOro MOBHA PEryJIsiPHICTE. 3 MBOrO BUILJUBAE TEOPEMA: TTOMOBHEHHS
npoadinroro Pano peryasipaoro jaiinepa € npoektuauM Pano. [locraso soriune nmuraHHg 9u
Hymab-axi Qano jaliHepyu MOBHICTIO PEryJsipHi. SHANIIOBCA KOHTPIPHUKIAL - TpoekTuBHui Pano
6e3 IpPAMOI 3 BUKOJIOTOK TOUKOTO.

Jlaitrep Ha3uBaeThCd MyaAHTOBAM, STKITO JJ/Isi HHOT'O CIIPAB/IKYETHCA MaJjia TeopeMa lezapra:
JUT TOBLIBHUX 90TUpLoX npsamux A, B, C, D ta tpukyTtaukis abe, a'b'¢/, rakux mo a,a’ nexxarn
na A, b,V nmexars ma B, c¢,c nexars ma C: KO OBl BIAMOBIIHI TTApM CTOpIH TPUKYTHHUKIB
TTEPETUHAIOTHCSI ¥ TOYKAX, siKi Hajekarhb [, TO #i TpeTd napa MepeTuHAEThCA Ha, Tpamiit D.

CrocoBro anrebpusariii Jgaitiepie Pano O6yna cdhopmoBana rimoreza: npoadinuuit saiiHep €
dano Tozmi i TibKY TOMI, KO 11eit JaiiHep € MyaHTOBUM HAJT TLIOM CKAJIAPIB XaPaKTEPUCTUKA 2.
Tepuaphi kinbiig, skumu ajarebpusyors MydaHrosi JyaitHepu MawTh iIHBEPCUBHI CTOCOBHO MHO-
JKeHHS JIYITH, 3 90r0 BUILIUBAIOTH JIHIMHICTE, ACOIIATUBHICTL J0/IaBaHHS Ta aJbTEPHATHBHICTD.
[IpaBauBuM € 1 obepHEHE TBEPIKEHH.

[Mocramo nuranna toxi um Oymb-skuitt Pamo maitnep € mydanropum. /g CKiHYeHHOrO BU-
maiKy [JmiccoH fOBiB, IO 1€ CITPaB/RKYeThCd. /I8 HeCKIHUeHHUX TJIOIIUH I1e J0C1 € BIAKPHUTO0
IpodAEMOTO.

e-mail: oksana.skyhar@lnu.edu.ua
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CTPYKTYPA PO3B’SI3KY CUCTEMU CUHI'YJISAPHO 3BYPEHUX JU®EPEHLJIAJIbHUX PIBHSIHb
HA BUIAJIOK MATPUIII 3 BIJ'€MHUMMW KOE®IIIEHTAMU
B.B. Cob6uyk, 1.0. 3ejsiencbka
Kuiscorutl nayionasvruti ynieepcumem tment Tapace Illesuenxa, Kuis, Yrkpaina

HudepenttiaapHi piBHAHHS € 3PYIHIME MAaTEMATUIHUME MOJAEJSIMU JIJIsI ITUPOKOTO CIIEKTPY
ABUII MaiikKe B KOXKHIH raay3i Haykuy i Texmiku. JacTo, acomiooyr MATEMATHIHI MOTET 3 PeaIb-
HuME DI3UTHUMEA SBUIAMEA, MU MaEMO JOCTIIUTH JIOCTATHRO BY3bKi 00JIACTI, B IKUX PO3B’SI30K
BMIHIOETHCA 3 EKCIIOHEHIAJLHOTO Ha, KOJUBHUM. B 1[bOMYy BUNAAKY MATEMATHIHUMU MOIETIAMU
€ CHUHTYJIApHO 30ypeHi 33/1a4i 3 TOUKaMU 3BOPOTY.

ITocTanoBka 3amaui

s cucremu cuHry/sipHo 36ypenux audepeHIiajibHIX PiBHSAHD

eY'(x,e) — A(z,e)Y (z,e) = H(x), (1)

ae A(z,e) mae Taky CTPyKTypy
A(z,e) = Ao(z) + €A,

a Ao(x) i Ay marpuni Burasary

0 0 0 010
o o 1|, 4 =00 o],
0 000

METOIIOM icTOTHO ocobimBuX (byHKIN [1]| mobymyemMo piBHOMIpHY acCMMIOTHKY DO3B’sI3KY Ha Bij-
pizky [, 0], Brurouaroun i Touky 3Bopory z = 0.

Cunrynspro 36ypena 3agada (1) moc/iiKyBasach 3a TAKUX yMOB:

C 1. Ay(z), H(z) € C*[-L,0].

C 2. a(x) =za(x), a(z) <0, b(x)<O0.

PosrngryTo BUma0K, KOU OAWH 3 JIHIAHO HE3AJIEKHUX PO3B sI3KIiB OMHOPIAHOTO PiBHIHHST
(1) meobmexkeno 3poctae, Ko € — 0, To TouKy 3Bopory = = () Ha3WBaOTh HECTAGIILHOIO
TOYKOIO 3BOPOTY.

Po3B’s130K BUPOI:KEHOTO PIBHAHHS Ma€ PO3PUB JAPyroro poay B Touri 3Bopory. Tomy Bim He
MO2Ke OyTU BUKOPUCTAHUI Jiyist 1T00YI0BY TPETHOTO JIHIHHO HE3AJIE2KHOIO PO3B’SI3KY CUCTEMU CHH-
rynstpro 30ypernx pudepentiaabaux piBagab (1). 3amicTh HHOTO Oyj1e BAKOPUCTAHO YACTUHHUN
DO3B’s130K HEOHOpiAHOI 3amaui. (1).

IcroTrO 0COGMMB] DYHKIT, sTKi BUHUKAIOTH y PO3B’si3kax ogHopiaHol 3amadi (1) npum & = 0,
3pYYHO onmcaTH, BukopucroBytoun dynkiii Eiipi-/Ianrepa Ai(t) 1 Bi(t) ta ix moxigai [1]. Tomy
Hara1a€Mo aHAMITUIHUN 3anuc mux (PYHKIHH Ta iX moXiaHmX.

1 00 3
Ai(t) = / cos(% + 3t>ds
0

O yHKITIS

T
¢ poss’szkom U (t) —tU(t) = 0. IpyruM po3B’si3KOM IHOTO MOJEALHOTO piBHAHHSA € dhyHKIis [1]
3

. 1 [ S R
Bi(t) = 77/0 {e:rp[—? + st] + sm[g + st]}ds.

Jlrsr moximawx mx QYHKITIH MaeMO Taki piBHOCTI

1
. —tae~¢ s o
Al,(t) = 2ﬁ k:O(il)kdkg ka (2)
1
. tie o .
Bi'(t) = —— S odid

NZs

ne dog=1;d = —%, keN.
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[erorro 0c06/MBI (DYHKIT, sIKI BUHUKAIOTH Y YACTUHHUX PO3B’si3Kax HEOMHOPIAHOT 3a1aui (1)
OyaeMo OnmMCyBaTH 33 JOTOMOTOI0 MOJIETHLHOTO OMePaTOpa BUTISIY:

U'(t) —tU(t) =nL.

s mobynoBu piBHOMIpHOT aCUMIITOTHKHU PO3B’sI3KY 3 HECTab/IbHOI TOYKOK 3BOPOTY BUKO-
PHUCTOBYBAaTUMEMO YACTUHHUN PO3B’I30K IHOTO PIBHAHHA KOJIU te[O; +00)

u(t) = Bi(t) / Ai(r)dr — Ai(t) /0 " Bi(r)dr

400
[Toxipna niel dyHkIii 3anuerscd y BN
o 1
V() = —7'['_1/ 8608(583 + st)ds (3)
0

BrijgHo MeToiy ictorHO ocobumBux (YHKIN Ta nonepeaHix gociaiuzkens|2, 3, 4], HeobxigHoO
YMOBOIO PO3IIHPEHHS 3aJaql € CITPaBe/IIUBICTE CIiBBLIHOIIEHHS

1?k(x’tag)‘t:e"’«p(ac) = Yk($,€). (4)

Buginmmo Taky MHOXKUHY (DYHKIIH, B sIKiil po3mupena 3aaa4a (4) 6y/ie peryasipHo 36y peHoto
BiHOCHO Masioro napamerpa. JInsg mporo posragaemo MuOKWHU (mignpoctopn) dhyHKIIiH

2
Y(z,t,e) = ZDik(x, t.e) + fe(z,e)v(t) + & gr(x, &)V (t) + wi(z,€)

=1
2 ai1(z, €) Bir(z,¢)
ZDik(x,t,E) = iz, €) Uk(t) +e7 Bia(z, €) Uk/(t)
=1 aig(x,e) Big(l’,é‘)

U'(t)—tU@t) =0, v"t)—tu(t)=nr""1.

DopmasbHuil po3s’a30k cucremnu (1) Mae BT
Yi(z,t,6) = Yigm(x,t,€) + YP (2t €), (5)

1e Yiom.(z,t,€) — po3s’s30K ommHoOpigHOl cucremu, a Y4 (1)t ¢) — qacTUREMI PO3B 30K, Bij-
TTOBiTHO, HEOHOPIAHOT crucTeMu, TOOTO

2
k(. t,e) Z € ”Z [aikr(x)Ui(t) + E%Bikr(x)Ui/(t)}
i=1

—l—z;ﬂ[fkr() (t) + €3 gy (a }_Fzgwkr
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Z[I/ICI/IHATI/IBHICTb CUCTEM JUHAMIYHUNX PIBHAHb HA YACOBUX LHKAJIAX
BikTopia ITans, FOpiit IlepecTiok
Kuiscoxuti naytonaavruti ynisepcumem iment Tapaca Illesvwenxa, Kuis, Yrkpaina

HocmigeHHs GKiCHUX BJACTUBOCTEN PO3B’SI3KiB AMHAMITHWX CHCTEM HA YaCOBUX IMKAJIAX
€ aKTYaJbHUM Ta BaXKJIUBUM HAIPIMKOM CydacHOI Teopii MTWHAMIYHUX cHCTeM. BUBUeHHS ITHX
BJIACTUBOCTEH 03BOJIAE KPAIlle 3PO3YyMITH MOBEIIHKY CHCTEM, IO € KJIOYOBUM s 0Ararbox
MPaKTUYHUX 3aCTOCYBaHb, TAKUX SK MOJEJIOBAHHS COIAJBbHUX MepexK, DIOJIOTIYHUX [pOIeciB
Ta, ekoHoMiuHux cucrem [1]. Panime y poborax [2, 3, 4] 6yn0o BuB4YeHO nuTaHH: 30€perKeHHs
00MeYKEeHOCTI PO3B’SI3KiB JUHAMIYHUX PIBHAHBb HA YACOBUX KA aX. B3aeMO3B’sI30K MiXK KOJIMB-
HICTIO TaKUX PO3B’sA3KiB jlociizkeHo y poborax [5, 6. TToaibui nuranus jyist 3a1a4 ONTUMAIBHOTO
KepyBaHHs PO3IJIsIaoTheda y poborax |7, 8, 9, 10]. Jama pobora npucBsueHa J0CTIZKEHHIO IUCH-
IMIATUBHOCTL JMHAMIYHUX CUCTEM Ha YaCOBUX ITKAJIAX, L0 PO3MIUPIOE MOXKJIMBOCTI JIOC/1IZKEHHS
CTITKOCTI Ta KEPOBAHOCTI TaKUX CUCTEM.

Posrnguemo cucremy nudepeHIiaIbHUX PIBHAHD BUTJISITY

dx

— =X,z 1
= X(1,2) (1)
meteR, x € D, D - obgacts B mpocTopi R”, i Bigmosiany i cucreMy AwHAMIUHUX DIBHIHD HA
MHOMKHHI TacOBUX KA Ty

2y = X(t,x3) (2)
get € Ty, oy : Ty — R i :c/\A(t) — genpra-noxigaa byHkil ) (¢) #a Ty. [Ipunycrumo, 1o
inf Ty = —o0o, supTy =00, A € A CR, i A =0 rpannysa TOYKa MHOKHUHU A, TPUYOMY TSI BCIX

A € A rouxa t = 0 masexurh Ty.

Takox mpumycrtumo, 1o dyukuis X (¢, z) BusHauena npu Beix ¢ > 0, z € D, HemepepBHa
mo t Ta x i obMerkeHa Pa30M 3i CBOTMW YACTHHHWUMY TOXITHUMK TI0 ¢ Ta T B KOXKHIA 0OMeKeHii
obmacti 3 {t > 0} x D, To6ro mua xoxuoro M > 0 icaye uncmo L(M) Take, 1o

0X(t,x) 0X(t, )
X(t, < L(M), 3
)+ | 2502 |+ |2 < poany )
akmo t < M i |jz|| < M. Tyr |- | — eBxainosa mopma ma R™, || - || — HOpMa marpuii npeacrasie-

HA BEKTOPHOIO HOPMO0. 3 HEPIBHOCTI (3) BUNMBAE, MO ICHYIOTH JIOKAIHHO IHTErpOBHI (DyHKIIT
MRg(t) Ta Br(t) Taki, 1mo
| X (t,z)] < Mg(2), (4)

[ X (¢, 21) = X (2, 22)| < Br(t)|z2 — 21] ()

upu x,z; € Ug. Tyt i gani uepes Up no3HaueHo MHOXKHMHY TOUOK Z, 1m0 ||z]| < R.

Hexait p1y := supser, pa(t), me pa(t) : Ty — [0, 00) - dynxmis seprucrocti. [Ipuaowmy, gkimo
ux — 0 mpu A — 0, ro T, 36iraerhcs 3 HenepeprOO mKaaow dacy Tog = R, a cucrema (2)
nepexonuThb B cucreMy (1). Tomy mpuposHo CHOMIBATHCE, IO 3a MEBHUX YMOB 3 TUCHIATHBHOCTI
cucremu jaudepeHiiajbHuX PiBHsiHb (1) BUILIMBAE JAMCUIIATUBHICTH BIINOBLIHOI CUCTEMU JTMHA-
MigHuX piBHsHB (2) Ha yacosiit mkasi T).

Osunauenns.[11| Cucmemy (1) 6ydemo nasusamu ducunamuenoro no t > tg, Akwo icnye
wyucao R > 0 maxe, wo dan dosiavrozo r > 0 ichye T = T(r,ty) make, wo poss’asox x(t;ty,xo)
cucmemu (1) 3 nowamrosumu ymosamu (to,xo),

|o| <, (6)
npu t >ty + 1T 3a00604vHAEC HEPIGHICMD

[z (t, to, zo)|| < R
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Cucmemy (1) nasusamumemo pieHOMIPHO JUCUNAMUEHOI No ty, AKUL 6 HABEOEHOMY 03HG-
yenni, T ne sanescums 610 t.

Osnauennsi. Cucmemy (2) 6ydemo nasusamu ducunamueroro not € [0, +00)t, , AKWo icHye
wyucao R(A) > 0 maxe, wo das dosiavrozo v > 0 icuye T = T(r,to, \) daa axozo po3s’asox
x(t, to, xo) cucmemu (2) 3 nowamrosumu ymosamu (to, o),

|zo| <, (7)
npu t > to + T s3adosoavrae nHepisHicms

||CL‘)\(7§, to, :CQ)H < R.

Cucmemy (2) nasusamumemo pishomipno ducunamusnoto no tg € Ty 1 A < Ao, arkwo ¢
naeedenomy osuaverni , R ma T we sanescamo eid tyg ma .

Hamu BU3HAUEHI yMOBH JUCHITATHBHOCTI CHCTEMHU THHAMIYHUX PIiBHSHD (2) B TepMinax (yH-
kuii JTsnynosa V (¢, ).

BinnocHo Bcix dynkiiii JIgmynosa, M0 po3nIsAaTHMyThCS A/, IpuiycTuMo, mo V (¢, )
A-abcomoTHo HenepepBHi 10 ¢ Ta PIBHOMIPHO HENEPEPBHI 10 T B OKOJI KOXKHOI TOukm. Kpim
TOT0, BOHU 33[0BOJIBHAIOTH JIOKAILHY yMOBY Jlinmuita mo o mia koxuoro 0 < A < Ay B obacti
{t € [0,Tt, } x Ug 3i crazoo Jlimmmuuns, mo 3anexurs Bix R ta T'. Heit daxr 6ygemo mosuataTn:
V e Cy.

Osnauenns. Onepamop d°/At, wo 6usHauaEMbCA CNIGEIOHOUEHHAM

d°V(t,x) o 1

- V(t, (¢, ¢ — V(to, 20)]
At t—>t0—‘yl-0,te’]1‘>\ t —to [V (t, zA(t, to, x0)) (to, xo)]

6ydemo nazusamu onepamopom Jlanynosa, wo eidnosidae cucmemsi (2)

3 [12]| BurutuBag, 1mio:

SayBakenns. ko V(t,x) € Cp, Toai ais maiizke Beix ¢ oneparop Jlsmymnosa 36iraTmmve-
Thest 3 A-moxinHowo dyHKil V' B cuny cucremu (2).

Toni BUKOHYETHCA HACTYTTHA TEOPEMa.

Theorem 1. fxuwo cucmema dunamivnuz pienans (2) na wacosids wrani Ty, X > 0, mae ne-
6id’emny Pynruiro Jlanynosa V(t,z) € Cpy, eusnaueny npu t > to, t € Ty, x € D C R", 3
HACTNYNHUMYU BAGCTIUBOCTNAMU.!

1)
inf V(t,z) =V,(A) =00, p— 00, (8)
t€lto,00)ty llzll>p

2) npux € Ug, = {||z|| > Ro,t > to} icnye C = C(X\) > 0 maxe, wo

XA/(t, z) < -C\)V(t,x), (9)

A
a npu x € Ur, Pynwyii V i V(t,x) obmesrceni szopu,

modi cucmema (2) ducunamuena.
Sxwo V(t,x) ma C ne sanescams 610 X\ i cniggionowenta (8) UKOHYEMBCA PIBHOMIPHO 1O
A < N\, modi cucmema (2) pisHomipno ducunamuena.

Takox cupaseinBl HacTYIHI yMOBH icHyBaHHs QyHKIT JIsiyHosa /g jaucuiiaTnBHOl cu-
CTeMU JUHAMIYHUX PDIBHAHDb Ha JaCOBHUX ITKAJIaX.

Theorem 2. xwo icnye maxe \g > 0, wo cucmema durnamivnuz pisnans (2) ducunamusna oaa
Kootch020 A < Ao 1 eukonytomuea ymosu (4), (5), mo daa xootcnot cucmemu (2) icnye neaio’emma
dynxyia Janynosa V (t, x), wo 3adosoavnac ymosu (8), (9) npu X < Ag.
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TakoK HaMU OTPUMAHO YMOBM JIMCHIIATUBHOCTI cucremu audepennianbuux pisasub (1) 3a
YMOBHW JINCUTIATUBHOCTI BIAMOBIHOT AuHAMivHOI cucremu (2).

Theorem 3. Hexat X (t,x) sadososvnae ymosy (3) ma icnye make Ao, wo das 6ciz X < Ao
cucmema OUHAMINHUT pishans (2) pienomipno ducunamusna no tg € Ty ma X. Todi cucmema
dugpepenuiarorus pisnans (1) piehomipno ducunamusna no to npu to > 0.

Theorem 4. ITpunycmumo X (t,x) sadosoavnaec ymosy (3), a cucmema dudeperuyiarvHus pie-
nano (1) pienomipno ducunamuena no ty npu tg > 0. Todi, ichye make Ao, wo Junamivna
cucmema (2) pienomipro ducunamuena no ty i X daa eciz X < \g.
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HOC/IAXKEHHS HOBEAIHKKY PO3B’SI3KIB CTOXACTUYHUX AUGEPEHIIAJIbHUX PIBHSHb Y
YACTUHHUX MOXIJHWX 3 BUMAJKOBUMU ITAPAMETPAMM B TTPABIMT YACTUHI
Irop FOpuenko, Boaogumup fcuncbkuii
Yepriseuvkul wauionasvhut ynisepcumem imens FOpia @edvrkosuna, Yepnisui, Yrpaina

PosryistreMo croxacTudHUIT ekcriepuMeHT 3 6a30BUM iMOBipHicHHM Tpoctopom (2, FLF P),
F = {F;,t > 0} — dinsrpanis, ge 3agana GyHKIig u (t, ,w) € BAMIPHOO 3 IMOBIPHICTIO OfMHUIISA
3a t Ta £ BIAHOCHO MiHIMaJLHOI o-ajarebpu B ([0, T], Rl) OopesleBUX MHOXKUH Ha ILIOIIUHI Ta /I

/+OOE{|u(t,:U,w)|2}da: < 00

—0o0

AKO1

aust Beix ¢ € [0,7], E{e} — maremaruune cuoupiBanusi, T C [0,00) [1,2]. IIpocrip dynxuiit
{u(t,z,w)}, mo Bosomie BracTUBiCTIO iHTErpoBHOCTI, O3HAUMMO depe3 Mp. YV npocropi My
CJILT BBECTH HOPMY BHIJIAITY

2

T T +o00
Hu(t,x,w)||25/ Eu(t)dt:/ E[/ (¢, 2, w) 2 de | dt.
0 0

—0o0
[Tozmaummo uepes

Q<A>Q>p) = Zzaqukp]7

k=1 j=1

e A = {akj} — NifiCHO3ZHAaYHA MATPHIF PO3MIPHOCTI 1 X M, CKIaJeHa 3 eJEeMEHTIB ay; € R'.
Posrisnemo na (Q, F\F, P) zanauy Kowi jys CAPYIT surusiny [3,4]

0 o 0 o0 0
a |:Q <A7 815,(3.%> U(t,ZC,CU):| +Q <B>ataax> U(t,.’L‘,UJ) =

(€N Q(C g ) ulti) M,

o 0
Q <A7(r_)t7ax> u(t,.’IJ,W)

B= {bij}ﬁ}'n:p bij eRL C = {cij}f,}n:p cij € R, ¢ (o) — 6episcbka dbynKIist 3 061acTIO 3HAUCHD
R!, ¢ (w) — BunasxoBa BenuuuHa, 3a1ana mMibHicTIO P () (abo dyHKIieo poznoainy), w (t,w)
~ opHOBUMIpHU# BiHepiB npouec, upu npomy € (w) e 3anexunTsb Big w (t,w).

Orpumani pelyabTaTh MO0 MOBEIIHKNA B CEPETHBOMY KBAJIPATUIHOMY CUJIHLHOTO PO3B’SI3KY
JTaHOTO piBHSIHHA (1uB. [3-7]).
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ON THE SOLVABILITY OF THE NONLINEAR NONLOCAL BOUNDARY VALUE PROBLEM FOR A
SYSTEM OF HYPERBOLIC EQUATIONS
Perizat Abdimanapova
Institute of Mathematics and Mathematical Modeling, Almaty, Kazakhstan
Almaty Technological University, Almaty, Kazakhstan

We consider the nonlinear nonlocal boundary value problem for a system of hyperbolic equati-
ons on {2 = [0,w] x [0,T]

0u ou n
a%,at — <.§U,t7U, %), u e R s (].)
u(0,t) =0, tel0,T], (2)
g(z,ux(x,0)7ux(x,T)) =0, (3)

where f:Q x R?" — R" and g : [0,w] x R® x R" — R™ are continuous.

By using the new unknown function v(z,t) = ug(z,t), we reduce the problem (1)-(3) to the
equivalent boundary value problem for a partial integro-differential equation.

A multi-point nonlinear boundary value problem for integro-differential equations with parameters
equivalent to the problem under consideration is composed according to the scheme of the
parameterisation method and an algorithm for its solution is proposed [1, 2].

The convergence conditions of the proposed algorithms are obtained, i.e. sufficient conditions
for the existence of an isolated solution in some set of the family of nonlinear boundary value
problems for integro-differential equations are determined.

Funding: This research is funded by the Science Committee of the Ministry of Science and
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ON THE BRANCHED CONTINUED FRACTION EXPANSIONS OF SOME RATIOS OF THE
GENERALIZED HYPERGEOMETRIC FUNCTION 4F3
Tamara Antonova, Yevhenii Lutsiv
Luviv Polytechnic National University
Vasyl Stefanyk Precarpathian National University

The generalized hypergeometric function 4F3 defined as power series (see, [1])

+oo
. ) — (a1)n(a2)n(az)n(as)n 2"
4F3(a17a27a37a4;b17b27b37 ) _nz::o (bl)n(bQ)n(bg)n n'7 (]-)

where the pameters a1, ag, as, aq, b1, b2, b3 are complex number, herewith by, b, b3 & {0, —1,—2,...},
and, for n > 1, (a), = a(a + 1),—1 with (a)o = 1.

Using the idea proposed in [2], we have constructed an expansion for the ratios of the function
(1). We have used the concept of defining a branched continued fraction proposed in [3].

Let G = {1,2,3,4,5,6,7,8}. We choose from G2, G = G x G, the following subset of double

indices

(2,5),(2,6),(2,7),(2,8),(3,1),(3,2),

SN—
~~
S~—
—
w
W
S~—
—

For k > 1 let Ilg )1 (z,gl)l, zg)l) be a double index from a set G,

70 = (1P, 1@, 1) = (0, i @ W )

be a double multiindex,

2 il =11 <a® ) <a il =3,

te—1>
2%14—1— {,(”/4] it Z,Ql_g 1<2<> <8, iV —3
.(2) 378 1+6 4{(7’147 1+ /4] [( 2_) _1)/4]7
%= W _ ) (2)1 2)
if 4’ =14 =2 1<i”, <8,

)

22)1—1+45(2)1, if z,(j)l (1)—3 1<i? <4

i@ i =3 1< <4 1<V <2

where &7 denotes the Kronecker delta, ] denotes an integer part of a number,
GIP ) ={1®: 4—iV <iV <3 i is defined by (2)}
be a subset of G herewith G(I(()2)) = G(Ié2)), and let
D=z 1P eG@?), 1<p<k k>1}

be a set of double multiindices.
We set a = (al,ag,ag,a4) b = (bl,bg,bg) el,l = ((5},512,5?7524) fl,i = (1,0,0), 6371' =
(1—=61,1-021-63,1—-0}), 3, =(1,1,1), 1 <i < 4, and
€2 = (O;_ai—1)/a) T i ai(i-1)/4) Oiafi-1)/4) T Or-af(i-1)/4) O5-ai-1)/a)
+ 5%9’_4[(1_1)/4]u 5%9’_4[(1_1)/4] + 5?_4[(2'_1)/4})7
_ 0 1
f20 = (1, 01—y 06—y /)
where 1 < ¢ < 8. Then, for k£ > 0,

1 2 3 4
€_(2) = (€ e e e =e, 2 te,t...+te
rs ( II(CQ)’ I}(Cz)v IJ(CZ)’ Il(f)) I I L=
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where

k
1 1 <1 3 1 2 sl 4 8

€ (2) = E (810 8la) + 650y (1 = 8y + 0%y (82) + 6y + 62y + 0712)),
Ik iy dp ip ip ip ip ip ip ip

k
o = D (610 8%) + 6%, (1 = 6%2) + 670y (6a) + 52y + 0% + 652))),
k =0 p” p tp p ip p p p ip
k
o) = 2(5 (1)5 @ +90 <1>( — 6%2) + 070 (672 + 6%y + 0%y + 1)),
Ik ip ip ip ip ip ip

k
4 1 4 3 4 2 3 4 7 8
€ (2 = 0102y + 051y (1 = 87a)) + 651y (0%2) + 02y + 02y +052)))s
7 = 26l 8i 3y (1= 8a)) + 8 (B + 6y + 8 + )

and

fIIgz) = (f 7f2(2),f y) = f]é2) + f1£2> +...+ fllgz),

where

1
fI£2) =k+1,
k
2 _ 3 2 (sl 2 3 4
le<@2> = Z“g) + 52-;1)(51.;2) to@ + 0@+ 5%(72))),

k
3 3 2 (55 6 7 8
® = 2%(51-;1) + 5&1)(%2) + %2) + 51',(?) + 5%(72)))-

q:

4F3(a; b; 2)
iFs(atemib+fie)

Theorem 1. For each ISQ) € G the ratio R, (a;b;2) = has a formal
0

branched continued fraction expansion of the form

dI(z) z

1
1+ Z dI(2)Z ’
PioE 1. Y 2
Pecr?) 1 + Z
17 eG(z”)

dzéz) z

where dz.(z), I,£2) e TP, depend on the parameters of 4F3.
k
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ALGEBRA AND GEOMETRY IN LINERS
Taras Banakh
Ivan Franko Lviv National University, Lviv, Ukraine

We shall discuss the interplay between algebra and geometry in (affine or projective) liners,
and also present selected open problems in this fascinating field of mathematics.

e-matl: thanakh@gmail.com
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ON LOCAL ASYMPTOTIC STABILIZATION OF A CLASS OF THREE-DIMENSIONAL NONLINEAR
SYSTEMS WITH UNKNOWN PARAMETERS AND ADDITIONAL TERMS
Maxim Bebiya
V. N. Karazin Kharkiv National University, Kharkiv, Ukraine

We address the stabilization problem for the following uncertain nonlinear system

i1 = a3+ fi(t 2,u),
-®2 :CLQ.’IJ3+f2(t,I',U>, (1)
:tg = asu,

where u € R is a control input, m > 0 is a given integer number, a; > 0 (i = 1,2) are unknown
numbers, f;(t,z,u) (i = 1,2) are unknown continuous functions.
We assume that the functions fi(¢,z,u) and fa(t, x, u) satisty the condition

fl(trrau) S cl(‘w2|1+61 + |$3‘2),

fg(t,l',u) S 02|x3‘1+62

(2)

for some constants ¢; > 0, co > 0, 41 > 0, d2 > 0 in a neighborhood of the origin. Note that we
do not require ¢1, ¢ , 41, and ds to be known in advance.

Our objective is to construct a continuous control u(x) that does not depend on the parameters
a; such that the zero equilibrium point of system (1) with u = u(z) will be asymptotically stable
in the sense of Lyapunov for any positive values of the parameters a; and any functions f;(t, z, u)
satisfying the condition (2).

Note that the stabilization problem for system (1) is difficult even for known parameters
a; because of the fact that this system has uncontrollable first (linear) approximation. The
stabilization problem for the case of known parameters a; for more general n-dimensional systems
has been solved in [1], [2]. Linear stabilization for system (1) with known a; has been considered
in [3]. The case of linear systems (m = 0) with unknown a; has been studied in [4].

Suppose that r1, p1, and po are some real numbers such that vy > 1 and p; > o > 0. Let
k; > 0 be arbitrary positive numbers. To stabilize system (1) we consider the following control
law

u=—(((k1z1)"* + kow2)"* + kgxs), (3)

where py = 12, pp = 12 with ro =11 + 1, 73 = r2 + pio.
We show that the control u = u(x) of the form (3) stabilizes system (1) for any set of positive
numbers a; and any functions f;(¢,z,u) under the condition (2).
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SYMMETRIC POLYNOMIALS ON INFINITE-DIMENSIONAL STRUCTURES
Vitalii Bihun, Rostyslav Stakhiv, Andriy Zagorodnyuk
Vasyl Stefanyk Precarpathian National University, Ivano-Frankivsk, Ukraine

Let X be an infinite dimensional complex linear space. It is well-known that X admits a
(linear) Hamel basis. That is, there exists a linearly independent family & = (e,) of vectors in
X such that every vector x € X can be represented as a finite algebraic combination of elements
in €, where « belong to a set of indexes 2. We will write

:B:Zwaea, ro €C

ac

understanding that only a finite number of coordinates x,, are not equal to zero.
A mapping f on X is called &-symmetric (or just symmetric if the basis is fixed) if for every
one-to-one map o: A — A we have

f( Z xaea(a)> = f( Z xaea>.

acd ac

Theorem 1. Polynomials

Fi(x) = Fi(z) = Zx’;, reX, keN
acl

form an algebraic basis in the algebra of all E-symmetric polynomials on X.

Example 2. Let cog be the space of eventually finite sequences. That is, every x € coy s of the
form

(o]
= (T1,...,Tp,...) = g Tpen, xn€ C,
n=1

where e, = (0,...,0,1,0...) and only a finite number of coordinates xz,, are not equal to zero.
—_———

n
Then (e,) is a countable Hamel basis in cop and polynomials

oo oo
A(Y ) = 0%
n=1 n=1
form an algebraic basis in the algebraPs(coo) of symmetric polynomials on cqp.

Proposition 2. Let X be an infinite-dimensional linear space with a Hamel basis €, then the
algebra of all €-symmetric polynomials Pse(X) is isomorphic to Ps(coo)-

In the talk we consider algebras of symmetric polynomials on zero-sets of polynomials on
infinite-dimensional complex linear spaces.
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REPRESENTATION OF LIE ALGEBRAS ASSOCIATED WITH SYLOW p-SUBGROUPS OF
SYMMETRYC GROUPS BY ZERO-TRIANGULAR MATRICES
Natalia Bondarenko
Kyiv National University of Construction and Architecture, Kyiv, Ukraine

Let p be a prime number and n be a fixed integer, n > 2. We consider the Lie algebra L, ,
associated with the lower central series of the Sylow p-subgroup P, of the symmetryc group Spy».
The elements of the Lie algebra Ly, have a spacial tableau representation ([1], [2]) similar to
the tableau representation of the elements of the Sylow p-subgroup P, of the symmetric group
Spn constructed by L.A. Kaloujnine [3]. Embedding of the Lie algebra of zero-triangular matrices
T, (p) into the the Lie algebra L, was done in the work [4]. In the case p = 2 we construct
the isomorphic embeding of the Lie algebras Lo ,, into the Lie algebra of zero-triangular matrices
T (2) over the field Fy of the lowest possible order m = 2"~! + 1, similarly to the matrix
representation of the m-iterated wreath product of cyclic groups Co constructed in Leonov’s
work [5].

The elements of the Lie algebra Lo, can be identified with the tableaux of the form

u=[up,uo(x1), ..., up(1,..., Tn-1)], (1)
where uy € Fo, ui(x1,...,25-1) € Fgo) [®1,...,24-1] for i = 2,3,...,n are reduced polynomials
with respect to the ideal I; generated by polynomials x%, a:%, . 73712—1- The k-th coordinate of the

tableau u € Lo, is denoted by the symbol uy, .

The operations of the addition, the multiplication on the elements of the field Fy of such
tableaux (1) are determined coordinately, and the Lie bracket (, ) for tableaux u,v € L, is
determined by the following equalities (1 <i <mn,1 <k <m):

Al 8Uk auk
(uvv>k:2<8xi'ui—azi'vi>. (2)

i=1

The height of a monomial 21252 ... 2% is called the number h(z¥2h? - 2ks) = 14k + 2k +
--257 1k, The height h(us(z1,...,25_1)) of a reduced polynomial ug(z1, ..., zs_1) is the largest of
the heights of its monomials with a non-zero coefficient. The height of the reduced polynomial
us(z1, ..., x5 1) satisfies the inequality 0 < h(us(z1,...,25-1)) < 2571

An arbitrary reduced polynomial can be uniquely represented as a sum of monomials of
23—1

pairwise different heights ws(z1,...,25-1) = > us;t(j), where t(j) is a monomial of the heights
i=1

j(1<j<2571) (1) =1 and uy; € Fo.

For an arbitrary polynomial g € IF‘;O) [€1,...,2n—1] of the height j we define the tableau
g € Lo, so that its first (n — 1) coordinates are equal to zero, and the n-th coordinate contains
the polynomial g, i.e. g = [0,0,...,9] € La,. For an arbitrary tableu v € Lg,, consider the

tableau of the form

g* = (u,g) =10,...,0, —= . (3)

For an arbitrary tableau u € Lo, the height of the polinomial on the last coordinate is
limited by the number 2", Consider the monomials #(j) of the heights j € {1,2,...,2" 1 + 1}
and polynomials

n—1 . 7j—1
1) =Y G =Yy 1) &

We define a zero-triangular matrix A = (A;;)mxm of the order m = 2"~1 by the condition

Ajj, Z<.]7
Aij = { ’ (5)

0, i>j.
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Theorem 1. For an arbitrary n > 1 the mapping @, : Layn — Ton-1,1(2) , defined by the
equality p,(u) = A, is a monomorphism. In addition, for an arbitrary accurate representation
7 Lopn — T(2) the inequality k > 2"~ + 1 holds.
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ON THE APPROXIMATION OF SYSTEMS WITH DELAY AND THEIR STABILITY
Thor Cherevko, Svitlana Ilika, Oleksandr Matwiy, Larysa Piddubna
Yuriy Fedkovych Chernivtsi National University, Chernivtsi, Ukraine

Schemes for approximating differential-difference equations by special schemes of ordinary di-
fferential equations are proposed in the work [1]|. Further research was found in various functional
spaces [2,3].

Consider the Cauchy problem for a delayed differential equation

dx
i F(t,z(t),z(t — 1)), (1)
z(t) = (1), te€ [to— T, to] (2)

where z € R", 7 > 0, tg € R, F(t,u,v) is a continuous function.
Equation (1) corresponds to an approximating system

% - F(taZOazm)
ddzt' m (3)
- .
25 o) =0 (10 27) i = O (@)

Theorem 1 [2]. If the solution of the problem (1)-(2) x(t) € C([to — 7,T]), then

o(t-10) —zj(t)‘ < (w (2. 2)) s = Ot € [t 7).

where 3(6) - 0 npud — 0, w (a:, l) — the continuity modulus of the function x(t) on [to — 7,T].

The study of approximation O%rlbinear stationary systems with a delay allowed us to construct
algorithms for approximate detection of nonasymptotic roots of quasipolynomials. Using these
algorithms, a method for modelling the stability of solutions of linear systems is developed |[2,3].

Consider the initial problem for a linear system with many delays

k
% :Ax(t)—i—ZBll‘ (t—TZ’). (5>
=1

where A, B;, i = 1,k fixed n x n matrix, z € R*, 0 <7 < 72 < ... < 7 = 7. Let us correspond
to the equation (5) the system of ordinary differential equations

k m
Eol) _ Aot + 3 B (0), 1= [
i—1 (6)
Tl ) - 50), j=Tmp="meN.

Theorem 2 |2|. If the zero solution of the system with delay (1) is exponentially stable (not
stable), then there is mo > 0 such that for all m > my, the zero solution of the approximating
system (8) is also exponentially stable (not stable). If for all m > mg the zero solution of the
approzimation system (3) is exponentially stable (not stable) then the zero solution of the system
with a delay (1) is exponentially stable (not stable).

Theorem 2 can be applied for finding the upper limit of the delay in the system (5) which has
stability. Calculating the approximate roots of the quasi-polynomial of a linear system (5) with
different 7, we can estimate the upper value of the delay 7, for which the system (5) is stable [4].

Using the approximate finding algorithms for nonasymptotic roots of quasi-polynomials, a
way for constructing the coeflficient areas of stability for linear differential equations with delay
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and finding the set of delay values for which the equation is asymptotically stable is suggested

[5,6].

Performed numerical experiments for model test examples confirm the effectiveness of proposed
schemes for modeling the linear differential equations with delay.
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REPRESENTATION OF THE SPECTRUM OF THE ALGEBRA OF SYMMETRIC ANALYTIC
FuncTioNs oF BOUNDED TYPE ON A BANACH SPACE
Iryna Chernega
Institute for Applied Problems of Mechanics and Mathematics, Lviv, Ukraine

Let X be a Banach space and S be a group of isometric operators on X. A mapping f on X
is said to be S-symmetric if it is invariant with respect to the action of operators in S.

An analytic function f on X is a function of bounded type if it is bounded on all bounded
subsets of X. The algebra of all analytic functions of bounded type on a complex Banach space
X is denoted by Hp(X) and it is a Fréchet algebra with respect to the metrizable topology
generated by the following countable family of norms

HfHT: sSup |f(x)‘7 r € Qy, fEHb(X)'

llzll<r

Due to the Gelfand theory, for a given commutative topological algebra it is important to
know the spectrum, that is, the set of continuous complex homomorphisms (characters) of the
algebra.

In the case X = £,, 1 < p < oo, and S the group of permutations of the canonical basis
vectors, the S-symmetric functions are called symmetric. The algebra of symmetric analytic
functions with the topology of the uniform convergence on bounded sets is denoted by Hps(¢p).
We use the notation My,(¢p) for its spectrum.

In this talk we consider a complete description of the spectrum M;s(¢1).

This research was supported by the National Research Foundation of Ukraine, 2023.03/0198
“Analysis of the spectra of countably generated algebras of symmetric polynomials and possible

applications in quantum mechanics and computer science”

e-mail: icherneha@ukr.net
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RINGS OF MULTINUMBERS ASSOCIATED WITH THE COMPLEX STRUCTURE
Yurii Chopiuk, Andriy Zagorodnyuk
Kyiv School of Economics, Kyiv, Ukraine

Vasyl Stefanyk Precarpathian National University, Ivano-Frankivsk, Ukraine

A ring of multisets M was constructed in [1] using symmetric and supersymmetric polynomi-
als on a Banach space. Mg can be represented by the following way. Let coo(N?) be the space of
two-sides sequences of complex numbers of the form

(ylz) = Ymy--sy1lT1, ..oy T,y )

such that only a finite number of coordinates x,, and y,, are non-zero. We say that (y|z) ~ (¢/|2)

if and only if
Tk (y|x) = Zx nyn Ty (y'|2"), keN.

The quotient set coo(N?) with respect to the equivalence is denoted by My and can be considered
as a set of Cartesian products of finite multisets of complex numbers. My is a ring with respect
to some natural algebraic operations which we will consider in more general situation. Note that
polynomials T}, form an algebraic basis in the algebra of supersymmetric polynomials [1]. Some

properties and applications of Mg can be found in [2].
Let [(y|z)], [(t]s)] € Mo. We define by

= | (4] )] =l 2t )

S

where 7 is an imaginary unit for multinumbers and R ([z]z7) = [(y|x)], S ([z]z) = [(¢]9)].
We denote by My[Z] the set of all elements of the form (1).
Using ideas described in [2] we introduce algebraic operations on My[Z].

= (1 )] =[] )] v
stz = (0 )] [(2 )] =[(e | )

The inverse element can be expressed as

and next equality holds

The second operation is defined as

e = (4] 0] (%] )] -

_ [((yl owz) e (z10Y2) @ (s1052) e (t1ota)|(z1022) e (y10y2) e (t1052) e (51 <>752)>}
(tl <>$2) ° (81 <>y2) ° (tg 01}1) ° (52 <>y1)|(51 <>:E2) ° (tl <>y2) ° (52 <>ZL‘1) ° (tQ <>y1) )

Note that
R([z]z) = [(ylz)] € Mo and S ([z]z) = [(t]s)] € Mo.

The set of all n X n matrices with entries in R is a matrix ring denoted M, (R), and there
exists an isomorphism between complex numbers a + bi, where a,b € R and quadratic matrices

M>5(R) of a form
a b
b a)’
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Let us consider a map A : My[Z] — Ma(My)

AW@Z(RWH ;%m)

=S ([2lz)
Theorem 1. The map A : My|[Z] — Ma(My) is an isomorphism.

Corollary 1. My[Z] is a commutative ring that is isomorphic to commutative ring of quadratic
matrices Ma(My).

It is easy to check that:

GPy”ijOCM%AHKWim):@8>

Hence, My[Z] is not an integral domain.
Theorem 2. The ring My(Z) is an integral domain.

Corollary 2. Z[Z] is an integral domain and every element in Z[Z] has a unique representation
by the product of irreducible elements.

[1] Jawad, F.; Zagorodnyuk, A. Supersymmetric polynomials on the space of absolutely
convergent series. Symmetry 2019, 11, 1111.

[2] Chopyuk, Y.; Vasylyshyn, T.; Zagorodnyuk, A. Rings of Multisets and Integer Multi-
numbers. Mathematics 2022, 10, 778.

e-mail: yurii.chopiuk. 19@pnu.edu.ua
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ONE VERSION OF THE ABSTRACT THEOREM WIENER-PALEY
Svitlana Dimitrova, Natalia Girya
National Technical University “Kharkiv Polytechnic Institute”, Kharkiv, Ukraine
Vasyl Karazin Kharkiv National University, Kharkiv, Ukraine

Many classical theorems for numerical complex-valued functions can be successfully extended
to more general Banach spaces. However, this introduces challenges both in the formulation and
in preserving the validity of the classical results in the generalized context. For example, this is
the case with the Wiener-Paley theorem [1], [4]. In his work [3], M. A. Kandil proved the Wiener-
Paley theorem for functions belonging to the L; norm, for which the series > ||f(n)| < oo
converges, as well as for functions taking values in a Hilbert space and belonging to the set

(2)
Wr™(H).

On the other hand, M. A. Kandil constructed an abstract entire function F'(z),of exponential
type 27, whose values belong to the Banach space m, consisting of all bounded sequences z =
{&, 152, with the norm ||z| = sup,, [£,|. Moreover, the norm of the function F(z) on the real
axis belongs to the space La(—00;+00), while the norm of the Fourier transform of F'(x) does
not belong to Lo(—2m; +2).

This result demonstrated that the Wiener-Paley theorem, which asserts the equivalence of a
function and its Fourier transform belonging to the Lo space on certain intervals, does not hold
in the case of abstract functions, at least in its standard formulation. M.A. Kandil’s result raised
the question of which specific spaces allow for the generalization of the Wiener-Paley theorem
and in what formulation.

Let us consider abstract entire analytic functions of a complex variable z (z = x+1y), defined
by an everywhere convergent series:

f(z2)=co+ecrz+ e+ . 42+ ..,
where ¢; € X, X being a Banach space.

Definition 1. A function f(z) is called an entire function of exponential type o (f(2) € By), if
for any € > 0 there exists a constant A; > 0, such that for all z,

1£(2)]| < Acelr ),
and for the values Z of some sequence,
1£(2)]| > Acelr),

or

Definition 2. The notation W((f)a) denotes the class of abstract functions of exponential type o,

bounded on the real axis, which are weakly absolutely square-integrable on the axis.

1. f(z) € B,
2. su ¥, f(x))] < oo, Va* € X*
Few® =% s, IS

3. [ la*, f(2))|?dr < oo, Vaz* € X*

Let us extend the Wiener-Paley theorem for numerical functions to Banach spaces not contai-
ning ¢y (the space of sequences converging to zero) as follows: We prove the following theorems.

2)

Theorem 1. If Banach space X not containing co then the class of functions W*(J coincides
with the class of functions that can be represented in the form:

1 [ iz
1) = 5= [ otmeat
where ¢(t) € X, (z*,¢(t)) € La(—0,0),Va* € X*, 2z =z +iy.
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NONLINEAR BACKWARD SHIFTS ON THE RING OF MULTISETS
Daryna Dolishniak, Pavlo Dolishniak, Andriy Zagorodnyuk
Vasyl Stefanyk Precarpathian National University, Ivano-Frankivsk, Ukraine

Let X be a metric space and T be a continuous mapping 7: X — X. We say that the
sequence of maps {T"}, n € N is a dynamical system on X which will be denoted by the sane
symbol T.

A dynamical system T: X — X is called topologically transitive if for any pair U,V of
nonempty open subsets of X there exists some integer k > 0 such that T#(U) NV # (.

It is well known that the weighted backward shift

By: (x1,...,2p,...) = NMxo, ..y Tp, .. )
is a topologically transitive linear operator if X =¢,, 1 <p < oo or if X = ¢y.

Theorem 1. Let (Q,+) be a metric semigroup, not necessary associative, with a the neutral
element 0. We assume that the addition is continuous in Q. Let T be a mapping from Q to itself.
Suppose that there is a dense subsets Q C Q and Z € Q and for every u € Q a number m € N
and a sequence of maps Sy r: E — Q, k € N such that

(i) Sur(v) = 0 for every v € E as k — oo;
(ii) for each u € Q, TF*™[S, x(v) +u] = v for every u € Q as k — .
Then T 1s topologically transitive.

In [1] were introduced normed rings and normed semirings of multisets using symmetric and
supersymmetric polynomials on ;. In talk we consider how to use Theorem 1 to prove topological
transitivity of some generalizations of the weighted backward shift for the (semi)rings of multisets.

This research was supported by the National Research Foundation of Ukraine, 2023.03/0198
“Analysis of the spectra of countably generated algebras of symmetric polynomials and possible
applications in quantum mechanics and computer science”.
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SYMMETRIC ANALYTIC FUNCTIONS ASSOCIATED WITH AN INFINITE TREE
Nataliia Dubei, Andriy Zagorodnyuk
Vasyl Stefanyk Precarpathian National University, Ivano-Frankivsk, Ukraine

Symmetric polynomials and analytic functions on a complex Banach space X with respect
to a group (or semigroup) of isometric operators were studied by many authors. Such kinds of
investigations can be considered as a continuation of the classical invariant theory to infinite-
dimensional spaces using methods of functional analysis and topological algebras. Similarly as
in clagsical invariant theory, for a given operator group S on X, the first important question is
about a minimal set of generators of algebraic invariants of S. In other words, it is important
to describe a minimal set of S-invariant polynomials generating the algebra of all (continuous)
S-invariant polynomials in the means of algebraic combinations. Also, it is interesting if we the
system of generators can be chosen algebraically independent.

Let

A= {a = (a1,9,...): ; € {0,1}}

The set 2 is a commutative group with respect to coordinate-wise addition modulo 2. That is,

(a1, a2,...)+ (B1, P2,...) = ((c1 + B1) mod 2, (g + f2) mod 2,...).

We denote by 2y the subgroup of 2 consisting of elements o = (a1, aq,...) such that only a
finite number of «; is not equal to zero.

Let X (2) be a linear space of complex-valued functions on 2. Denote by A the group of
operators Tg, 8 € 2 such that

Ts(z(a)) = z(a+ ), xz(a)e X(2),

and by Ajg its subgroup for 5 € 2g.
Let 1 < p < oo and Ly(A) be a space of all complex-valued Lebesgue integrable in a power
p functions z(t) : A — C with the norm

foll = ([ letorar) "

Let us define the following representation of group A on Ly (). The set of indexes 2 can be
naturally identified with the interval [0, 1] by associating each binary sequence « with its binary
decimal representation in [0, 1]. For each positive integer n, divide the interval [0, 1] into 2" equal
semi-open interval of the form I* = [’2_—”1, 2%) for i = 1,2,...,2". The group A of operators
Ty, B € A, acts by permuting intervals Ij* according to the following rule: each interval I}* is
associated with its index 4, represented as a sequence of n Os and 1s. The operator T permutes
I} to the interval I7', where j is the representation of the result of coordinate-wise addition
modulo 2 between the binary representations of ¢ and f.

It is well-known [1, 2] that polynomials
k
Ry(x) = /[ (o) k< )
0,1

form an algebraic basis in the algebra of all symmetric polynomials on Pgs(Lp[0, 1]). Let as define
polynomials
0,m m
Ry () = (Ry(2)™,

211 . k m
R =3 ( /[) (x(t)) dt)



where m = 1,2, ... represents the power to which the polynomial is raised and n =0, 1,... indi-
cates the level of subdivision. For m > 2 polynomials R, are A-symmetric but not symmetric
on L,(2A).

In the talk, we will introduce another symmetry group, 8, and consider the space £,(*8). We
will then construct polynomials F,? "™ (z) for this space and analyze the algebraic dependencies
within this family of polynomials.
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ON UNIQUENESS OF SYLVESTER-TYPE MATRIX POLYNOMIAL EQUATION’S SOLUTION
Nataliia Dzhaliuk, Vasyl’ Petrychkovych
Pidstryhach Institute for Applied Problems of Mechanics and Mathematics of the NAS of
Ukraine, L’viv, Ukraine

Many problems of the dynamical systems theory [1] and the control theory [2] include the
finding of solutions for the Sylvester-type matrix polynomial equation

ANXN) +YN)BA) =C(N). (1)

The solvability conditions of this kind of matrix equations, methods for the construction of
solutions, and the description of their structure are presented in [3, 4].

From the results of papers [5, 6], the conditions for the uniqueness of bounded degrees soluti-
ons follow: the Sylvester-type matrix polynomial equation (1), where A(\), B(\) are regular
polynomial matrices and degC'(\) < degA(X) + degB(\) — 2, has a unique solution X (X), Y/(\)
such that

deg X (\) < degB(\), degY (M) < degA(N)
if and only if (det A(A),det B(A)) = 1.

In [7], we establish the necessary and sufficient conditions for the existence, and in this
abstract, the conditions for the uniqueness of the solution X (), Y (\) with a fixed degree for the
Sylvester-type matrix polynomial equation (1).

Let A(X) € M(n,m,F[)]), B(\) € M(p,q,F[}\), and C(\) € M(n,q, F[\]) be known
polynomial matrices from the Sylvester-type matrix polynomial equation (1) over a ring of
polynomials F[\], F is a field. Write them in the form of matrix polynomials:

AN) = AN 4+ ...+ Aid+ Ay, degA(N) =71, Ay e M(n,m, F),i=0,1,...,r,
B(X) = BaA® + ...+ BiA+ By, degB(A\) =s,B; € M(p,q,F),j=0,1,...,s,
C(A) =C A\ +...4+ C1A+ Cy, degC(\) =t,Cp € M(n,q,F),f=0,1,...,t.

Matrices X(\) € M(m,q, F[\]), Y(N\) € M(n,p, F[\]) are unknown polynomial matrices and
write them in the form of matrix polynomials:

X(\) = XpAF .+ XA+ X, degX(\) =k,
YA =Y + . 4 VI + Y, degY () = 1.
Theorem. Let in the Sylvester-type matriz polynomial equation (1)
degA(A) + degX (\) = degB(\) + degY () = degC(N),

i.e., 7+k =s+1=t. Then the matriz equation (1) has a unique solution X (\), Y (\) of degrees
k, I, respectively, if and only if

rank G =rank || G ¢ || = (k+1)mg + (I + 1)np

where the matriz

A4 0 0 ... 0 B, 0 0 0 7
A1 A ... O 0 B, B; 0 0
G—— ZO Al ZQ Zk E(] El PQ El
B 0 A A Ayr 0 By By By |’
0 0 A Ap,_s 0 0 By B
. 0 0 0 Ao 0 0 0 By |
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i:Ai®Iq> Ejzln@)B;—,

N

C:[Ct ... C Co]T,

cy = [ row1(Cy) rows(Cyp) ... rown(Cy) |, row;(Cy) is the j—th row of matriz Cy, f =
0,1,...,t, 7 = 1,....,n, I, is the n X n identity matriz, the symbol ® denotes the Kronecker
product, T denotes the transposition.
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ON A SPECIAL ANALYTIC MAPPING OF UNBOUNDED TYPE ON /7.
Dmytro Faryma, Oleh Holubchak, Andriy Zagorodnyuk
Vasyl Stefanyk Precarpathian National University, Ivano-Frankivsk, Ukraine
Luiv National Agrarian University, Ukraine

Let us consider the following mapping on the space of absolutely summing sequences ¢;:

IT:lox=(x1,...,%pn,...) — ([1(x),...,[n(x),...) €,
where I;(z) = z}.
Proposition 3. The mapping Z has the following properties.
1. T is entire analytic mapping, not surjective.

2. T is of unbounded type.

3. T can be extended to a mapping I°: co — {1. The radius of boundedness 0,(Z°) of I° is
equal to 1 at any point a in cp.

4. T can be extended to an £1-valued mapping T°° from the union of all open unit balls of £
centered at points of cg.

Note that Z°° is not defined on the unit sphere of f. Indeed, If z = (1,1,...) € s, then
7°°(z) = co. However, it can defined at some points of the unit sphere of /.

Example 1. Let

m—1 ; 2
yn=m
ZTZ:{ f

0 otherwise.

Then z = (z1,...,2n,...) € b, ||2]| =1 and

7@ =3 =3 (T )" (1)
n=1

Since
. nl/m — 1\m? . m—1\m 1
lim <7> = lim <7> =- <1,

m—00 m m—r00 m e

then, by the root test the series (1) converges and so I°°(z) is well-defined, and belongs to ;.
We denote by S(Z) the set of z € ¢ such that Z°°(z) is well-defined.

Proposition 4. The mapping I°°: S(Z) — {1 is a surjection. Every element z € S(Z) can be
represented as z = 2/ + 2", where 2’ € ¢y and ||2"]|¢,, = 1.

Let as define the following composition operator
Czi H(fl) — H](El),
Cr: fr—— fol.

Theorem 2. 1. C7 is injective but not surjective. In particular, Hyr(¢1) does not belong to
the range of C7.

2. If 0a(f) > 1 for some f € H({1) and a € {1, then 0,(Cz(f)) > 1.

3. For every f € H({1), Cz(f) can be extended to co and this extension is equal to Cro(f) =
f oI,

4. If 0a(f) > 1 for every a € £y, then 04(C7o(f)) > 1 for every d € co, and Czo(f) can be
extended to the union of open unit balls in f centered at points of cg.
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ON THE CONSTRUCTION OF THE COMMON INVARIANT SOLUTIONS FOR SOME
P(1,4)-INVARIANT PARTIAL DIFFERENTIAL EQUATIONS
Vasyl Fedorchuk, Volodymyr Fedorchuk

Pidstryhach Institute for Applied Problems of Mechanics and Mathematics of the NAS of

Ukraine, L’viv, Ukraine

We consider the following (1 + 3)-dimensional P(1,4)-invariant partial differential equati-

ons (PDEs): the Eikonal equation, the Euler-Lagrange-Born-Infeld equation, the homogeneous
Monge-Ampere equation, the inhomogeneous Monge-Ampere equation. At the present time, we
have constructed the majority common invariant solutions for those equations. For this aim, we
have used the results concerning construction and classification of invariant solutions for the
(1+ 3)-dimensional P(1,4)-invariant Eikonal equation, since this equation is the simplest among
the equations under investigation.

In our talk, we plan to present some of the results obtained.
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NONLINEAR PARTIAL DIFFERENTIAL EQUATIONS IN MODULE OF COPOLYNOMIALS OVER A
COMMUTATIVE RING
Serhii Gefter, Oleksii Piven’
V. N. Karazin Kharkiv National University, Kharkiv, Ukraine

Let K be an arbitrary commutative integral domain with identity of characteristic 0 and let
K[xy,...,zy] be a ring of polynomials with coefficients in K.

Definition 1. By a copolynomial over the ring K we mean a K-linear functional defined on the
ring K[z, ..., xy], 1.e. a homomorphism from the module K{z1,...,z,] into the ring K.

We denote the module of copolynomials over K by K(x1,..,z,). If T € Klz1,..,2,) and
p € Klzi,...,xy), the for the value of T on p we use the notation (7,p). We also write the
copolynomial T € K[z, ...,x,) in the form T'(z), where x = (z1,...,2,) is regarded as the
argument of polynomials p(z) € K[z, ..., z,] subjected to the action of the K-linear mapping 7.

o e .. . . olelr
Definition 2. For any multi-index o = (a1, ..., ) € N} the derivative DT = BT 002 5
n
ol = i) of a copolynomial T is defined in the same way as in the classical theory of
(laf = > aj) poly y y
i=1

generalized functions: (DT, p) = (=1)I*(T, D), p € Klxy,..., 2],
Example 1. The copolynomial §-function is given by the formula (3, p) = p(0), p € Klx1,...,zy].

Definition 3. Let T' € K|[z1,...,2,) and s = (s1, ..., s, ). Consider the following formal Laurent

series from the ring ——K[[1, L, .. L]):
1828, S17 82 Sn
oo
(T, z%)
CID)(s) = D~
|ee]=0

where . = (1, ...,1) € Nj. The Laurent series C'(T')(s) will be called the Cauchy-Stieltjes transform
of a copolynomial T'.

oo
Let F = Y. aqD® be a linear differential operator of infinite order with coefficients a, € K.

|ar|=0
Obviously the operator F is well defined on K{[z1, ..., 2,]" and on the K-module of formal Laurent
series - o | =S ]
182°Sn 517 82 Sn

Proposition 5. For any T € K[x1,...,xy,] the equality C(FT) = F(C(T)) holds.

The Cauchy-Stieltjes transform and Proposition 5 allow to introduce the multiplication
operation on the module of copolynomials such that this operation is consistent with the di-
fferentiation.

Definition 4. Let 71,7 € Klz1,...,x,], i.e. T1, Ty are copolynomials. Define their product
by the following equality: C(T1T3) = C(T1)C(T), i.e. TiTy, = C~1(C(T1)C(Ty)), where C :
1

K[z, ...,zy] — 51321~~snK[[ 1 . é]} is a Cauchy-Stieltjes transform.

g’ 57 .o

Example 2. Let n = 1. We find the square of §-function:

CEE) = (COP = 5= () = (-CO =)
1.e. 52 _ _5/
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[e.e]
The ring of formal power series of the form u(t,z) = Y up(z)t? with coefficients uy(z) €
k=0

K[x1,...,z,] will be denoted by K[x1, ..., z,]'[[t]]-
The partial derivative with respect to t of the series u(t,z) € Klx1,....,x,) [[t] is defined by

the formula % = kzl kug(x)t*~1. The partial derivatives D® with respect to variables z1, ..., Z,,
of the series u(t,r) € K[z1,...,z,)'[[t] is defined as follows: Du(t,z) = > (D%uz)(z)t*.
k=0

o0
Let P € K[z1,...,2m), P(0) =0 and let Fj; = ) ajo D% (j =1,...,m) be linear differential
|a|=0
operators of infinite order with coefficients a;, € K which act on the module of copolynomials
K|z, ...,zy,]". Consider the following nonlinear differential equation in the ring K[z1, ..., z,)'[[t]]:

ou(t, x)
ot

= P((Fiuw)(t,z), oo, (Ft)(t,z)) (1)

uw(0,2) = Q(z) € Klx1, ..., 7). (2)

We formulate the existence and uniqueness theorem for the Cauchy problem (1), (2).

Theorem 3. Let K contains the field of rational numbers. Then for any copolynomial QQ €
K(x1,...,zy]" the Cauchy problem (1), (2) has a unique solution.

Example 4. Let a,b,ug € K and let n = 1. In this example we do not assume that K D Q.
Consider in the ring K[z]'[[t]] the Cauchy problem for the Burgers equation

ou 0u ou
iy + bu%, u(0,x) = upd(x).

This Cauchy problem has a unique solution and this solution is of the form
o0
u(t,x) = Zuk52k+1tk,
k=0

where
k

g1 = a(4k + 2)uy — qujuk_j eK, k=0,1,2,..
=0
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SOME TOEPLITZ—HESSENBERG DETERMINANTS WITH SCHRODER NUMBER ENTRIES
Taras Goy
Vasyl Stefanyk Precarpathian National University, Ivano-Frankivsk, Ukraine

In this note, we present determinant formulas of several Hessenberg matrices whose nonzero
entries are derived from the small and large Schréder numbers. Our research is similar to that
presented in [1, 2, 3].

Let S, denote the n-th large Schroder number given by

1< (M n
—— >
Sh ngz <k><k_1> n>1,

with Sy = 1. The small Schéder number s, is defined as s, = %Sn for n > 1, with so = 1.
The sequences {sy}n>0 and {5y, },>0 are both indexed in the On-Line Encyclopedia of Integer
Sequences [5] as A001003 and A006318, respectively.

The Toeplitz—Hessenberg matrix is an n X n matrix of the form

al ag o --- 0 0
ag al ag 0 0
as as ap - 0 0
Hp(ag; a1, a2, ..., an) = . : (1)
p—1 Gp—-2 A4np-3 -+ a1 Qg
ap  Ap—-1 Ap-2 -+ A2 4g

The following result is known as Trudi’s formula [4]:

det(Hy) = (—a)" 3 ma(t) (_Z(l)tl <_Z§>t2 » (_Z:)L)t”, @)

Tp=n

where 7, = t1 + 2to + - - - + nt,, and m,(t) = (tl M tn) is the multinomial coefficient.
We will consider the matrix (2) with a9 = £2. For brevity, we denote Di(aq,...,ay) as
det (Hn(:I:2; ai,as, ... ,an)).

Theorem 1. Forn > 2,

n n—k .
1 (- 1k n—14j
D_(80,. ..\ 8n_1) = — A A 1,
(807 5 S 1) n Z 2]{:7” k+] j

D_(So,...,Sn1) =

D+(Sl,...,Sn)—(_nlfll_anlQ“k(Z:i) <”;1>

Utilizing (2) yields the multinomial identities for the two kinds of Shréeder numbers. We will
give only two formulas.
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Corollary 3. The following formulas hold for n > 2:

1\ It
S (5) maltystist sl
Tn=n 2
__1”Z:“§k: n n—1+7 _(_})"
on 2k \k + j j 2/

k=1 j=0

> (-3) it st

-1
le=p(n—1\(n—-1
=—— > 2
220
k=1
where my,(t) is the multinomial coefficient, T, = t1 + 2ta + -+ + nty, [t| =t1 + -+ + tn, and the
summation is over nonnegative integers t; satisfying the Diophantine equation 7, = n.
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ON LOCALLY COMPACT SHIFT-CONTINUOUS TOPOLOGIES ON UPPER AND DOWN
SUBSEMIGROUPS OF THE BICYCLIC MONOID WITH ADJOINED ZERO

Oleg Gutik
Tvan Franko National University of Lviv, Lviv, Ukraine

We follow the semigroup terminology of [4, 5, 6, 16]. Throughout these abstract we always
assume that all topological spaces involved are Hausdorff — unless explicitly stated otherwise.

Let S be a non-void topological space which is provided with an associative multiplication
(a semigroup operation) p: S x S — S, (z,y) — p(z,y) = zy. Then the pair (S, p) is called

(i) a right (left) topological semigroup if all interior left shifts As: S — S, x +— sz (right shifts
ps: S — S, x+— xs), are continuous maps, s € S,

(1i) a semitopological semigroup if the map p is separately continuous;
(7i1) a topological semigroup if the map p is jointly continuous.

We usually omit the reference to p and write simply S instead of (S, u). It goes without saying
that every topological semigroup is also semitopological and every semitopological semigroup is
both a right and left topological semigroup.

A topology T on a semigroup S is called:

e a semigroup topology if (S, 7) is a topological semigroup;

a shift-continuous topology if (S, 7) is a semitopological semigroup;

an left-continuous topology if (S, 7) is a left topological semigroup;

an right-continuous topology if (S, 7) is a right topological semigroup.

The bicyclic monoid € (p, q) is the semigroup with the identity 1 generated by two elements p
and ¢ subjected only to the condition pg = 1. The semigroup operation on € (p, q) is determined
as follows:

qk_l+mp”, if | <m;
¢*p-q"p" =4 ¢tpn, if | = m;
gEptmmtr i 1 > m.

In [13] Makanjuola and Umar study algebraic property of the following anti-isomorphic

subsemigroups

Cr(p,q) = {d'P €€(p,q): i <j} and E_(p.q) ={dP’ €C(p.,q):i>j},

of the bicyclic monoid. In the paper [8] we prove that every Hausdorff left-continuous (right-
continuous) topology on the monoid € (a,b) (¢-(a,b)) is discrete and show that there exists
a compact Hausdorff topological monoid S which contains ¢4 (a,b) (¢-(a,b)) as a submonoid.
Also, in [8] we constructed a non-discrete right-continuous (left-continuous) topology 7,7 (7,7) on
the semigroup %4 (a,b) (¢-(a,b)) which is not left-continuous (right-continuous).

In [6] it is proved that every Hausdorff locally compact shift-continuous topology on the
bicyclic monoid with adjoined zero is either compact, or discrete. The problem of adjoining of
zero to a semitopological semigroup in locally compact case is studied for different semitopological
semigroups in |1, 2, 3, 9, 10, 11, 12, 9, 10].

Later by €, (p,q)° and €_(p,q)° we denote the semigroups ¢, (a,b) and €_(a,b) with the
adjoined zero.

Theorem 1. On the semigroup €1 (p,q)° (€-(p,q)°) there exist continuum many Hausdorff
locally compact shift-continuous topologies up to topological isomorphism.

Corollary 3. On the semigroup €y (p,q)° (€_(p,q)°) there exist exactly three Hausdorff locally
compact shift-continuous topologies up to homeomorphism.
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ON SEMITOPOLOGICAL SIMPLE INVERSE w-SEMIGROUPS WITH COMPACT MAXIMAL
SUBGROUPS
Oleg Gutik, Kateryna Maksymyk
Tvan Franko National University of Lviv, Lviv, Ukraine

We shall follow the terminology of [4]. A semigroup S is said to be simple (0-simple) if S
has no proper two-sided ideals (if S has the zero 0 and {0} is the unique proper two-sided ideal
of S). A semigroup S is called an w-semigroup if the band E(S) is order isomorphic to (w,>).
Also, an inverse semigroup S is O-simple w-semigroup if S is O-simple and the subset of non-zero
idempotents E(S) \ {0} is order isomorphic to (w,>).

Using the construction of the bicyclic monoid Bruck build the construction of isomorphic
embedding of any (inverse) semigroup into a simple inverse monoid. Later Reilly and Warne
generalized the Bruck construction for the description of of the structure of bisimple regular
w-semigroups.

If S is a trivial monoid then BR(S, 0) is isomorphic to the bicyclic semigroup % (p, q) and
in case when € is an annihilating homomorphism (i.e., (s)8 = 1g), then BR(S) = BR(S, 0) is
called the Bruck semigroup over monoid S [5]. Also Reilly and Warne proved that every bisimple
regular w-semigroup is isomorphic to the Bruck—Reilly extension of a some group. Also Reilly
and Warne proved that every bisimple regular w-semigroup is isomorphic to the Bruck—Reilly
extension of a some group [12, 13].

Well-known Clifford’s Theorem state that an inverse semigroup S is Clifford (i.e., E(S) is
contained in the center of S) if and only if S is a semilattice of groups [11].

In 8] Kochin showed that every simple inverse w-semigroup is isomorphic to the Bruck—Reilly
extension BR/(S,0) of a finite chain of groups S = [E; Gq, ¢a.8)-

In the paper [6] it is proved that every Hausdorff locally compact shift-continuous topology
on the bicyclic monoid with adjoined zero is either compact or discrete. This result was extended
by Bardyla onto the a polycyclic monoid [1] and graph inverse semigroups [2], and by Mokrytskyi
onto the monoid of order isomorphisms between principal filters of N with adjoined zero [10].
In [3] Bardyla proved that a Hausdorff locally compact semitopological semigroup McAlister
Semigroup M is either compact or discrete. However, this dichotomy does not hold for the
McAlister Semigroup Mo and moreover, Mo admits continuum many different Hausdorff locally
compact inverse semigroup topologies [3]. Also, in [7] it is proved that the extended bicyclic
semigroup %ZQ with adjoined zero admits distinct ¢-many shift-continuous topologies, however
every Hausdorff locally compact semigroup topology on Cfg is discrete. Algebraic properties on a
group G such that if the discrete group G has these properties, then every locally compact shift
continuous topology on G with adjoined zero is either compact or discrete studied in [9].

We describe the structure of simple inverse Hausdorff semitopological w-semigroups with
compact maximal subgroups. In particular, we show that if S is a simple inverse Hausdorff semi-
topological w-semigroups with compact maximal subgroups, then S is topologically isomorphic to
the Bruck-Reilly extension (BR(T,6),75g) of a finite semilattice T' = [E; Gq, ¢ 3] of compact
groups G, in the class of topological inverse semigroups, where TE?R is the sum direct topology on
BR(T, ). Also we prove that every Hausdorff locally compact shift-continuous topology on the
simple inverse Hausdorff semitopological w-semigroups with compact maximal subgroups with
adjoined zero is either compact or discrete.
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THE WARING-GIRARD FORMULA FOR SYMMETRIC POLYNOMIALS ON THE SPACE gp
Olha Handera-Kalynovska, Viktoriia Kravtsiv
Vasyl Stefanyk Precarpathian Nathional University, Ivano-Frankivsk, Ukraine

Let X be a complex Banach spaces with a symmetric basis (e;,). Let us recall that a Schauder
basis (en) is symmetric if for every permutation (one-to-one map) o € Sy, the basis (e(,)) is
equivalent to (e, ), where Sy is the semigroup of all permutations on the set of all natural numbers
N. So, we can uniquely represent every x € X as

[e.e]
x = (z1,22,...) = Z:z:nen.
n=1

A mapping F' on X is said to be symmetric if
F(ml, o, .. ) = F(l‘a(l),xa@), . )

for each ¢ € Sy. A function P: X — C is a polynomial of degree m if the restriction of P to any
finite-dimensional subspace of X is a polynomial of several variables of degree < m and there
is a finite-dimensional subspace V of X such that the restriction of P to V is a polynomial of
degree m. We denote by Py(X) the algebra of all continuous symmetric polynomials on X.

In the case X = /1, polynomials

Fy(z) =) ay, keN,
n=1

form an algebraic basis of Ps(¢1). That is, for any polynomials P € P4(¢1) there is a unique
polynomial of several complex variables Q(t1,...,t,) such that P(z) = Q(Fi(z),..., Fn(x)).
Polynomials F}, are called power symmetric polynomials. The algebraic basis is not unique, of
course, and we will use also bases

Gul(z)= Y @i, (1)

11<...<in

which is called the basis of elementary symmetric polynomials and

Hy(z) = Z Tiy *** Tiy s (2)
11<...<ip
which is called the basis of homogeneous symmetric polynomials.
We denote by Z, the set of all nonnegative integers. It is well-known that the elementary
and homogeneous symmetric polynomials can be expressed in terms of the power symmetric
polynomials by Waring-Girard formulas:

(_1)n+()\1+>\2+---+>\n)

Go= " >
" RS IR 2SI 12UD VD UY I W
A2 o+...4+nAp=n

!(Fl)h (B2 (F)™ (3)

and
_ 1

Hn = > 2% gl Al
A1+2X2 4. AnAp=n

(FOM (B2 (B, (4)

where \; € Z1,j =1,n.

In the case p > 1 we have no elementary and homogeneous symmetric polynomials. In this
talk we will introduce Waring-Girard formulas in the case of space £,,p > 1 and find the clear
form of the elementary and homogeneous symmetric polynomials in this case.
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RATIONALLY FACTORIZED LAX TYPE FLOWS IN THE SPACE DUAL TO THE CENTRALLY
EXTENDED LIE ALGEBRA OF MATRIX SUPER-INTEGRO-DIFFERENTIAL OPERATORS AND
THEIR HAMILTONIAN STRUCTURE
Oksana Hentosh
Pidsryhach IAPMM, NAS of Ukraine, Lviv, Ukraine

Let us consider the Lie algebra g which consists of matrix super-integro-differential operators
with one anticommuting variable such as A := 197 + 3 _, A,Dj, where A, € C™(S x
Aqy; gl(m|n)), gl(m|n)) is a semi-simple Lie superalgebra of square supermatrices, the supermatri-
ces A, are even for every even p and odd for every odd p, 1 € gl(m + n) is an unit matrix,
A, = Ap(z,0) := Ag(x) + QA;,(m), PEZL p<2qqeN 0=0/0xr,x €S ~R/21Z, 0 € Ay,
A = Ap@A; is a commutative Banach superalgebra over the field C C Ag, Dy := 9/90+600/0x is
a superderivative, D7 = 9/0z, and 9/90 is a left partial derivative by the anticommuting variable
0, with the standard commutator [.,.], acting by the rule [A, B] = AoB—BoAfor any A, B € g,
where symbol "o" denotes the product of operators. The scalar product (A, B) = [, cdz [ df
sSpresp, (AB), where "resp," denotes the coefficient at D(;1 in the expansion of a matrix super-
integro-differential operator and "sSp" is a supermatrix supertrace, being invariant with respect
to the mentioned above commutator [.,.], allows us to identify the dual space g* to g with
the Lie algebra itself. The latter is splitting into the direct sum g := g4 ® g_ of two its Lie
subalgebras, where g, is a Lie subalgebra of formal polynomials by the superderivative operator
with supermatrix-valued coefficients, and g ~g_, g* ~g,.

One constructs the central extension g := g @ C of parameterized Lie algebra g := HyES g by
the Maurer-Cartan 2-cocycle on g such as ws(A, B) = fyeS dy (A, 0B/0y), where A, B € g, with
the commutator [(A,d), (B,e)] = ([A, B], wa(A,B)) for any (A,d), (B,e) € g, and introduces

another commutator on g in the form
[(A7 d)? (Bv 6)]73 = ([AvB]Rv WQ,R(AvB))ﬂ (1)

where [A, Blr = [RA, Bl +[A, RB], war (A, B) = wa(RA, B)+wa(A,RB), R = (P+ —P_)/2 and
P, are projectors on the Lie subalgebras g1. On the space g§*, dual to g with respect to the scalar
product ((A,d), (B,e)) = nyS dy (A, B) + de, the commutator (1) determines the Lie-Poisson
bracket

{7, 1= () = [,es dy (1, [Viy(D), Ven(D)]r) + cwr, = (Viy(1), Vep(l)) = (Viv(1), ©V,n(l)), (2)

where 7, u € D(g*) are smooth by Frechet functionals on g* ~ g, at a point (I,¢) € g*. Here
[ € g* is some matrix super-integro-differential operator of order ¢ € N, ¢ € C, V;, V,. are left and
right gradient operators accordingly, © : T*(g*) — T'(g*) is the Poisson operator generating the
Lie-Poisson bracket (2) at a point [ € g* and acting as © : V() — —[l—c19/0y, (V~y(1))-]+[l—
c10/0y, V()] for any v € D(g*), the subscript "—" denotes the projection of the correspondi-
ng element from g on the Lie subalgebra g_ := HyGS g, and T(g*), T*(g") are tangent and
cotangent spaces to g*.

The R-deformed Lie-Poisson bracket (2) and the Casimir functionals v; € Z(g*), j € N, of
the central extension g, whose left gradients obey the equalities [l — ¢10/0y, V;v;(l)] = 0, where
Vi (1) == 187 + > p<aj AjpDy, Ajp are supermatrix-valued functions of suitable parity, j € N,
p €Z,p < 2j,at a point (I,¢) € §*, give us the hierarchy of Lax type Hamiltonian flows on

g =g
dijdt; = [(Viv;(1))+, 1 —c19/9y], jEN, t; €R, (3)

where the subscript "+" denotes the projection of the corresponding element from g on the Lie
subalgebra g4 := Hyes g+. One considers another hierarchy of Lax type Hamiltonian flows

difdt; = (Vi 1))+, - c10/3y], jEN, t; €R, (4)

for some matrix super-integro-differential operator [ € g* of order g € N, related with I € §* by
the generalized gauge transformation

1(0) — ¢18/dy = B(0)~1(1(0) — ¢18/8y)B(0), (5)
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where B(0) € g+ is a matrix superdifferential operator of order s € N with constant coefficients,
at the initial moment of the time ¢; € R for every j € N.

Theorem 1. If for every j € N at the initial moment of the time t; € R the matriz super-integro-
differential operators 1,1 € §* of order q € N, satisfying the equations (3) and (4), are related
by the relationship (5), there exist such matriz superdifferential operators of orders q + s and s
accordingly, where s € Zy, s < q, that the equalities

I1=AB"', 1=B"1A-coB/oy) (6)

hold. The operators A, B € g1 obey the following systems of evolution equations

dA/dtj = (Viyi(1)+ A= A(Viy;(l)+ — C( (Vm( )+/0y)B

l
dB/dt; = (Viy;(1))+B = B(Vin; (1)) +, (7)

The equalities (6) determine the Backlund transformation
P:(ABegxgm (LI)eg ag (8)

Theorem 2. For every j € N the system of evolution equations (7), given on the subspace
g+ X g+ C g x g, is Hamiltonian with respect to the Poisson bracket {.,.}r, which arises as a
reduction of the Poisson bracket {.,.}; with the corresponding Poisson operator L : T*(g X §) —
T(g x g) such as L = (P")~1(© @ ©)(P™*)~!, where ©,0 : T*(g x §) — T(& x &) are Poisson
operators generating the Lie-Poisson bracket {.,.}r at points Ile g* accordingly, P™* : T*(g* &
g*) — T*(g x &) is an operator adjoint to the Frechet derivative P' : T(g x g) — T(g* ® g*) of
the Backlund transformation (8) and (P™*)~1 is an operator inverse to P', on §, x g, and the
Hamiltonians H; € D(g+ X §+), j €N, in the form

Hj(A,B) i= 7 (Dli=as—1 + % (Dlig-1 (a—con)on)-

The procedure of reducing the Poisson bracket {.,.} 7 on the subspace g4 X g4 C gxg is described
and the Poisson operator £ : T*(g4 x g+) — T(g+ X g+ ), related with the Poisson bracket {., .}
on g4 X gy, is found in an explicit form.

The reductions of the hierarchy (7) on the coadjoint orbits for the central extension g with
taking into account the Backlund transformation (8) are shown to lead to new integrable hi-
erarchies of nonlinear dynamical systems on matrix functional supermanifolds of two commuting
and one anticommuting independent variables, being Hamiltonian ones and possessing infinite
sequences of conservation laws.

e-mail: ohen@ukr.net
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INVERSE FREE BOUNDARY VALUE PROBLEM FOR DEGENERATE PARABOLIC EQUATION
Nadiia Huzyk
Hetman Petro Sahaidachnyi National Army Academy, Ukraine

In a free boundary domain Q7 = {(z,t) : 0 < z < h(t),0 < t < T}, where h = h(t) is an
unknown function, it is considered an inverse problem for simultaneous determination of the time
dependent coefficients by = by (t), by = ba(t) in one-dimensional degenerate parabolic equation

up = tPa(t)ugy + (b (t)z + ba(t))ug + c(z, thyu + f(z,1) (1)
with initial condition
u(z,0) = p(z), € [0,hr(0)], (2)
boundary conditions
w(0,8) = pu(8), ulh(t),) = po(t), ¢ € [0,7] (3)
and overdetermination conditions
h(t)
/ u(z, t)dr = pus(t), tel0,T]. (4)
0

h(t)
zu(z,t)de = uy(t), te|0,T], (5)

—

= o

t)
r2u(z, t)de = ps(t), t€0,T). (6)

S

It is known, that a = a(t) is a strongly positive continuous function and degeneration of the
equation (1) is caused by power function t°. It is studied the case of weak degeneration while
0<p<l.

Using the apparatus of Green’s functions for the initial-boundary value problems for the
parabolic equation and Schauder Fixed Point Theorem the existence of the local solution (b1, by, h,u) €
(C[0, Tp])? x CL0,Ty) x C*X(Qr,) N CHO(Qr,), h(t) > 0,t € [0,Ty] to the problem (1)-(6) is
established. The proof of the uniqueness of the local solution to this problem is based on the
properties of the solutions to the homogeneous integral equations with integrable kernels.

e-mail: hryntsiv@ukr.net
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MULTIVARIATE ACTIVATION FUNCTIONS
Andrii Ivaniuk
National University of "Kyiv-Mohyla Academy Kyiv, Ukraine

In algebra and geometry, functions and transformations are fundamental concepts that map
and manipulate spaces. In the context of neural networks, activation functions serve as these
transformations, significantly impacting the model’s capability to map input spaces to output
spaces effectively. Traditional univariate activation functions have been extensively explored, but
multivariate activation functions, which map vectors to vectors, have not been as thoroughly
investigated. While multivariate functions are less common in recent studies, there are notable
examples, such as Gated Linear Units (GLUs) [?], which can be considered as bivariate activation
functions. This work aims to explore the geometric transformations enabled by multivariate
activation functions for sequential data modeling, specifically focusing on Gaussian Mixture
Models (GMM), interpolation-based methods, and rational activation functions (RAF).

Gaussian Mixture Models (GMMSs) Activation Functions provide a probabilistic framework
that can be interpreted algebraically as a weighted sum of Gaussian functions. These mixtures
serve as a multivariate activation function by mapping input vectors into a transformed space
using a combination of Gaussian distributions:

K
GMM(z) = Z TN (25 s, X5).
i=1

Here, the parameters m;, u;, and X; define the mixture components’ weights, means, and
covariance matrices, respectively, allowing a geometric interpretation of the transformation as a
weighted blend of geometric shapes defined by the Gaussian functions.

Interpolation-based activation functions operate by linearly interpolating between predefined
points in the input space, which can be seen as a geometric operation of navigating within a
convex hull defined by these points. Given an input tensor x € RPatchxseq_lengthxdim “t} o fynction
computes interpolation ratios and combines them algebraically:

r = ratiog - bg + (1 — ratiog) - by,

where by and b; are intermediate points derived from the input space, allowing a controlled
geometric transformation based on learnable parameters.

Rational Activation Functions (RAFs), widely studied in algebra and previously applied as
activation functions to univariate inputs [?], provide a natural extension to activation functions
when applied to multivariate inputs. Rational Activation Functions (RAF) represent complex
transformations by rational polynomials, allowing the mapping of input vectors into a new space
through algebraic fractions:

RAF2D(z) = —200 T Qo122 1 61021 + 4117172
1+ |boo + bor + biox1 + biixiwa|’

where the parameters a;; and b;; in the numerator and denominator, respectively, define a multi-
variate function that can model complex geometries within the input space.

From an algebraic and geometric standpoint, multivariate activation functions such as first-
degree rational functions and interpolation functions offer promising new transformations for
neural network design. These functions provide flexible and powerful mappings from input
to output spaces, allowing the network to adapt its geometry according to the data. While
GMM-based activations introduce complexity, they also offer rich geometric interpretations. It is
hypothesized that flexibility and complexity of these multivariate functions make them valuable
tools in the ongoing development of neural network architectures.
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SOLVING PROBLEM FOR. IMPULSIVE DIFFERENTIAL EQUATIONS WITH LOADINGS
Zhazira Kadirbayeva
Institute of Mathematics and Mathematical Modeling, Almaty, Kazakhstan
Kazakh National Women’s Teacher Training University, Almaty, Kazakhstan

We consider the following linear problem for impulsive differential equations with loadings:

dx - . .
E - Ao(t)l‘ + ;Az(t) Hher,ﬁox(t) + f(t)v te (O>T)7 (1)
Box(0) + Cox(T)=d, deR", x€R", (2)
Bi li t) — C; li t) = vi, % n? , = 17 )
S0 w0 = g0 pie R =T @

where (n x n)-matrices A;(t), (i = 0,m), and n-vector-function f(t) are piecewise continuous on
[0, 7] with possible discontinuities of the first kind at the points t = 6;, (i = 1,m). B; and Cj,
( = 0,m) are constant (n x n) - matrices, and ¢;, (i = 1,m) are constant n vector functions,
0=0<01 <...<0p <Opy1="T.

A solution to problem (1) - (3) is a piecewise continuously differentiable vector function x(t)
on [0, 7] which satisfies the system of loaded differential equations (1) on [0, 7] except the points
t = 6;, (i = 1,m), the boundary condition (2), and conditions of impulse effects at the fixed time
points (3).

Mathematical modeling in fields such as automatic control theory, nuclear reactor theory,
electrical and mechanical engineering, earthquake monitoring, and dynamic systems often results
in boundary value problems involving loaded differential equations with impulse effects. This
highlights the importance of studying such problems |1, 2].

The main interest of this paper is to propose a numerical algorithm for solving a two-point
boundary value problem for impulsive differential equations with loadings (1)-(3), using the
Dzhumabaev parameterization method [3].

The author was supported by the grant no. AP23488811 of the Science Committee of the Ministry
of Science and Higher Education of the Republic of Kazakhstan.
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ON A PROBLEM OF RUDIN CONCERNING BAIRE CLASSIFICATION OF SEPARATELY
CONTINUOUS FUNCTIONS
Olena Karlova
Yuriy Fedkovych Chernivtsi National University, Chernivtsi, Ukraine

Walter Rudin proved [1] that if X is a metric space, Y is a topological space and Z is a
locally convex space, then every separately continuous function f : X x Y — Z is a limit of
pointwise convergent sequence of jointly continuous functions f, : X x Y — Z.

We will discuss old and new results related to the following question due to Rudin, which is
still open: is the above mentioned proposition valid for an arbitrary topological vector space Z7

The talk is partially based on a preprint [2].
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METHOD OF SYMMETRIC FUNCTIONS IN MACHINE LEARNING ALGORITHMS
Volodymyr Kimak, Andriy Zagorodnyuk
Vasyl Stefanyk Precarpathian National University, Ivano-Frankivsk, Ukraine

Machine learning algorithms often are invariant with respect to permutations of input data
instances. This observation suggested to use permutation invariant sets instead of vectors of a
fixed dimension for organizing of input data (see |2]). For this purpose, actually, more suitable
are multisets (sets with possible repetitions of elements). By a multiset of the length n, x we

mean an unordered collections of numbers {x1,z2,...,2,}. We say that I(z) = n and z = y
if and only if I(z) = I(y) and there is a permutation {1,2,...,n} — {i1,%2,...,i,} such that
T1 = Yiy, T2 = Yig, --- , Tn = Yi, . In this paper we consider algebraic structures on a set of finite

multisets consisting of nonzero real or complex numbers.

Let K be an arbitrary set. The most important cases for us are if K is a subset of the field
of real R or complex C numbers and K # 0. We denote by Ax the set of all finite sequences of
elements in K,

Ag = U K" ={x = (x1,29,...,2,) € K", n € N}.
n=1

Let us introduce the following relation of equivalence on Ag,
x ~ z if and only if (21, 22,.. ., 2n, -+ -) = (To(1), To(2)s - - s To(n)s - - -)

for some permutation ¢ on the set of natural numbers N. We denote by Ax/ ~ the quotient set
with respect to the equivalence, and by [z] the class of the equivalence containing € Ag. The
quotient set Ax/ ~ can be identified with the set of all finite multisets of elements in K so that
every class [z] = [(z1,x2,...,2y)] will be identified with the multiset {[z]} := {z1,22,..., 20},
and we denote by 0 the class containing the empty set.

Definition 1. A mapping f: Ax — Y, where Y is a set, is called symmetric if for every x € Ag,
f(z) = f(z) whenever x ~ z.

From the definition we obviously have the following important result.

Theorem 1. Let Y be a set and f: A — Y. The mapping f is symmetric if and only if there
exists a map f: A/ ~—Y such that

~

f(@) = f([z]), =€k

Clearly, even if Aj is a subset in a linear space, the quotient map x +— [z] is nonlinear, that
is, we can not to extend the coordinate-wise addition in Ax to Ax/ ~ . However, there is the
natural operation of union of multisets that have properties of the addition. For given x,z € Ag

we define
[2] + [2] = [{[=]} U {[2]}]-
From the definition it follows that the operation “4” does not depend on representatives.

Proposition 6. The set A/ ~ with the operation “+” is a monoid, that is, a commutative
semagroup with neutral element 0.

Let v(a,b) be a function of two variables a,b € K with values in K such that 'y(’y(a, b), c) =
fy(a, ~(b, c)) for all a,b,c € K. Let us define the following operation of multiplication on Ag/ ~
associated with ~. For all z, 2z € K we set

(2] ©y [2] = [{r(wiz))}],

and
[z] ©70 =005 [2] = 0.
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Theorem 2. If the function is as above, then (A / ~,+,®,) is a semiring. If v(a,b) = (b, a),
then the semiring is commutative. If there exists e € K such that y(e,a) = v(a,e) = a for every
a € K, then (Ak/ ~,+,®) is a unital semiring and e := [(e)] is the identity element (the unit)
in (Ax/ ~,+,©,).

Jlosedenna. By the definition of 7, the operation “®,” is well defined on Ag/ ~ and associative.
Thus (A K/ ~, @7) is a semigroup. Let us check the distributive low.

(W] O ([z] + [2]) = {w1, .. s wi}] Oy {21, .., Tny 21,0+ Zm }]
k,m

= [{V(wﬂj)}f’:nl,j:ﬂ + H’Y(wizj)}izl,jzﬂ = [w] Oy [2] + [w] O [2].

Hence, A/ ~ is a semiring. Clearly that if vy(a,b) = v(b, a), then the semiring is commutative,
and if there exists e € K such that y(e,a) = y(a, e) = a, then [z] ©, e = e ®, [z] = [z] for every
[x] € AK/ ~ . ]

Example 3. We consider several cases of the set K and the function v satisfying conditions of
Theorem 2.

1. Let K = (D,-) be a semigroup (for example, K = C\ {0}) and v(a,b) = ab.
2. Let K be a Linear space and y(a,b) = a+b. Then [0] = e is the unit in Ax/ ~ .

3. Let K be an ordered set with respect to a linear order “>” and K contains a mazrimal
element p. Set y(a,b) = min(a,b). Then e = [u| is the unit.

For each of these cases, (AK/ ~,+, @7) 18 4 semiring.
This research was supported by the National Research Foundation of Ukraine, 2023.03/0198

“Analysis of the spectra of countably generated algebras of symmetric polynomials and possible
applications in quantum mechanics and computer science”.
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BIFURCATION OF TORI FOR PARABOLIC SYSTEMS OF DIFFERENTIAL EQUATIONS WITH SMALL
DIFFUSION
Ivan Klevchuk
Yuriy Fedkovych Chernivtsi National University, Chernivtsi, Ukraine

Consider a parabolic system [1-6]

ou 0%u
—=eD— +A A F(u,u 1
5 ¢ 8m2+ ou+ eAju+ F(u,n) (1)
with periodic condition
u(t,x + 2m) = u(t, x).

where ¢ is a small positive parameter, u € R", D = diag(dy,ds, ...,d,), di, > 0 for 1 < k < n,
Ag = diag(iwy, iws, ..., iwy), wp > 0 for 1 < k < n, the function F(u,u) : R?" — R?" five times
continuously differentiable in v and @, F(0,0) = 0, F(u,u) = O(|u|? as |u| — 0.

Assume that the following condition A is satisfied:

prwi + -+ pawn Fmo ompu 0 < |[p1| + -+ [pa| <6,

where m, p1, ..., p, are integer numbers.
We transform system (1) with the use of the substitution

u:v—i—ZWi(v,E), (2)

where Wy, W3 and Wy are forms of the second, third, and fourth order, respectively. Transformati-
on (2) can be chosen so that the equation for v take the form

ov 0?v _ _
5 = 5D@ + Apv + cA1v + G(v,0)v + V(v,0), (3)

n

where G(v,7) is a diagonal matrix with elements gg(v,v) = Zakjvjﬁj, 1 < k < n, on the
j=1

diagonal, V (v,7) = O(|v|’) as |v| — 0. For ¢ = 0 we obtain a system of ordinary differential

equations. Let us assume that the zero solution of (3) for ¢ = 0 and V' (v,v) = 0 is asymptotically

stable.

Let the inequality
& >dpym?, meZ, 1<k<n,

be satisfied and the solution of the system

exist. Here §, = Re py, py are the diagonal elements of matrix Ay, by; = Re ai;. We study
existence and stability of an arbitrarily large finite number of tori.
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DEAN-KAWASAKI EQUATION WITH INITIAL CONDITION IN THE SPACE OF POSITIVE
DISTRIBUTIONS
Vitalii Konarovskyi
University of Hamburg, Hamburg, Germany
Institute of Mathematics of NAS of Ukraine, Kyiv, Ukraine

The Dean—Kawasaki equation was proposed by Dean [1] and Kawasaki [2| to describe the
density p of fluctuating particles in Langevin dynamics

5F

Op=p""Ap+V- (pV 5
p

) +9 ().

In this nonlinear, singular stochastic partial differential equation, where 3 is the inverse temperature,
F' describes the interaction of the particles within the fluid and 7 is a vector of space-time whi-
te noise. Phrasing the Dean—Kawasaki equation as a martingale problem in the space of finite
measures, in [3, 4] it was shown that its solutions exist only for initial condition of the form

é > p_q 0z, for some n € N. Furthermore, these solutions are then given by an empirical measure
of particles X/ following a system of coupled stochastic differential equations with initial condi-
tions X¢ = z; [4].

In this talk, we will show that even allowing initial conditions with infinite mass, e.g. the
Lebesgue measure, the equation only admits solutions if the initial condition is a sum of Dirac
masses. We work on the space of tempered measures Mg on R", i.e. the space of measures which
integrate all Schwartz functions S. Here, we consider a simplified version of the stochastic partial
differential equation

Op = 5Rp+V (Vo) (1)

without interaction, where o > 0.

Definition 1. A continuous Mgs-valued process (fit)e>0 5 a solution to the Dean-Kawasaki
equation (1) with initial condition v € Mg if po = v and

t
«
Mt(¢)=<ut,s0><uo,so>/0 §<us,A<p>ds, t>0,

is a martingale with respect to the natural filtration generated by (p1t)i>0 with quadratic variation

o= [ s, [Vol2y ds, 130,

for each ¢ € S.
Our main result reads as follows.

Theorem 1. Let v € Mgs. Then the Dean-Kawasaki equation (1) has a unique in law solution
(1e)i>0 started from v if and only if v(RY)a € NU{oo} and there exists at most countable family
xi, © € I CN, such that v = éZz‘eI 0z,. Moreover, in this case,

1
:ut:a E 6329”7 t207
el

where (B})i>0, i € I, is a family of independent d-dimensional Brownian motions with Bl = x;
a.s.

This is the joint work with Fenna Miiller (Leipzig University) (see [5]).
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ONE-POINT DISCONTINUITY OF SEPARATELY CONTINUOUS FUNCTIONS OF SEVERAL
VARIABLES
Mykola Kozlovskyi
Yuriy Fedkovych Chernivtsi National University, Chernivtsi, Ukraine

Investigations of the discontinuity points set of separately continuous functions of two or
many variables (i.e. functions that are continuous with respect to each variable) were started
with Rene Baire. In connection with Namioka’s theorem [1] naturally arises the question of
characterization of the discontinuity points set of separately continuous functions defined on the
product of two compact spaces. This question was formulated by Piotrowski [2] and it is still
open.

Particular interest is investigations of separately continuous functions and their analogs with
one-point set of points of discontinuity. In particular at the [3| there were obtained necessity and
sufficiency for existing separately continuous function with one-point set of points of discontinuity
defined on the product of two compact spaces. Also, it was proved in [5] that the existence of
separately continuous functions with given one-point set of points of discontinuity of Gy type is
closely related to the properties of P-filter, and the answer to this question is independent of
ZFC (Zermelo-Fraenkel set theory with the Axiom of Choice).

Here we will generalize that result for function of several variables. But first let us look
definition of strongly separately continuous function witch is used in the generalized theorem.

Let n > 2, X1, ..., X,, are topological spaces, X = H X, Sp ={S c{l,..,n} : S # 0},

SeSpand T'={1,...,n}\S, Y =[] Xs, Z=]] Xz For every point = = (x1,...,25) € X let
seS teT
us put x|, = (75)ses and x),, = (zt)ter- It is obvious that x|, € Y and z|,. € Z, and the function

ps: X =Y X Z,
ps(z) = (xls’x\T)

is a homeomorphism.

Definition 1. The function f : X — R s called a S-continuous at the point xo € X if the
function fg:Y X Z — R,

fs(y, 2) = fle5' (v, 2))

is continuous by the variable y at the point pg(xo). If the function f is S-continuous at every
point x € X, then the function f is called S-continuous.

Definition 2. Let S C S, then the function f : X — R is called separately continuous by groups
from the system S (S-continuous) if the function f is S-continuous for every S € S.

Definition 3. The function f : X — R is called strongly (n — 1) -continuous (or strongly
separately continuous) if it is separately Sy -continuous.

The next proposition from [4] shows the relation for separately continuity by groups between
two systems.

Proposition 7. Let n > 2, S and S’ are system of subsets from S, such that for any S € S

n

there exists S € S such that S C S'. Let X, ..., Xy, are topological spaces and f : [[ Xx — R
k=1

is S -continuous. Then f is S-continuous.

The following theorem from [4] is the generalization of the result from [3].

n
Theorem 1. Let n > 2, X1, ..., X, are compact Hausdorff spaces, xo = (o1, ...,20n) € [[ Xk,

k=1
xok 15 a non-isolated point at Xy, for every 1 < k < n. Then the following statements are

equivalent:

152



n
(i) there exists separately continuous function f: [ X — [0, 1] such that f is strongly (n —1)-
k=1

continuous with D(f) = {xo};

n

(1) there exists separately continuous function f : [[ Xi — [0,1] such that f is S-continuous
k=1

for any system S of sets from S, and D(f) = {xo};
n

(111) there exists separately continuous function f: [[ Xx — [0,1] with D(f) = {xo0};
k=1
n
of non-empty open set Uy, at the space X = [[ Xi such
k=1

o

(iv) there exists a sequence (Un)oo_,

that Uy, — xo.
In the [6] we proved the following proposition.

Proposition 8. Lei n > 2. The following statements are equivalent
(i) Any two P-filters from F are near coherent.

(ii) For every n > 2 any n P-filters from F are near coherent.

(#ii) For some n > 2 any n P-filters from F are near coherent.

And the main result of at the [6] is the generalization of the result from [5].

Theorem 2. The following statements are equivalent:
(i) for any n > 2, completely regular spaces X1, ..., X, and non-isolated Gs-points in correspondi-
ng spaces 19 € Xi,...,Tno € Xy, there exists a strongly separately continuous function f :

n

H X; — R with D(f) = {(1'10, ...,l‘no)};

i=1

(ii) any two P-filters from F are near coherent.
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NUMERICAL STABILITY OF THE BRANCHED CONTINUED FRACTION EXPANSION OF THE RATIO
Hy(a,b;c,b;z)/Hy(a+ 1,b;¢+ 1,b; 2)
Ilona-Anna Lutsiv
Vasyl Stefanyk Precarpathian National University, Ivano-Frankivsk, Ukraine

Horn’s hypergeometric function Hy is defined by double power series (see, [1])

— (@)oris(b)s 2] 3
H 9y b; ) d; = TN /N 1 o < ) < b 1
4(& c Z) Z (C)T(d)s rl gl ’Z1| p |22‘ q ( )
r,s=0
where a, b, c and d are complex constants; ¢ and d are not equal to a non-positive integer; p and ¢
are positive numbers such that 4p = (¢—1)? and g # 1, (-)} is the Pochhammer symbol defined for
any complex number « and non-negative integer n by (o) = 1 and («),, = a(a+1)... (a+n—1),
7z = (21,22> e C2.

The paper [2] provides the formal expansion

Hy(a, b;c,b; z) 1 hiz
= — 29 —
Hy(a+1,b;c+1,b;2) 2

1—22—

where

(2c—a+k—1)(a+k)
(c+k—1)(c+k) k2l (3)

Let n be an arbitrary fixed natural number. For each 1 < k < n, let @; 4,1 and @g denote
rounded values of the elements aq 1 and agy, respectively, of a given branched continued

hy, =

fraction
ao,1
14+a0+ 02 . (4)
1+a11+ ! : 03
+a12+ Tt
The number
=~ . ao,1
fa=14+a10+ 0a
1+a: + : oa
1+&3+1 ’
+ . ~ a() Tl—l
+ainp-2+ .

1+ Z’f\lm—l + aO,n
is the computed (approximate) value of

ao,1
ap,2

fn:1+a1,0+

1+a171+ a3

1+ . a0 n—1
'-—i—a] _ + K
b2 Ty a1n—1+ Aop

14+a12+

Definition 1. A numerical stability set Q is a set to which for any € > 0 one can find 6 > 0
depending only on € and  such that, for alln > 1

ﬁz_fn

<eé- ’fn‘

for every branched continued fraction (4) with all a1 j—1,a0 € 2 and @y —1,Go € 2 such that,

forall k> 1

Qo k — Aok
ao,k

ayk—1 — a1,k—1

<4 and <.

a1,k—1
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The following is true (see, [3]).
Theorem 1. Let there exists a constant o, 0 < a < 1, such that
| <a, o] <a, and |Bg| <a forall k>1, (5)

where a1, ag, and P, k > 1, are relative errors of z1, zo, and hy, k > 1, respectively, which are
defined as follows

Z=z(l4+a), BH=2nl+a), h=h(l+p8), 1<k<n,
for allm > 1. Then:

(A) The set
Hpi={z€C®: |a1| <U(1 = 1)/(2h), |22| < (1 =1)/2}, (6)
where
h:r?gé({’hk’? mk’}7 le (07 1/3)U(1/37 1), (7)

forms the numerical stability set of the branched continued fraction (2).

(B) If e, denotes the relative errors of nth approximant of (2), then, for n > 1,

4o 1-1 20(1 =1) o' 1—n"
Wl < 2 .8
g |—(1+z+\3z—1\)(1—a)< 2 +1+z+|31—1\< +1—a>> =y ®

where

ey -1, i1 <1< 1/3,
S la=0/@D, if1/3<1<1.

Corollary 1. Let there exists a constant o, 0 < o < 1, satisfying (5), where a1, ag, and By,
k > 1, are relative errors of z1, z2, and hg, k > 1, respectively, of the branched continued fraction

1
: e )
_22_1_2 __hezm
271
where
2 k(2c+k—3)
hi = — hp = I k>2.
=o Mgk U2
Then:

(A) The set (6), where h and 1 are defined in (7), forms the numerical stability set of (9).

(B) If €, denotes the relative errors of the nth approzimant of the branched continued fraction
(9), then estimate (8) holds for all n > 1.
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TWO TOPOLOGIES ON THE SPACE OF SEPARATELY CONTINUOUS FUNCTIONS AND ITS
COMPACT SUBSPACES
Oleksandr Maslyuchenko, Vadym Myronyk, Roman Ivasiuk
University of Silesia in Katowice, Poland
Yuri Fedkovych Chernivtsi National University, Ukraine

In [1] the authors proposed a natural topologization of the space of all separately continuous
functions s : [0;1]2 — R which was called the topology of the layered uniform convergence. This
topology can be considered on the space S = S(X x Y, Z) of all separately continuous functions
s: X xY — Z for any topological spaces X and Y and a metric space (Z,d). A base of this
topology is given by the sets {t €S:Vpeak ’ d(s(p),t(p)) < 5}, where E is a finite subset
of X XY, crE = (X x pry(E)) U (prx(E) x Y) is the cross of the set E, ¢ >0 and s € S. We
call this topology the cross-uniform topology. Another natural topology on S is generated by the
subbase consisting of the sets {s €S:s(A)C W}, where A = GNC, G is open in C = cr{p},
p € X xY and W is open in a topological space Z. It is called the cross-open topology and we
always endow the space S with this topology. In [2] we proved the following.

Theorem 1. Let X and Y be pseudocompact spaces, Z be o metrizable space and d be a metric
which generates the topology of Z. Then the cross-uniform topology on S(X x Y, Z) coincides
with the cross-open topology.

In [3, 4, 5] the authors proved that S(X xY') is a meager, complete, barreled and bornological
topological vector space for any compacts X and Y without isolated points.

Let w(X) denote the weight of a topological space X and let ¢(X) denote the cellularity of
X. The sharp cellularity is

F(X) = sup {|Z/{\+ : U is a disjoint family of open sets in X},

where |A| means the cardinality of a set A and m' means the least cardinal number which is
grater then the cardinal number m. In [2] it was proved the following results.

Theorem 2. Let X,Y be compacts, Z be a metrizable space and K be a compact space which
embeds into S(X x Y, Z) Therefore, the following inequality holds: w(K) < min{c!(X),c*(Y)}.

Theorem 3. Let X, Y be infinity compacts, Z be a metrizable space which contains a homeomorphic
copy of R and K be a compact. Then K embeds into S(X x Y, Z) if and only if

w(K) < min{c*(X),#(Y)}.
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PRINCIPAL AND FREE DEDEKIND CUTS AS CONVENIENT MODELS OF RATIONAL AND
IRRATIONAL NUMBERS
Oles Mazurenko, Taras Banakh
Ivan Franko National University of Lviv, Ukraine

We shall discuss the classical notion of a Dedekind cut and its modern interpretation as a
model of a real number, namely we introduce free Dedekind cuts (modeling irrational numbers)
and principal Dedekind cuts (modeling rational numbers). Such an approach will allow to treat
rational and irrational numbers simultaneously avoiding known technical difficulities in justifi-
cation of the theory of real numbers via Dedekind cuts.

DEFINITION. An ordered pair (A4, B) of non-empty, disjoint subsets of a certain linearly
ordered set (R, <g) is called a Dedekind cut in the set R if the set A has no maximum element,
the set B has no minimum element, and for every pair of elements (a,b) €<pg, we have that a
belongs to A or b belongs to B.

Provided the definition, it can be proved that the union A U B of sets from a Dedekind cut
(A, B) in a certain set R covers the entire set R except possibly for one point. Therefore, the
following concepts have solid ground to be defined.

DEFINITION. A Dedekind cut (A, B) in a linearly ordered set (R, <g) is called a free Dedeki-
nd cut if AU B = R, meaning there is no uncovered point.

DEFINITION. A Dedekind cut (A, B) in a linearly ordered set
(R, <Rg) is called a principal Dedekind cut if AUB # R, meaning the sets A and B are separated

by a single uncovered point.
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AFFINE COMPOSITION OPERATORS
Zoriana Novosad
Lviv University of Trade and Economics, Lviv, Ukraine

The phenomen of hypercyclicity observed G. Birkhoff [1] over 90 years ago that the translation
operator T' on H(C), given by T'(f)(z) = f(z+ 1) is hypercyclic on the space of entire functions
on the complex plane C. Later, after 20 years G. R. MacLane [2] proved that the differentiation
operator D : H(C) — H(C), D(f) = f', f € H(C), is also hypercyclic.

Let X be a topological space. A continuous linear operator T': X — X is said to be hypercyclic
if there is some vector x € X such that the set Orb(T,x) = {z, Tz, T?x,...} of iterates of z is
dense in X. The vector z is called a hypercyclic vector associated to the hypercyclic operator T

We denote by P4(¢1) the algebra of all symmetric polynomials on ¢;. The next bases of Ps(¢1)
are useful for us: (F},)%%,, where Fi(z) = > 3% ok

i

Let z,y € {1, x = (z1,22,...) and y = (y1,¥2,...). We put
r ey = (T1,Y1,T2,Y2,...)
We define the next operation x ¢ y for z and y as the resulting sequence of ordering the set
{zsy; 11,5 € N}

with one single index in some fixed order.
We will say that the map of the form x — acz ey = (aox) ey is a symmetric affine operator
on f1. Let us define the composition operator

Qy: Hps(1) — Hpps((1),

Qy(f)(x) == flaoxey),

where a = (a1, az,...) € {1, a # 0. We say that Qf is a symmetric affine composition operator.
Note that
Fr(aozey) = Fi(a)Fi(z) + Fi(y)

for every k.

Theorem 1. Let a = (a1, az,...) € {1 such that all coordinates a; are non-zero. The symmetric
affine composition operator Qj is hypercyclic on Hys(¢1) if and only if all Fn(y) # 0, n € N and
Fy(y) =1 for some k € N.

This research was supported by the National Research Foundation of Ukraine, 2023.03/0198
“Analysis of the spectra of countably generated algebras of symmetric polynomials and possible
applications in quantum mechanics and computer science”.
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INVERSE STURM-LIOUVILLE PROBLEM OF RECOVERING THE COEFFICIENTS IN BOUNDARY
CONDITIONS
Viacheslav Pivovarchik, Alesia Supranovych
South Ukrainian National Pedagogical University, Ukraine

The history of inverse Sturm-Liouville problem is rather long. Such investigations were initi-
ated by V. A. Ambarz['jmian [1|, who proved unique solvability of inverse problem of recovering
the potential of the Sturm-Liouville equation in unperturbed case. It turned out that in general
case one needs two spectra to find the potential of the Sturm-Liouville equation [2]. V. A.
Marchenko solved the following problem: the spectra of two boundary value problems with the
same potential and different boundary conditions are given, find the potencial.

We consider another kind of inverse problem in which the boundary conditions are to be
found. Let the potential of the Sturm-Liouville equation be zero identically: Then

—y" = Ny, z €0,1]. (1)

Here )\ is the spectral parameter, y(z) is an unknown function. We impose Robin’s boundary
conditions at both ends:

y(0) — b1y(0)
y(1) — bay(1)

0, (2)
0, (3)

where b; and by are real numbers.

Our inverse problem is as follows: knowing the spectrum {\x} of problem (1)—(3) find the
coefficients by and by. To solve this problem first of all we need to express the general solution of
equation (1) in the following form

sin A\x

—A
4 )

+ Bcos Az, (4)

where A and B are unknown numbers. Substituting (4) into (2) we obtain A = b; B. Thus,

sin \x

y:blB b\

+ Bcos Az (5)

We are looking for nontrivial solution what means B # 0. Therefore, substituting (5) into (3) we
obtain the characteristic equation

sin A

Asin A — (by + bg) cos A — bybs 3

~0. (6)

The zeros of the left-hand side of this equation are nothing but the eigenvalues of problem
(1)-(3). The leading term of this equation is Asin A. The zeros of this term are A\, = 7k, k € Z.
Using Rouche’s theorem we conclude that

A = S\k + Ay (7)

where Ay = o(1). Then substituting (7) into (6) we obtain

k—o0
b1 + b 1
Ap=20 2+0<>

wk k
and
by +be = wk(A\p — k). (8)
k—o0
We look for the next term in the form
b1 +ba O
A = —.
k ok k )
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Using Rouche’s theorem again we conclude that d; L0 (l)
— 00

k
Substituting (9) into (6) and keeping in mind (7) we arrive at
by +by  biba(by +bo)  1(by +bo)? 1
A =Tk - - — . 10
T 3 ok O\ (10)

Equation (10) implies

k3 b + by 1 (b1 + bo)?
bibs = li N — 7k — - : 11
10 = <b1—|—b2 < kT Tk 3 o )) (11)

Thus, by (8) and (11) we find by + by and b1be and, consequently, by and bs.
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SYMMETRIC POLYNOMIALS ON CARTESIAN PRODUCTS OF BANACH SPACES OF LEBESGUE
MEASURABLE FUNCTIONS
Rostyslav Ponomariov, Taras Vasylyshyn
Vasyl Stefanyk Precarpathian National University, Ivano-Frankivsk, Ukraine

Let p be the Lebesgue measure on [0, 1]. Let Zjg 1) be the set of all bijections o : [0, 1] — [0, 1]
such that, for every Lebesgue measurable set E C [0, 1], the sets o(E) and o~ !(E) are Lebesgue
measurable and u(o(E)) = u(c~H(E)) = u(E).

Let n € N. For j € {1,...,n}, let X;([0,1]) be some Banach space of functions z : [0,1] — C

)

be the Cartesian product of spaces X;([0,1]). A function f: X1([0,1]) x ... x X,,([0,1]) = C is
called Zjg -symmetric (or just symmetric) if

f(z100,...;2p00)) = f((z1,...,2p))

for every (w1,...,2,) € X1([0,1]) x ... x X,([0,1]) and o € Zg 3.
We investigate symmetric polynomials and symmetric analytic functions on Cartesian products
of spaces L0, 1], Ly[0,1] and Ly[0, +00), where p € [1,400).
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ON INVERSE PROBLEM FOR THIRD ORDER SEMILINEAR WAVE EQUATION
Nataliia Protsakh, Halyna Ivasyuk, Tonia Fratavchan, Yurii Rubinskyy
Luiv Polytechnic National University, Lviv, Ukraine
Yuriy Fedkovych Chernivtsi National University, Chernivtsi, Ukraine
Ukrainian National Forestry University, Lviv, Ukraine

We present the conditions for the existence and uniqueness of solutions in Sobolev spaces for
the initial-boundary and the inverse coefficient problems for the semilinear hyperbolic equation
with the strong damping in this work.

Many important physical phenomena such as propagation of sound in a viscous gas and other
processes of the same nature could be described by the model hyperbolic equation of the third
order, which contains a mixed derivative with respect to spatial and time variables

ug = NAgus + Agu, (1)

where 7 is a positive constant, nA,u; is a low viscosity. We consider the direct and inverse
problems for the equation that generalizes (1).

Let Q@ C R",n € N, be a bounded domain with the smooth boundary 99 and 0 < T < oc.
Denote Q, = Q x (0,7),7 € (0,T].

We consider the following inverse problem: find the sufficient conditions for the existence of
a pair of functions (u(x,t), g(t)) that satisfies the equation with strong damping

U — Z (aij(z, t)uz)a; — Z (bij (T, ) ugst)z; + 1(x,u) + w2(z,u) = f1(x)g(t) + fa(w, 1),
ij=1 =1

r e, tel0,T],

and the initial, boundary and overdetermination conditions

u(z,0) = ug(z), u(z,0) = uy(z), x €, (3)
ulagaxo,m) = 0, (4)
/ K(@)u(z, )ds = B(t), e [0,T]. (5)

0

Suppose that the data of the problem (2) — (5) satisfy the following conditions.
(H1) : aij, bij, aije, bijt, bije, € C([0,T]; L(Q)), aij(z,t) = aji(z,t),bij(x,t) = bji(, 1),
and . .
aoll€l® < ) ag(z, &8 < anll€l? BollEl? < ) byla, )&E < Bll€l,
i,j=1 4,j=1
for all £ € R™, almost all z € Q, all t € [0,7], and 4,j = 1,...,n, where ag,a; and [y, 1 are
positive constants.

(H2) : functions ¢1(z, &), pa(r, &) are measurable with respect to z € Q for all ¢ € R! and
continuously differentiable with respect to & € R. Moreover,

i, )| < Lialél,  l@i(e, &) — @iz, )| < Liol€ —nl, 1= 1,2,

(p2(w, &) — pa(w,m))(E —n) >0

for almost all x € 2 and &, € R, where L; o, L; 1 are positive constants.
(H3) : f1 € L*(), fa € C([0, T] L2(9>) uo € Ho(Q), u1 € Hy(Q).
(H4) : E € C*([0,T)) fK r)dr = F fK z)dz = E'(0).

(H5): K € H2(Q) N HO ().
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Definition 1. A pair of functions (u(z,t),g(t)) is a solution to the problem (2) - (5), if u €
C([0,T); Hy (), e € L*(0, T3 Hg ())NC([0, T]; L2()), u € L*(Qr), g € C([0,T1), it satisfies
(5) and

n n
/(uttv + Z ij (2, 1)U, Vg + Z bij (T, t) Uz, + p1(2, u)v + @2(3:,%)1}) dx dt
3, ij=1 ij=1

= / (fl(x)g(t) + fz(x,t))v dx dt
o

(6)

holds for all functions v € L*(0,T; H}(Q)) and 7 € (0,T).

Theorem 1. If g is given continuous function, the under the assumptions (H1)-(H3) and g €
L*(0,T), aije <0 for alli,j =1,2,...,n, the direct problem (2) - (4) admits a unique solution.

Theorem 2. Let [ K(x)fi(z)dx # 0, aijy < 0 for all i,5 = 1,2,...,n, and the assumptions
Q

(H1) - (H5) hold. Then there exists a unique solution to the problem (2)-(5).
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SUPERANALYSIS, INVARIANT SUPER-PSEUDODIFFERENTIAL OPERATORS AND THEIR
APPLICATION
Anatolij Prykarpatski, Oksana Hentosh
Luviv Polytechnic National University, Ukraine, and Cracow University of Technology, Poland
Institute for applied problems of mechanics and Mathematics at the NAS, Lviv, Ukraine

Past decades have seen the rapid development of a new branch of mathematics - superanalysis.
Articles on the subject areeasilyrecognized, as nearly all the terms used bear the prefix "super".
Some of the ideas embodied in "supermathematics"were discussed individually long ago, though
mathematicians lacked the stimulus to study them in detail, and it has become clear that they are
all parts of a single whole. Interest in supermathematics was originally aroused by its applications
to modern mathematical and theoretical physics. Apparently, a unified theory of strong, weak,
electromagnetic, and gravitational interactions can be constructed in the language of supermani-
folds. For this subject and for the beautiful properties of the related supersymmetries, we refer to
the surveys of [16], who effectively applied this supermathematics to the quantum string theory
model in physics, and [6, 2|, who presented a modern view on the functional superanalysis.

We live in a (4, 4)-dimensional superspace, whose underlying manifold is the ordinary 4-
dimensional Minkowski space-time. The group of transformations of this superspace is a so
called Lie supergroup whose points make up the Poincare group. This fundamental premise has
a philosophical significance that transcends the confines of pure physics. The first mathematician
to realize that he stood on the threshold of a new subject ("supermathematics") was undoubtedly
Felix Berezin then an Israel Gelfand’s student. Being concerned with questions of the second
quantization of some functional expressions, he noticed [2, 3] the possibility of giving a parallel
description of such elementary particles as bosons and fermions and, as early as the 1960 s,
arrived at the conclusion that there is a non-trivial analogue in analysis, in which the role of
functions is taken by elements of the Grassmann algebra.

It is high time we acknowledged that the prefix "super'"was introduced by mathematically
spirited physicists, who first designated (by the single word super!) some remarkable group and
algevbras that reshuffled the elementary particles of different statistics. Then they realized the
action of these supergroups and superalgebras on "superspaces and this terminology later spread
through the whole subject. Note that in some contemporary articles such symmetry structures
as Lie superalgebras are called graded Lie algebras.

In work with superobjects, consistency in choice of signs plays a special role. To avoid errors,
we must keep in mind the following rule by Quillen [12] : when something of parity p moves
past something of parity ¢, the sign (—1)P? appears.

In our report there will be considered a problem of describing invariant super-pseudodifferential
operators and presented some their applications. In particular, owing to the interesting observati-
on in the work [5], based on the affine Sturm-Liouville type superconformal spectral problem
(Do, Dy, + Zmﬂo*l w;(x, )N+ N™*P) f(z,0) = 0, m,p € N, X € C, on the supercircle St2 ~

j=—m
{(z,0) € S' x A§2)} for f € COO(SHQ;A((]Z)) the special reductions of the related nonlinear
integrable superconformal evolution flows prove to be supersymmetric dynamical systems on
functional supermanifolds. Another interesting Backlund type construction of nonlinear N = 2—
superconformal semi-supersymmetric dynamical systems was suggested in  [5], generalizing in
part those obtained before in [9].

Within our Report we will demonstrate a successful application of modern Lie algebraic
approaches, lying in the background of effective constructions of integrable in general semi-
supersymmetric Hamiltonian systems on functional N > 2— supermanifolds, possessing rich
yvet hidden super-symmetries and endowed with suitably related super-Poisson structures. As
an application, we describe countable hierarchies of new Lax type integrable nonlinear N =
3— semi-supersymmetric dynamical systems. In particular, we analyze the suitably central
extended super-conformal affine Lie superalgebra K(1|3) and its finite-dimensional coadjoint orbi-
ts, generated by the related Casimir functionals on the super-coalgebra 16(1]3)*, and construct
an infinite hierarchy of completely integrable super-Hamiltonian systems on smooth functional
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supermanifolds, which also prove to be supersymmetric. Moreover, we generalized these results
subject to the suitably factorized super-pseudodifferential Lax type representations, taking into
account the devised before algebro-analytic constructions both in mentioned above works |5, 9]
and in devoted to Lie algebraic properties of factorized Lax type representations [14] and the
respectively factorized Hamiltonian systems. As a new interesting result, we succeed in algori-
thmic construction of integrable super-Hamiltonian factorized systems, generated by Casimir
invariants of centrally extended pseudo-differential operator superalgerbras.

References

[1]

2]

3]

4]

15]

[6]

7]

18]
19]

[10]
[11]

Agrebaoui B., Hattab R., 1-cocycles on the group of contactomorphisms on the superci-
rcle SU3 generalizing the Schwarzian derivative. Czechoslovak Mathematical Journal, 66(4)
(2016), 1143-1163

Berezin F.A .| Introduction to Superanalysis, (ed. by A.A. Kirillov), D. Reidel Publ.
Company, 1987.

Berezin F.A., The method of second quantization, Pure & Applied Physics 24, Academic
Press, New York-London, 1966.

Hentosh O.E., Compatibly bi-Hamiltonian superconformal analogs of Lax-integrable nonli-
near dynamical systems. Ukrainian Mathematical Journal, 58(7) 2006, 1001-1015.

Hentosh O.E., The Lax integrable Laberge-Mathieu hierarchy of supersymmetric nonlinear
dynamical systems and its finite-dimensional Neumann type reduction. Ukrainian Math. J.
61(7) (2009), 1075-1092; https://doi.org/10.1007/s11253-009-0260-7.

Inoue Atsushi, Lectures on Super Analysis - Why necessary and What’s that? Towards a
new approach to a system of PDEs. arXiv:1504.03049v4 [math-ph]| 15 Dec 2015

Kulish P.P.; Analog of the Korteweg-de Vries equation for the superconformal algebra. J.
Soviet Math. 41(2), (1988), 970-975

Kupershmidt B.A., Integrable systems,"Proc. Nat. Acad. Sci. USA, 81 (1984), 6562-6563.

Laberge C.-A., Mathieu P., N = 2 superconformal algebra and integrable O(2) fermionic
extensions of the Korteweg — de Vries equation, Phys. Lett. B. 215(4) 1988, 718 — 722.

Leites D., Introduction to supermanifolds, Russian Math. Surveys 35(1) (1980), 1-64

Popowicz Z., N = 2 Super-complexification of the Korteweg-de Vries, Sawada-Kotera and
Kaup-Kupershmidt Equations. Journal of Nonlinear Mathematical Physics, 26(2) (2019),
294-312; https://doi.org/10.1080/14029251.2019.1591732

Guillen D., Homotopical Algebra, Texromancers, 2022

Volkov D.V. and Akulov V.P., Is the neutrino a Goldstone particle?, Phys. Lett. 46B (1973),
109-110.

Vovk M., Pukach, Hentosh O., Prykarpatsky Ya., The structure of rationally factorized
Lax type fows and their analytical integrability. WSEAS Transactions on Mathematics, 16
(2017), 323-330

Wess J. and Zumino B., Super-gauge transformations in four dimensions, Nucl. Phys. B70
(1974) 39-50.

Witten E., Supersymmetry and Morse theory, J.Diff. Geom.17(1982), pp. 661-692.

166



[17] Yamanaka I., Sasaki R., Super Virasoro Algebra and Solvable Supersymmetric Quantum
Field Theories. Progress of Theoretical Physics, 79(5) 1988, 1167-1184

e-mail: pryk.anat@cybergal.com, ohen@ukr.net

167



CONNECTION OF THE PAPPUS AND DESARGUESIAN AFFINE PLANES
Vladyslav Pshyk
Ivan Franko Lviv National University, Lviv, Ukraine

In this talk we will show that every Pappian Affine plane is Desarguesian.

First time this results has been obtained with some inaccuracy by Hessenberg in 1905 in his
work [1]. In the 1953 Arno Cronheim has completed proof for projective plane in [2]|. At the same
time, a proof for the affine plane still was not finished. We will present complete proof for the
affine plane.
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BEST APPROXIMATIONS FOR THE COMBINATION OF CAUCHY-SZEGO KERNELS IN THE MEAN
Maryna Savchuk, Viktor Savchuk
National Technical University of Ukraine "Igor Sikorsky Kyiv Polytechnic Institute Kyiv,
Ukraine
Institute of Mathematics of NAS of Ukraine, Kyiv, Ukraine

The Causchy—Szegt kernel is the function

1
1-—-tz

C(t,z) :=

defined on T x D, where T:={t € C: |[t| =1} and D := {2z € D : |2]| < 1}. By the combination
of Cauchy—Szegé kernels we mean the function

Cro (1) i= t"%C(t, D) +AC(2), tET,

where n € Z4 and A € C.
Denote Hi = {h € H' : h(0) = 0}, where H' is the Hardy space in the disk D.
In the present talk, we give an explisit form of

1 _
en,z(N) :_inf{/‘anA—l—h‘ ]dt\:hEHol},
27T ’]I 1<y

as a function of A € C and discribe the corresponding extremal functions h for which the infimum
is attained.

Theorem 1. Let z € D and n € Z,. Then

1 A2(1— 2|2 2
ens(N) = 1 I 4 1—|z| (1)
R Y F N>
’ t - 1= |Z|2’
The extremal function is only
Atz gl
h(t) = 2 2
®) 1—t2+5(1—t§)2’ 2)
where )
Al — |z ) 2
( 2‘ | )> if Al < 1_7|Z’27
p= 2
iarg A : Al > )

e-mail: marynalsavchuk@gmail.com, savchuk@imath.kiev.ua
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APPROXIMATION BY INTERPOLATION TRIGONOMETRIC POLYNOMIALS ON THE SETS OF
CONVOLUTIONS
Anatoly Serdyuk, Tetiana Stepaniuk
Institute of Mathematics NAS of Ukraine, Kyiv, Ukraine

Let 1 (k) be an arbitrary fixed sequence of real nonnegative numbers and let 5 be a fixed real
number.

Denote by Cng the set of 2w—periodic functions, which for all z € R can be represented as
convolutions of the form

s
a 1

f@) =2+ 1 [ Walo - g0t a0 e R pe Ly, o L1 )

—T

with the generating kernel W3 of the form

Z¢ COS t_él)v ¢(k)207 5€R7

o0
such that > (k) < oo
k=1
The function ¢ in equality (1) is called as (v, 5)—derivative of the function f and is denoted

by f5 (p() = £5()) 1]

The subset of functions f from C’g}Ll, such that fg € Bj, where Bj is a unit ball of the space
C— Ly, namely By := {¢: ||¢]l1 <1}, we denote by Cg’}l

We study approximation properties of the sets Cng and C;sp,lv where we use as approximation
aggregate the classical interpolation trigonometric Lagrange polynomials, which are defined by

odd number of uniformly distributed interpolation nodes.

For arbitrary function f(z) from C by Sp_i(f;z), n € N, we will denote the trigonometric

(n=1) _ 2kr
- 2n—1>

polynomial of the order n—1, which interpolates f(z) in the nodes x;
such that

k € Z, namely,

S l(f;xkn 1)):]0(1']&”_1)) k=0,1,...,2n — 2.

Let T2,—1 be the space of all trigonometric polynomials of degree at most n — 1 and let
E.(f)r, be the best approximation of the function f € L; in the metric of space Li, by the
trigonometric polynomials ¢,,_1 of degree n — 1, i.e.,

En(f)Ll = tnfli€n7£2n—1 ||f - tn71||L1«
Denote by pn(f;+) the deviation of the function f € C from its interpolation Lagrange
polynomial S,,—1(f;") )
ﬁn(fwr) = f(.%‘) - Snfl(f;'r)'

Our aim is to establish the interpolation analogues of the Lebesgue type inequalities for the
functions from the sets C’g’Ll, B € R, where the upper estimates of the quantities |p,(f;x)|,

x € R, are expressed via the best approximations En(f;f)Ll.
The following theorem takes place.

Theorem 1. Let ) ki(k) < oo, (k) >0, k=1,2,..., B € R and n € N. Then, for all z € R
k=1

and arbitrary function f € Cg}Ll the following inequality takes place

SO w) | B

k=0 v=(2k+1)n—k
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Moreover, for the function f € C’g}Ll one can find the function F(-) = F(f;n;x,-) such, that
En(fg})Ll = En(fg)Ll, for which the following equality takes place:

(}TZM +52’““’jj”)) En(f)1 1)
k=n k=1

In (1) the quantity & = £(f;n;v; B;x) is such that — (2+ %) <¢€< %

2n —1
2

|pn(F;x)| = 2 |sin x

Theorem 2. Let Y kip(k) < oo, (k) >0, k=1,2,..., B € R and n € N. Then, for all z € R
k=1
the following equality holds

sin

= 2
En(Cl ) = =

2n2— 13;' <Z P(k) +2ka(k+n)). (2)
k=n k=1

In (2) the quantity © = O(n;v; B;x) is such that — (1 +7) <O < 1.

It should be noticed that the estimates (2) will be the asymptotic equality as n — oo, if the
following condition takes place

LS bk +n)
Jim =5 = 0. (3)
> vl

The condition (3) holds in the row of many important cases, namely, when the sequence (k)
decreases to zero faster as arbitrary power sequence %, r>1,as k — oc.

These results were published in [2].
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project number 873071 (SOMPATY:: Spectral Optimization: From Mathematics to Physics and
Advanced Technology) and by the grant from the Simons Foundation (1290607, AS).
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A PARAMETRIC DESCRIPTION GENERAL LINEAR GROUP OF DEGREE 3 OVER A FIELD
Volodymyr Shchedryk
Pidstryhach Institute for Applied Problems of Mechanics and Mathematics of NAS of Ukraine,
L’viv, Ukraine

A PARAMETRIC DESCRIPTION GENERAL LINEAR GROUP OF
DEGREE 3 OVER A FIELD
Volodymyr Shchedryk
Pidstryhach Institute for Applied Problems of Mechanics and Mathematics of NAS of Ukraine,
L’viv, Ukraine
shchedrykv@Qukr.net

We consider the problem of representing general linear group of degree 3 over a field F
as a product of centralizer of the matrix J := diag(0,0,1) in the group GL3(F') (in notation
CcLs(r)(J)) and the set representatives of right cosets of this group (in notation K(J)).

Theorem 1.
GL3(F) = Caryr)(J)K(J),

where

Cary(m) (J) = GLao(F) @ F\{0};

an=[7 ][0 ][50 ])

where a,c,m € F\{0},b,n € F; K(J) consists of matrices of the form

a 10 a 01 1 0 0 L0 0
c d 1], c 1 0|, d ¢ 1], n m -1/,
b+c d 1 b+c 1 0 b+c 1 n m 0
0 10 0 10 L0 o0 10 0
m 0 0|, -1 0 0], n m —1|,|n 0 =1/,
m 0 1 0 01 n m 0 n 1 0
n 1 0 n 1 0
m 0 —-1[,] 00 -11,
m 0 0 10 0

where a,c,d,n € F, bym € F\{0}.
Theorem 2. All idempotent matrices from Ms3(F) with the Smith form
diag(1, z,x(x — 1)) of its characteristic matrices are the following:

b+c d 1
b1 —(b+c)a —da —a ,
(b+c)(da—c) d(da—c) da—c
(b+e) 1 0 0 0 0
bt —(b+c)e — 0 |, bt d b+c 1 |,
—(b+ca —a 0 —dc —(b+c)c —c
0 00 0 00 1 00
000 |, m 10}, mool,
m n 1 nm n 0 n 0 0

where a,c,d,m,n € F, b€ F\{0}.

e-mail: shchedrykv@ukr.net
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0-MONOGENIC FUNCTIONS IN COMMUTATIVE ALGEBRAS
Vitalii Shpakivskyi
Institute of Mathematics NAS of Ukraine, Kyiv, Ukraine

Let A be an arbitrary n-dimensional (1 < n < oo) commutative associative algebra wi-
th unit over the field of complex number C. E. Cartan proved that in A there exist a basis

{Ir}}_, such that the first m basis vectors Iy, Is,..., I, are idempotents and another vectors
Lm+t1, Imao, ..., I, are nilpotents. The element 1 = Iy + I + - - - + I, is the unit of A.
In the algebra A we consider the vectors ej,ez,...,eq, 2 < d < 2n. Let these vectors have

the following decomposition in the basis of the algebra:

n
e =Y ajl, a;eC, j=12,.. d (1)
r=1
Throughout this paper, we will assume that at least one of the vectors e, es, ..., eq is inverti-
ble. This condition ensures the uniqueness of the o-derivative.
For the element ( = x1e1 +x2e2+ - - -+ x4eq, Where x1, 9, ..., x4 € R, the complex numbers
Eu 1= T101y + T202y + - + Tgaqy, u=1,2,...,m

forms the spectrum of the point (.
Consider in the algebra A a linear span

Eq:={¢(=x1e1+ 2262 + -+ x4eq: x1,%2,...,24 € R}

generated by the vectors eq, e, ..., eq of A.
Next, the assumption is essential: for each fixed u € {1,2,...,m} at least one of the numbers
A1y, A2y, - - -, Ay belongs to C\ R.

We identify a domain  in the space R? with the domain
Q:={(=mx1e1 + 1260+ -+ x4eq: (X1,22,...,24) € S} in Eg C A.

Definition 1 [1]. We will call the continuous function ® : Q@ — A monogenic in the domain
Q C Ey if ® is differentiable in the sense of Giteauz at every point of this domain, that is, if for
each ¢ € Q there exists an element ®'(C) of the algebra A such that the equality

R+ eh) —9(Q)

_ /
lim - = hd'(¢) Yhe E, (2)

holds. ®'(C) is called the Gdteaux derivative of the function ® at the point C.

The theory of monogenic functions in commutative algebras is well developed in the works of
the author and his colleagues S. A. Plaksa, S. V. Gryshchuk and R. P. Pukhtaievych. Monogenic
functions are some analog of analytic functions in commutative algebras.

At the end of book [2], V. Kravchenko poses 5 open problems. In the fourth problem,
Kravchenko points out the need to construct a pseudoanalytic function theory in multidimensi-
onal case.

Our work is an attempt to solve the Kravchenko problem in the case of any finite-dimensional
commutative associative algebra. Namely, by developing the ideas of L. Bers and G. Polozhii,
o-monogenic functions will be introduce in any commutative associative algebra.

Let a function @ : Q@ — A be of the form

() =Y Uklzr,2,...,70) It . (3)
k=1

Let o be a collection of n A-valued functions:

0 = (017027' '-70n)7
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where o = ok (x1, 22, ...,29) = 0%(¢), Kk =1,2,...,n, is a function in A.

d
For a vector h = ) hjej, h; € R, we denote
j=1

As,h,a@(o = Zak(o (Uk(ai1 +cehi,...,zq+ Ehd) — Uk(xh - ,Id)> I .
k=1

Definition 2 We will call the continuous function ® : Q@ — A o-monogenic in the domain
Q C Ey if for each ¢ € Q there exists an element ®/ (C) of the algebra A such that for every
h € E; the equality

Acpo® ,
Jtim Bene®O g1 @

holds. ®/ (C) is called o-derivative of the function ® at the point (.

Remark 1. If for all k = 1,2,...,n o} = 1, then definition 2 coincides with definition 1,
i. e. 1-monogenic function is monogenic.

Remark 2. If A = C and for special choice of 01,09 the definition (4) coincides with the
definition of pseudoanalytic function in the sense of Bers.

Necessary and sufficient conditions for g-monogeneity have been established. In some low-
dimensional algebras, with a special choice of o, the representation of o-monogenic functions
is obtained using holomorphic functions of a complex variable. We proposed the application of
o-monogenic functions with values in two-dimensional biharmonic algebra to representation of
solutions of two-dimensional biharmonic equation. The announced results are published in the

paper [3].
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EULER-MASCHERONI CONSTANT FOR INCREASING FUNCTIONS
Kateryna Smortsova, Serhii Gefter
V. N. Karazin Kharkiv National University, Kharkiv, Ukraine

Let f : [1;+00) — R be a non-negative increasing continuous function such that liI_Ii_l flz) =
T—+00

+o0.
Definition 1. Let us call the sum of the following series by Euler-Mascheroni constant of the

function f:
n+1

fln+1)— f(z)dx
X oo/

Geometrically, it is the sum of the areas of green curvilinear triangles:

Vf

fin+1)
f(n)

There are unboundedly increasing functions with finite Euler-Mascheroni constant. For instance,

the function

flz) = " Cne
n+ LA+ ge [t gin+ 1)

{n-l— 2" —=1)(z—n), z¢€ [n;n+ 2%),
2n 1

has one equaling to 2 (see fig. below).
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1 X

Theorem 1. Let f : [1;4+00) — R be a non-negative increasing continuously differentiable
concave function such that liI}_l f(x) = +oo. Then v5 = +o0.
T—r—+00

The proof is based on a certain version of Euler-Maclaurin summadtion formula.

This work was supported by the Akhiezer Foundation.
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RETURN CONDITION FOR AN ARBITRARY LINEAR SYSTEMS OF THE SECOND ORDER
Tetyana Smortsova
V.N. Karazin Kharkiv National University, Kharkiv, Ukraine

Consider the system of the form [1]
t=Az+p(u), zeR" weQCR" (1)

Definition 1. [1] For system (1) the return condition on the interval I = [T%, T* + q,
a>0,T* >0, is satisfied, if for any 7" € I there exists an admissible control up(t) such that the
solution of the Cauchy problem & = Az + p(up(t)), =(0) = 0 satisfies the condition z(T") = 0.

For an arbitrary linear system

t=Ax+ Bu, xz€R", uweQCR".

the return condition takes the form
T
/eAtbuT(t)dt =0.
0

Let us consider the return condition for a linear system of the second order of the form

;o <e (2)

1 = anx1+apre+bhu
T1 = a2171 + axrs + bou

The goal is to find piece-wise controls that return the origin by virtue of this system at any time
T. In other words, the switch points of such controls should be identified.

The solution of the problem stated depends on eigenvalues of matrix A and on the number
of switch points of controls considered.

It is natural that the unique solution of the problem exists for the case of two switch points
only, i.e. for controls of the form

ult) _{ —c, te|0, t1)Ulta, T)

= , O<ti<to<T.
c, tG[tl, tg), 1 2

There is no control with a single switch point that returns the origing by virtue of system
(2). On the other hand, there are families of controls with three switch points and more.

Based on the eigenvalues of the matrix, four essentially different cases should be distinguished.

1. The matrix has 0 eigenvalue.

2a. The matrix has different real eigenvalues.

2b. The matrix has equal real eigenvalues.

2c. The matrix has different complex eigenvalues.

For different cases, algebraic systems to find switch points were obtained. The solutions of
those systems were found using Wolfram Mathematica.

Below, the results for the following system

{9:”1 - LU,
T = 2x1+ax20+u
are presented. Namely,
for T = 1.1: switch points are t; = 0.221484, to =~ 0.810935, end point is
21(1.1) ~ —2.28855 - 10719 29(1.1) ~ —5.42602 - 10~17;
for T = 2: switch points are ¢; = 0.309015, t» ~ 1.51658, end point is

r1(1) = —2.147652 - 1079, 29(1) ~ 4.426365 - 10~°.
On the figures, the graphics of coordinates of the system and its trajectories are shown.

1. Korobov, V. I. Geometric Criterion for Controllability Under Arbitrary Constraints on the
Control, J. of Optim. Theory and Applications, 2007, Vol. 134, pp. 161-176.

e-mail: t.smortsova@karazin.ua
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Puc. 1: Graphics of coordinates Puc. 2: System trajectories

ON THE INTERRELATION BETWEEN SOLUTIONS OF BOUNDARY VALUE PROBLEMS ON SETS OF
FIXED AND VARIABLE STRUCTURE
Olexandr Stanzhytskyi, Roza Uteshova, Zoia Khaletska
Taras Shevchenko National University of Kyiv, Kyiv, Ukraine
Institute of Mathematics and Mathematical Modeling, Almaty, Kazakhstan
Volodymyr Vinnichenko Central Ukrainian State University, Kropyvnytskyi, Ukraine

Let T be an arbitrary nonempty closed subset of the real axis, which is called a time scale.
Hilger [1] introduced the concept of a derivative on such sets, referred to as the A-derivative.
Definition. Let f : T — R. The A-derivative of the function f at a point t € T is the limit

£3(6) — 1 12D = 10

s—t o—t ’

if it exists. Here o(t) = inf{s > ¢, s,t € T}.

We consider a family of time scales T) (a set of variable structure) such that [0,1] N Ty =
[0,1]x — [0,1], A — 0, for instance, in the Hausdorff metric. Here A € A C R!, and 0 is in
accumulation point of this set. In this case, [0, 1] is regarded as a set of fixed structure. On the
sets [0, 1], we consider the family of boundary value problems

J:A = f(t>$>7

(1)
F(2(0),2(1)) = 0.

It is assumed that 0,1 € [0, 1], for all A\. We also consider the asymptotic boundary value problem

dr — f(t,2),

(2)
F(x(0),2(1)) =0

for a system of ordinary differential equations. Here f : [0,1] x D — R? D is a domain in RY,
F:Dx D —R%

Let x)(t) denote a solution of problem (1) on [0, 1]y, and let z(¢) be a solution of problem (2)
on [0, 1]. We assume that the functions f and F' are continuously differentiable in their domains.
The following statement on the interrelation between the solutions of problems (1) and (2) holds
true.

Theorem. Let problem (2) have an isolated solution x(t) (i.e., there exists a neighborhood
of x)(t) where no other solutions of problem (2) exist). Then, there exists Ao such that for
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0 < A < X\ the boundary value problem (1) has a unique isolated solution. Moreover,

sup |xzx(t) —x(t)] =0, A —0. (3)
tel0,1]x

The converse result is also true: if there exists Ao such that for all A € (0, \g], the boundary
value problem (1) has a unique isolated solution, then problem (2) also has a unique isolated
solution, and the relation (3) holds as well.

Both statements are proved using Banach’s fixed-point theorem for a certain mapping, which
is a contraction mapping for sufficiently small .

Funding: This research is funded by the Science Committee of the Ministry of Science and
Higher Education of the Republic of Kazakhstan (grant No. AP23485618).
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OUTGOING NULL GRAVITATIONAL AND NEUTRINO FIELD EQUATIONS
Yurii Taistra, Volodymyr Pelykh
Pidstryhach Institute for Applied Problems of Mechanics and Mathematics NAS of Ukraine,
Luviv, Ukraine

Neutrino field on an astrophysical scale can be strong enough, and within the framework
of the general theory of relativity it can affect the curvature of space-time. In this case, the
right-hand side of Einstein’s equations becomes the energy-momentum tensor of neutrino field,
and thus neutrino and gravitational fields form a connected system of differential equations.
We consider such a system of equations in the case of outgoing null gravitational field, where
the energy-mometum tensor is defined by outgoing neutrino field, and obtain conditions on the
Newman-Penrose scalars, that describes space-times where such fields are admitted. Such model
may describe gravitational waves induced by strong neutrino field.
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EXISTENCE AND ASYMPTOTIC BEHAVIOUR OF SOLUTIONS FOR A FRACTIONAL THIN-FILM
EQUATION IN MULTI-DIMENSIONAL DOMAINS
Roman Taranets
Institute of Applied Mathematics and Mechanics of the NAS of Ukraine, Sloviansk, Ukraine

We consider a degenerate nonlocal parabolic equation in a multi-dimensional domain introduced
to model hydraulic fractures, where the nonlocal operator is given by a fractional power of the
Laplacian, and the degenerate mobility exponent corresponds to “strong slippage” regime wi-
th “complete wetting” interfacial conditions for local thin-film equations. We prove existence of
weak solutions to a family of fractional thin-film equations in a bounded domain. Also, usi-
ng a localized entropy estimate and a Stampacchia-type lemma, we establish a finite speed of
propagation result and sufficient conditions for the waiting-time phenomenon. This is joint work
with Antonio Segatti and Stefano Lisini (Universita di Pavia, Pavia, Italy), Nicola de Nitti (Ecole
Polytechnique Fédérale de Lausanne, Lausanne, Switzerland).

This research was supported by NRFU project No. 2023.03 /0074 “Infinite-dimensional evoluti-
onary equations with multivalued and stochastic dynamics”.
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ON CHOOSING THE INITIAL APPROXIMATION FOR A BOUNDARY VALUE PROBLEM WITH
IMPULSIVE ACTION
Svetlana Temesheva, Sansyzbai Ashirov
Institute of Mathematics and Mathematical Modeling, Almaty, Kazakhstan
Al-Farabi Kazakh national university, Almaty, Kazakhstan

We considered a boundary value problem with impulsive action

W= Jha), te (0t fho). (1)

(to +0) —x(to — 0) = p, (2)

g9(x(t1), z(t2)) = 0, (3)

where x € R", f: ((t1,t2) \ {to}) x R® = R", g : R" x R™ — R"™ are continuous, ¢ < tg < to,
and p is a given constant n-vector.

The difficulties encountered in studying nonlinear boundary value problems are related to
the need to consider the behavior of the functions f and g within the chosen sets. Depending
on the selected set where the solution of the problem is sought, these functions exhibit different
properties. Therefore, the choice of the initial approximation is critically important in constructi-
ng approximate solutions for nonlinear boundary value problems for differential equations. A
well-chosen initial approximation greatly influences the convergence of the iterative process and
the accuracy of the resulting solution. In complex nonlinear problems, a proper initial approxi-
mation can significantly speed up the solution process or even ensure its existence. Without a
careful selection of the initial approximation, numerical methods may face substantial difficulties,
making this issue central to the study and resolution of nonlinear boundary value problems.

Using the solution ()\(()0), )\50), )\go), )\éo)) of the nonlinear operator equation

t1
Mo — M1 —ﬁ Ft, M)dt

1+t
to 2 to
A t, A1)dt — Ao — t, Ao)dt
p"‘ 1+[1+t0f(’1) 2 /5242A0f(’2) :07 (4)
t2
A2 + ﬂﬁto ft, Ao)dt — A3
2
g()\()) )\3)
we will construct the piecewise continuous function
AP i ot=t,
¢
A 4 ﬂ L FEADdr e (1),
2O (t) = i (5)
A +/ @ ADydr i e (to,t),
to+tg
2
AP i ot=ty

Conditions for the existence of an isolated solution of the equation (4) within a certain sphere
have been obtained. Thus, one of the methods for choosing the initial approximation 2(0) (t) of
the solution to problem (1)-(3) has been proposed.

Thus, the application of the idea of the Dzhumabaev parametrization method [1| and iterati-
ve methods for unbounded operator equations [2| allows us to find the values of the initial
approximation using the initial data from problems (1)-(3).

Funding: This research is funded by the Science Committee of the Ministry of Science and
Higher Education of the Republic of Kazakhstan (Grant No AP23488811).
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ON WEAKLY BLOCK-SYMMETRIC FUNCTIONS ON THE SPACE OF ABSOLUTELY SUMMING
SEQUENCES
Mykhailo Varvariuk, Taras Vasylyshyn
Vasyl Stefanyk Precarpathian National University, Ivano-Frankivsk, Ukraine

Let ¢1 be the complex Banach space of all absolutely summing sequences of complex numbers

xr = (x1,x2,...) with norm
o
2l = |zal-
n=1

Definition 1. Let S be some group of isomorphisms s : {1 — {1. A function f on €1 is called
S-symmetric if f(s(x)) = f(x) for every s € S and x € (5.

Let n € N. Let 0 : N — N be a bijection. Let b, : N — N be defined by
by (k) = no(q) +r,

where ¢ and r are the quotient and the remainder of the division of k£ by n resp. In other words,
b, permutes “blocks” {1,2,...,n},{n+1,n+2,...,2n},... of the length n. For example, let o
be defined by
2 ifj=1,
o(j)=4 1 ifj=2,
7 otherwise.

Then b, ({1,2,...,n}) = {n+1,n+2,....2n}, bo({n+ 1,n +2,...,2n}) = {1,2,...,n} and
bs(j) = j for j > 2n.
Let
B, ={b, : 0:N — N is a bijection}.

Let 7 : N — N be some fixed bijection. Let
B, = {7'_1 oboT: b€ By,}.

For every bijection a : N — N, let s, : 1 — ¢1 be defined by

Sa((l'l,I'Q, .o )) = (:Ea(l), l‘a(g), .o )

Let
Snr={sq¢: a€ Bp,}

If 7 is the identical bijection, Sy, r-symmetric functions on ¢; are called block-symmetric. We
call a function f on ¢; weakly block-symmetric if there exist n € N and a bijection 7 : N — N
such that f is S, --symmetric. Evidently, sets of weakly block-symmetric functions are unions of
respective S, r-symmetric functions.

We investigate algebras of weakly block-symmetric polynomials on £;.
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ON ALGEBRAS OF ANALYTIC FUNCTIONS, GENERATED BY COUNTABLE SETS OF
POLYNOMIALS ON SOME BANACH SPACES
Svitlana Vasylyshyn
Vasyl Stefanyk Precarpathian National University, Ivano-Frankivsk, Ukraine

Let us denote by N the set of all positive integers. We also denote by /., the complex
Banach space of all bounded sequences of complex numbers z = {2,}72; with norm |[z|| =
SUP,en |2n], and by Loo[0,1] the complex Banach space of all Lebesgue measurable essentially
bounded functions y : [0, 1] — C with norm [|y[lec = ess sup,cp 1|y(t)]-

Let X be a complex Banach space of sequences of complex numbers such that the coordinate
functionals on X are continuous. Let

P= {PH,...,lel,Pm,...,Pgmg,...,Pnl,...,ann,...}
be the sequence of complex-valued polynomials on the space X defined by the formulas

Pi(z) =z1,..., Pim, (&) = Ty, ..., Pri(x) = a:"mn_lﬂ,...,ann(x) =,

ntt

for every sequence x = {x1,...,Zmy,- -, Tm,, .-} € X, where m,, € N and m,, < m,41 for every
n € N. It is clear that the polynomials from the sequence P are continuous and algebraically
independent. Let us denote by Pp(X) the algebra of all polynomials which are algebraic combi-
nations of elements of the set P. We denote by Hy(X) the Fréchet algebra of all complex-valued
entire functions of bounded type (that is, functions which are bounded on bounded sets) on the
space X, endowed with the topology of uniform convergence on bounded sets of the space X.
Let us denote by Hyp(X) the closure of the algebra Pp(X) in the metric of the algebra Hy(X).

We prove some properties of the algebra Hyp(X). We also consider the particular case of
the algebra Hyp(X) when X = /o and when in the role of the sequence of polynomials P we
consider a sequence of polynomials

I = {-[1].)1127 I2171227 -[237 e )Inlv In27 R 7In,n+17 . }

on the space £, such that the polynomials from the sequence Z are defined by the formula
In7k+1(2) = Z?n+2)2(n—1)+(k+1)

for every sequence z = {2,}5° | € ls, where n,k € N and k = 0,n. We prove some properties

of the algebra Hyz (¢~ ). We also prove that there exists a topological isomorphism between the

algebra Hyr(fs) and the Fréchet algebra of all entire symmetric functions of bounded type on

the Cartesian product of the space Ly[0, 1], endowed with the topology of uniform convergence

on bounded sets.
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PLASTIC PAIRS OF METRIC SPACES
Olesia Zavarzina
V.N.Karazin Kharkiv National University, Kharkiv, Ukraine

Definition 1. A metric space (M, d) is called expand-contract plastic (briefly EC-plastic) if every
non-expansive bijection F': M — M is an isometry.

Definition 2. A metric space (M,d) is said to be strongly plastic if for every mapping F :
M — M the existence of points x,y € M with d(F(z), F(y)) > d(z,y) implies the existence of
z,y € M for which d(F(z), F(y)) < d(, 7).

These definitions may be extended to the case of two different metric spaces. The talk is
devoted to results concerning plasticity and strong plasticity obtained for pairs of two different

totally bounded metric spaces.
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